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Continued fractions

Michel Waldschmidt

We first consider generalized continued fractions of the form

by
b )
a1+—2b3
(05} + —

agp +

which we denote by{]
b b b
ool bl bl
|a1 |a2 .
Next we restrict to the special case where by = by = --- = 1, which yields the
simple continued fractions

1, 1]
ap+ — + — + -+ = lag, a1, as,...].
lar a2

We conclude by considering the so—called Fermat—Pell equation.

L Another notation for ag + bl 4y bal +---+ bul

lay laz [

K( bi,...,by )
ag, a1, ..., 0n

introduced by Th. Muir and used by
Perron in [9] Chap. 1 is



1 Generalized continued fractions

To start with, ag,...,a,,...and by,...,b,,... will be independent variables.
Later, we shall specialize to positive integers (apart from ag which may be
negative).

Consider the three rational fractions

b
ag, ao + 2 and ag + LI
ay b2
aq + —
a2
We write them as
AO Al d A2
By’ B, By

with
Ao =ag, Ay =apas + b, A = apaias + apbs + asby,
B():l, B = aq, Bgzalaz—l-bg.

Observe that
AQ = agAl + bng, BQ B CI,QBl + bQBQ.

Write these relations as

AQ Al . Al AO (05} 1

By By) \By Byg) \by 0)°
Define inductively two sequences of polynomials with positive rational coef-
ficients A,, and B,, for n > 3 by

(1) An An—l _ An—l An—? Qp, 1
Bn anl N anl Bn72 bn 0/
This means

An = anAn—l + bnAn—27 B, =a,B,-1 + ann—Q-

This recurrence relation holds for n > 2. It will also hold for n = 1 if we set
A_;=1and B_; =0:

Al Ao o Qo 1 aq 1
Bl BO - 1 0 b1 0



and it will hold also for n = 0 if we set by =1, A_s =0 and B_5 = 1:

A()A,l_lo 0,01
By B-y) \0 1)\by 0)°

Obviously, an equivalent definition is

(2) An An—l [ ao 1 aq 1 o Ap—1 1 Qp, 1

B, B,_i) \by O by O b1 O b, 0)°
These relations hold for n > —1, with the empty product (for n = —1)
being the identity matrix, as always.

Hence A, € Zlag,...,an,b1,...,b,] is a polynomial in 2n + 1 variables,
while B,, € Z[ay . .., apn, by, ..., b,] is a polynomial in 2n — 1 variables.

Exercise 1. Check, forn > —1,
Bn(al, ceey Qp, bg, e ,bn) = An_l(al, Ce ,CLn7b2, e ,bn)
Lemma 3. Forn >0,

+ bl ot ba| _ An
a - “ e _ = .
0 ’al |an Bn

Proof. By induction. We have checked the result forn = 0,n =1 and n = 2.
Assume the formula holds with n — 1 where n > 3. We write
bl | bn—l | bn | bl | bn—l |

g+ T = ag
lay lan—1  an la; |z

with
b,
T =ap_y+—

We have, by induction hypothesis and by the definition ,

b b, A, _ 1Ay + b1 A, _
a0+i|—|—---—|— 1|: 1 1 2 1 3
lay |an—1 B, Ap—1Bn—2 4+ b,_1B,_3

Since A,,_s, A,_3, B,_s and B,_3 do not depend on the variable a,_;, we

deduce bl b 4 b A
n— TAp_2+ 0 n—

ao + L _'_ e + 1 = 2 1 3 .

lay |z rBy 9+ by_1B,_3

3



The product of the numerator by a,, is

(ananfl + bn)An72 + anbnflAnf?) = an<an71An72 + bnflAn%S) + bnAan
= anAn—l + bnAn—Z = An

and similarly, the product of the denominator by a,, is

(ananfl + bn)Bn72 + anbnlenfii = an(anlean + bnleanS) + anan
= apB,1 + ann—Q = B,.

O
From , taking the determinant, we deduce, for n > —1,
(4) AnBn 1 — Ay 1B, = (—=1)""by - - - b,.
which can be written, for n > 1,
8 Ao oy (b,
B, B, B, 1B,
Adding the telescoping sum, we get, for n > 0,
A, " (=) g - b
© D e s
We now substitute for ag,aq,... and by, bs,... rational integers, all of

which are > 1, apart from ag which may be < 0. We denote by p,, (resp.
qn) the value of A, (resp. B,) for these special values. Hence p,, and g, are
rational integers, with ¢, > 0 for n > 0. A consequence of Lemma |3 is

n b bn
p—:ao—i—i—i—~--+—| for n>0.
An ’al |an
We deduce from (),
Pn = QpPpn-1 + bnpn—27 Gn = ApQGn-1 + ann—Q for n > 07

and from ,

PnGn—1 — Pn—1qn = (—1)"+1bo covb, for n>-—1,
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which can be written, for n > 1,

" e —1)n by,

An Gn—1 Gn—14n

Adding the telescoping sum (or using @), we get the alternating sum

Pn " (1) by - by,
8 — =ap + .
( ) qn 0 ; qrk—19k

Recall that for real numbers a, b, ¢, d, with b and d positive, we have
(9) a<c:a<a+c<c
b d b b+d d

Since a,, and b,, are positive for n > 0, we deduce that for n > 2, the rational
number

& _ QGnPn-1 + bnpn72

An AnQn—1 + bnqan
lies between p,,_1/¢,—1 and p,_2/q,—2. Therefore we have

(10) ]2<&<...<@<...<IM<...<@<&.

qz q4 d2n qam+1 a3 q1
From , we deduce, for n > 3, ¢,—1 > gn_2, hence ¢, > (a, + bp)Gn—2.
The previous discussion was valid without any restriction, now we assume
a, > b, for all sufficiently large n, say n > ng. Then for n > ngy, using
Gn > 2ann—27 we get

bo- by, b, by by, -+ bo

]ﬁ . Pn—1 < —
Gn—14n 2n—no bnbn—l e bno+1QnOQn0—1 2ninOQno Gno—1

qn Gn—1

and the right hand side tends to 0 as n tends to infinity. Hence the sequence
(Pn/qn)n>0 has a limit, which we denote by

bl | bnfl ’ bn ’

r=ag+ —+---+ 4+
lay lan—1  |a,

From , it follows that x is also given by an alternating series

(o) (_1>k+1b0 . bk
qk—19k

T = ag +
k=1



We now prove that x is irrational. Define, for n > 0,

bs |
+1
Ty = Qp + - + e
’an+1
so that © = xg and, for all n > 0,
o anrl o anrl
Ty = Qp + ) Tn41 =
Tn+41 Tpn — Qp

and a, < x, < a, + 1. Hence for n > 0, x,, is rational if and only if x,. is
rational, and therefore, if x is rational, then all x,, for n > 0 are also rational.
Assume z is rational. Consider the rational numbers x,, with n > ny and
select a value of n for which the denominator v of x,, is minimal, say x, = u/v.

From
brt1 . bny1v

Ty — Qp U — QU

Tpa1 = with 0 <u—a,v <w,

it follows that x,,; has a denominator strictly less than v, which is a con-
tradiction. Hence z is irrational.

Conversely, given an irrational number x and a sequence by, bs, . .. of posi-
tive integers, there is a unique integer ay and a unique sequence aq, .. ., Gy, . . .
of positive integers satisfying a,, > b, for all n > 1, such that

b b b
g;:a0+i‘_|_..._|_ n 1| _|_L’_|_...
a1 lan—1  lan

Indeed, the unique solution is given inductively as follows: ag = |z, 1 =
bi/{x}, and once ay,...,a,_1 and z1,...,x, are known, then a, and x,
are given by

an = anJa Tn+1 = bn+1/{xn}>

so that for n > 1 we have 0 < z,, — a,, < 1 and

o bl’ bn71| bn|
rT=ay+—+- -+ +—
[ an-1 |z
Here is what we have proved.
Proposition 1. Given a rational integer ag and two sequences ag, ay, ... and
bi,bs, ... of positive rational integers with a, > b, for all sufficiently large
n, the infinite continued fraction
b b, b,
ao _'_ L| _|_ e + 1| _|
|ay an-1  |an

6



exists and is an irrational number.

Conversely, given an irrational number x and a sequence by, ba, ... of positive
integers, there is a unique ay € Z and a unique Sequence ai,...,0n, ... Of
positive integers satisfying a, > b, for all n > 1 such that
bl | bn—l | bn |
T=ag+—+ -+ +
[ lan—1  lan

These results are useful for proving the irrationality of 7 and e when

r is a non—zero rational number, following the proof by Lambert. See for

instance Chapter 7 (Lambert’s Irrationality Proofs) of David Angell’s course

on Irrationality and Transcendence@ at the University of New South Wales:
http://www.maths.unsw.edu.au/ angell/5535/

The following example is related with Lambert’s proof of the irrationality of

7
tanhz:z—|+z—2’+z—2|+--~+ ca
1 13 |5 |2n 4+ 1
Here, z is a complex number and the right hand side is a complex valued
function. Here are other examples (see Sloane’s Encyclopaedia of Integer

Sequences())

1 2| 4] 6] 8|
— 14+ A 2 O 21541494082 ... A113011
NG +|3+’5+|7+‘9+ ( )
1 _ 1 n 2| i 3| i 4 i — 0.581 976 706 (A073333)
e—1 1 R BTl o

Remark 1. A variant of the algorithm of simple continued fractions is the
following. Given two sequences (ay)n>0 and (by)n>0 of elements in a field K
and an element x in K, one defines a sequence (possibly finite) (xp)n>1 of
elements in K as follows. If x = ag, the sequence s empty. Otherwise xy is
defined by x = ag + (b1/x1). Inductively, once xq,...,x, are defined, there
are two cases:

o [f x, = ay,, the algorithm stops.
o Otherwise, x, 1 is defined by

brt1
Tpil = nt ,  So that x,=a,+

Tpn — an Tni1
2] found this reference from the website of John Cosgrave
http://staff.spd.dcu.ie/johnbcos/transcendental_numbers.htm.
3 http://www.research.att.com/~njas/sequences/

bn+1
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If the algorithm does not stop, then for any n > 1, one has

b1| bn—1| bn|
x:a0+_++ _|__
|a1 |an—1 |xn
In the special case where ag =a; = -+ =by = by = --- =1, the set of x such

that the algorithm stops after finitely many steps is the set (Fni11/Fn)n>1 of
quotients of consecutive Fibonacci numbers. In this special case, the limit of

bl | bnfl ‘ bn‘

Qo+ — + -+ -
’CLl |an—l |an

is the Golden ratio, which is independent of x, of course!

2 Simple continued fractions

We restrict now the discussion of § [1] to the case where by = by = --- =

b, =---=1. We keep the notations A,, and B,, which are now polynomials
in Zlag, ay,...,a,] and Z[ay, ..., a,] respectively, and when we specialize to
integers ag, a,...,a, ... with a, > 1 for n > 1 we use the notations p,, and

¢ for the values of A, and B,,.
The recurrence relations are now, for n > 0,

o) (& 52) =G0 52) (7o),
while becomes, for n > —1,
o () -6 - (r 96
B, B, 10 10 1 0 1 0
From Lemma |3| one deduces, for n > 0,
lag, ..., a,) = —-

Taking the determinant in ([12)), we deduce the following special case of

(13) ApBn_1 — A, 1B, = (—1)"".



The specialization of these relations to integral values of ag, ai,as ... yields

n  Pn—1 Pn—-1 Pn—2 ap 1
( ) (Qn qnl) (%1 Qn2> < 1 0) orn =

(15)
Pn Pn-1\ _ [Qo 1 a; 1 [ n— 1 a, 1 _
G 0= (o) () (o) (T o) oz
(16) [ao,...,an]:& forn >0
dn
and
(17) Prln-1 — Pn1Gn = (—=1)"™*  forn > —1.

From (7)), it follows that for n > 0, the fraction p,/g, is in lowest terms:

ged(pn: ¢n) = 1.
Transposing yields, for n > —1,

DPn dn _ [ Gn 1 ap-1 1 a; 1 apg 1
Pno1 Gn-1) \ 1 0 1 0 1 0/J\1 0

from which we deduce, for n > 1,

[an, ... a0 = Pn and [an, ... a1] = dn

Pn—1 dn—1

Lemma 18. Forn > 0,

Prnldn—2 — Pn—24n = (_1)nan-

Proof. We multiply both sides of on the left by the inverse of the matrix

(pnl pn2> Wthh is (_1)71 ( qn—2 —Pn—2 )
Gn—1 Q4n-2 —Qqn-1 Pn—1

We get

(_1)71 Pndn—2 = Pn—2Gn  Pn—-19n-2 — Pn—24n-1 — Qn 1
—PnGn-1+ Pn—1Gn 0 1 0



2.1 Finite simple continued fraction of a rational num-
ber

Let ug and u; be two integers with u; positive. The first step in Euclid’s
algorithm to find the ged of ug and uy consists in dividing ug by uy:

Uy = a1 + Us

with ag € Z and 0 < uy < uy. This means
Ug Uz
— = Qo + R
U1l Uq

which amonts to dividing the rational number xy = uy/u; by 1 with quotient
ao and remainder uy/u; < 1. This algorithms continues with

Um = AmUm+1 + Um+4-2,

where a,, is the integral part of x,, = w;,/Ums1 and 0 < Upio < Uy, until
some gy o is 0, in which case the algorithms stops with

Up = QpUhgya-

Since the ged of w,, and wu,,,; is the same as the ged of w1 and w0, it
follows that the ged of ug and wuy is ugy1. This is how one gets the regular
continued fraction expansion xy = [ag, ay, ..., as], where £ = 0 in case xg is
a rational integer, while a, > 2 if x( is a rational number which is not an
integer.

Proposition 2. Any finite reqular continued fraction

[a07a1a cee 7an]7

where ag, ay,...,a, are rational numbers with a; > 2 for 1 < i < n and
n > 0, represents a rational number. Conversely, any rational number x has
two representations as a continued fraction, the first one, given by Fuclid’s
algorithm, is

x = ag,a,...,a,)

and the second one is

x = lag,a1,...,0n-1,0, —1,1].
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If x € Z, then n = 0 and the two simple continued fractions representa-
tions of = are [z] and [z — 1, 1], while if z is not an integer, then n > 1 and
an > 2.

We shall use later (in the proof of Lemma [26]in § the fact that any
rational number has one simple continued fraction expansion with an odd
number of terms and one with an even number of terms.

2.2 Infinite simple continued fraction of an irrational
number

Given a rational integer ay and an infinite sequence of positive integers
ai,as, ..., the continued fraction

[ag,at, ... an,...]

represents an irrational number. Conversely, given an irrational number z,
there is a unique representation of x as an infinite simple continued fraction

x = ag,a1,...,an,...|

Definitions The numbers a,, are the partial quotients, the rational numbers

Pn

. = lag, a1, - . ., Gp)
n

are the convergents (in French réduites), and the numbers

Tp = [anu A1y - - ]
are the complete quotients.

From these definitions we deduce, for n > 0,

Tnt1Pn + Pn-1

19 T =1G0,01,..,0n, Tnr1| = .
( ) [ 0 +1] zn-i—lQn—{_Qn—l

Lemma 20. Forn > 0,

(=n"

ot = Pp = ————
Tn+1qn + qn—1

11



Proof. From one deduces

_ Pn_ TnpiPntPoo1 P (=1)" '
G Tparn T -1 o (Tnpadn + Gn-1)dn
O
Corollary 1. Forn > 0,
g —pal < —
An+1 + Gn Qn+1
Proof. Since a, is the integral part of x,,.1, we have
Api1 < Tpyp1 < Apaq + 1.
Using the recurrence relation ¢,+1 = Gn11qn + ¢n_1, we deduce
In+1 < Tnt1qn + Gn-1 < Gny1Gn + Gn-1 + Gn = qni1 + Gn-
[

In particular, since x,,1 > a,.1 and ¢,_1; > 0, one deduces from Lemma
20)

(21) — <

Therefore any convergent p/q of z satisfies |z — p/q| < 1/¢*. Moreover, if
an+1 is large, then the approximation p,/q, is sharp. Hence, large partial
quotients yield good rational approximations by truncating the continued
fraction expansion just before the given partial quotient.

3 Fermat—Pell’s equation

Let D be a positive integer which is not the square of an integer. It follows
that v/ D is an irrational number. The Diophantine equation

(22) r? — Dy? = +1,
where the unknowns x and y are in Z, is called Pell’s equation.

12



An introduction to the subject has been given in the colloquium lecture
on April 15. We refer to

http://seminarios.impa.br/cgi-bin/SEMINAR palestra.cgi?id=4752
http://www.math. jussieu.fr/~ miw/articles/pdf/PellFermatEn2010.pdf
and
http://www.math. jussieu.fr/~ miw/articles/pdf/PellFermatEn2010VI.pdf

Here we supply complete proofs of the results introduced in that lecture.

3.1 Examples

The three first examples below are special cases of results initiated by O. Per-
ron and related with real quadratic fields of Richaud-Degert type.
Example 1. Take D = a?b? + 2b where a and b are positive integers. A
solution to

2? — (a4 20)y =1

is (z,y) = (a®b + 1,a). As we shall see, this is related with the continued
fraction expansion of v/D which is

Va2b? + 2b = [ab, a, 2ab]

since
1

1
t+ ab

This includes the examples D = a? + 2 (take b = 1) and D = b? + 2b (take
a=1). For a =1 and b= ¢ — 1 his includes the example D = ¢* — 1.

t=vVa?b? +2b<t =ab+
a +

Example 2. Take D = a?b? + b where a and b are positive integers. A
solution to
2 — (V¥ + byt =1

is (z,7) = (2a®b + 1,2a). The continued fraction expansion of v/D is
Va?b? + b = [ab, 2a, 2ab)

since

t=Val? + b=t =ab+ ——7—

2a +

t+ ab
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This includes the example D = b* + b (take a = 1).
The case b =1, D = a® + 1 is special: there is an integer solution to

2 — (a® + 1)y* = —1,
namely (z,y) = (a,1). The continued fraction expansion of v/D is
Va?+1 = [a,2d]

since

t=Val+l<=t=a+

t+a'

Example 3. Let a and b be two positive integers such that b? + 1 divides
2ab + 1. For instance b = 2 and @ = 1 (mod 5). Write 2ab + 1 = k(b* + 1)
and take D = a® + k. The continued fraction expansion of v/ D is

la, b, b,2a]
since t = /D satisfies
1
t=a+ i = la,b,b,a + z|.
b+ — 1
b+
a—+t

A solution to 22 — Dy? = —lisz =ab* +a+0b, y =b*> + 1.
In the case a = 1 and b = 2 (so k = 1), the continued fraction has period
length 1 only:
V5 =11,2].

Example 4. Integers which are Polygonal numbers in two ways are given
by the solutions to quadratic equations.

Triangular numbers are numbers of the form

n(n+1)

L2434 4n=——7

forn > 1;

their sequence starts with

1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171,...

14



http://www.research.att.com/~njas/sequences/A000217.
Square numbers are numbers of the form
1+3+5+--+2n+1)=n> forn>1;
their sequence starts with
1, 4,9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, ...
http://www.research.att.com/~njas/sequences/A000290.
Pentagonal numbers are numbers of the form

n(3n —1)

L4+ T4+ (Bt 1) = ——

forn > 1;

their sequence starts with
1, 5, 12, 22, 35, 51, 70, 92, 117, 145, 176, 210, 247, 287, 330, 376, 425, ...

http://www.research.att.com/~njas/sequences/A000326.

Hexagonal numbers are numbers of the form
145494+ 4n+1)=n2n—-1) forn>1,;
their sequence starts with
1, 6, 15, 28, 45, 66, 91, 120, 153, 190, 231, 276, 325, 378, 435, 496, 561, ...

http://www.research.att.com/~njas/sequences/A000384.

For instance, numbers which are at the same time triangular and squares
are the numbers y? where (z,y) is a solution to Fermat—Pell’s equation with
D = 8. Their list starts with

0,1,36,1225,41616, 1413721, 48024900, 1631432881, 55420693056, . . .

See http://www.research.att.com/~njas/sequences/A001110.

Example 5. Integer rectangle triangles having sides of the right angle as
consecutive integers a and a + 1 have an hypothenuse ¢ which satisfies a® +
(a+1)? = ¢*. The admissible values for the hypothenuse is the set of positive
integer solutions y to Fermat-Pell’s equation 22 —2y? = —1. The list of these
hypothenuses starts with

1,5,29,169, 985, 5741, 33461, 195025, 1136689, 6625109, 38613965,

See http://www.research.att.com/~njas/sequences/A001653.
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3.2 Existence of integer solutions

Let D be a positive integer which is not a square. We show that Fermat—
Pell’s equation has a non—trivial solution (x,y) € Z X Z, that is a solution

£ (£1,0).

Proposition 3. Given a positive integer D which is not a square, there exists
(z,y) € Z* with x > 0 and y > 0 such that x* — Dy* = 1.

Proof. The first step of the proof is to show that there exists a non—zero
integer k such that the Diophantine equation 2> — Dy? = k has infinitely
many solutions (x,y) € Z x Z. The main idea behind the proof, which will be
made explicit in Lemmas[23] 24| and Corollary [2] below, is to relate the integer
solutions of such a Diophantine equation with rational approximations x/y
of v/D.

Using the fact that /D is irrational, we deduce that there are infinitely
many (x,y) € Z x Z with y > 0 (and hence z > 0) satisfying

-
Y

<E'

For such a (z,y), we have 0 < < yv/D + 1 < y(v/D + 1), hence
0< |2? = Dy?| = |z —yVD| - |z +yVD| < 2D + 1.
Since there are only finitely integers k£ # 0 in the range
—(2VD+1) <k<2VD+1,

one at least of them is of the form 2% — Dy? for infinitely many (z,y).

The second step is to notice that, since the subset of (z,y) (mod k) in
(Z/kZ)? is finite, there is an infinite subset F C Z x Z of these solutions to
22 — Dy? = k having the same ( (mod k),y (mod k)).

Let (u1,v1) and (ug, ve) be two distinct elements in E. Define (z,y) € Q2
by

vt ygy/D = VD
Uy + UQ\/E

From u2 — Dv3 = k, one deduces
1
T+ y\/_ = E(UI + ’Ul\/BXUQ — UQ\/B),
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hence
U1Ug — D'U1U2 —U1Vg + UV

- YT Tk
From u; = uy (mod k), v1 = vy (mod k) and

we deduce

Uity — Dvivg = ui — Dvi =0 (mod k)

and
—U Vg + Uy = —ugvy +ugvy =0 (mod k),

hence x and y are in Z. Further,

#* = Dy = (z +yVD)(x — yVD)
uy + 01@)(% - U1\/5)
uz + v2v/D)(uz — v2V/D)

N
(
u? — Dv}

= == =1
2 2
us — Dvs

It remains to check that y # 0. If y = 0 then z = +1, wjvy = ugvy,
Ur1Ug — DU1U2 = :l:l, and

kuy = Fuy (uyug — Dujvy) = ug(ui — Dvi) = £kuy,

which implies (uy,us) = (v1,v2), a contradiction.
Finally, if < 0 (resp. y < 0) we replace z by —z (resp. y by —y).
O

Once we have a non-trivial integer solution (z,y) to Fermat—Pell’s equa-
tion, we have infinitely many of them, obtained by considering the powers of

x+y\/ﬁ.

3.3 All integer solutions

There is a natural order for the positive integer solutions to Fermat—Pell’s
equation: we can order them by increasing values of z, or increasing values
of y, or increasing values of z 4+ yv/D - it is easily checked that the order is
the same.
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It follows that there is a minimal positive integer solutionﬁ (x1,y1), which
is called the fundamental solution to Fermat—Pell’s equation x* — Dy? = +1.
In the same way, there is a fundamental solution to Fermat—Pell’s equations
22— Dy? = 1. Furthermore, when the equation 22 — Dy? = —1 has an integer

solution, then there is also a fundamental solution.

Proposition 4. Denote by (x1,y1) the fundamental solution to Fermat—Pell’s
equation x> — Dy? = 1. Then the set of all positive integer solutions to this
equation is the sequence (Tp, Yn)n>1, where x, and y, are given by

Tn+ VD = (21 + VD), (n€Z, n>1).
In other terms, x, and y, are defined by the recurrence formulae
Tn+1 = Tn®1 + Dynin and Ynt1l = T1Yn + Tpl1, (n>1).

More explicitly:

o Ifz?— Dyl =1, then (x1,y1) is the fundamental solution to Fermat—Pell’s
equation 22 — Dy? = 1, and there is no integer solution to Fermat—Pell’s
equation x? — Dy? = —1.

o If 22 — Dy? = —1, then (x1,y1) is the fundamental solution to Fermat-
Pell’s equation 2* — Dy? = —1, and the fundamental solution to Fermat-
Pell’s equation x®> — Dy* = 1 is (z2,y2). The set of positive integer solutions
to Fermat—Pell’s equation x*> — Dy* = 1 is {(zn,yn) ; n > 2 even}, while
the set of positive integer solutions to Fermat—Pell’s equation x*> — Dy? = —1
is {(xn,yn) ; n>1 odd}.

The set of all solutions (z,y) € Z x Z to Fermat—Pell’s equation x* — Dy* =
+1 is the set (X2, Yn)nez, where x, and y, are given by the same formula

Zp + YV D = (21 + VD), (n€Z).

The trivial solution (1,0) is (zo,yo), the solution (—1,0) is a torsion element
of order 2 in the group of units of the ring Z[\/D].

Proof. Let (z,y) be a positive integer solution to Fermat—Pell’s equation
2?2 — Dy? = £1. Denote by n > 0 the largest integer such that

(1 + yl\/ﬁ)n <z+ y\/ﬁ

4We use the letter z;, which should not be confused with the first complete quotient
in the section §[2.2 on continued fractions
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Hence = + yv/D < (x1 4+ y1v/D)"*'. Define (u,v) € Z x Z by
u+oVD = (x + y\/ﬁ)(fh — yl\/ﬁ)"

From
u?—Dv>’ =41 and 1 §u+v\/ﬁ<x1+y1\/ﬁ,

we deduce v = 1 and v = 0, hence = = x,,, y = y,.

3.4 On the group of units of Z[/D]

Let D be a positive integer which is not a square. The ring Z[v/D] is the
subring of R generated by v/D. The map o : z = 2 + yvVD — x — yV/D is
the Galois automorphism of this ring. The norm N : Z[v/D] — Z is defined
by N(z) = zo(z). Hence

N(z+yVD) = 2? — Dy

The restriction of N to the group of unit Z[v/D]* of the ring Z[v/D] is a
homomorphism from the multiplicative group Z[v/D]* to the group of units
Z* of Z. Since Z* = {£1}, it follows that

ZIVD) = (= € ZIVD] 5 N(:) = £1},

hence Z[v/D]* is nothing else than the set of z +y+/D when (z, %) runs over
the set of integer solutions to Fermat-Pell’s equation 2% — Dy? = £1.

Proposition [3{ means that Z[v/D]* is not reduced to the torsion subgroup
+1, while Proposition [4] gives the more precise information that this group
Z[v/D]* is a (multiplicative) abelian group of rank 1: there exists a so—called
fundamental unit u € Z[v/D]* such that

ZIVD)* = {+u" ; n € Z}.

The fundamental unit « > 1 is x; + v/ D, where (21, 1) is the fundamental
solution to Fermat-Pell’s equation 22 — Dy? = £1. Fermat-Pell’s equation
2% — Dy? = £1 has integer solutions if and only if the fundamental unit has
norm —1.

That the rank of Z[v/D]* is at most 1 also follows from the fact that the
image of the map

Z[VD]* — R?
z —  (log |z|, log|2|)
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is discrete in R? and contained in the line ¢, + ¢, = 0 of R2. This proof is
not really different from the proof we gave of Proposition @} the proof that
the discrete subgroups of R have rank < 1 relies on FEuclid’s division.

3.5 Connection with rational approximation

Lemma 23. Let D be a positive integer which is not a square. Let x and y

be positive rational integers. The following conditions are equivalent:
(i) 22 — Dy? = 1.

x 1

i) 0<-—=vD< -
(1) ( 2y*v/' D

x 1

) 0< ——vD < —————-
() Yy y>vVD +1
Proof. We h ! < !

roof. We have
2/ D y2vD+1
(i) implies 2 > Dy?, hence x > yv/ D, and consequently

T 1 1
0<=—VD= < :
y y(x +yvD)  2y>VD

, hence (ii) implies (iii).

(iii) implies

x<y\/5+y%<y\/5+§,
and
y(z +yVD) < 2y>VD + 2,
hence
0<x2—Dy2:y(§—\/ﬁ> (z +yVD) < 2.
Since 22 — Dy? is an integer, it is equal to 1. O

The next variant will also be useful.

Lemma 24. Let D be a positive integer which is not a square. Let x and y
be positive rational integers. The following conditions are equivalent:

(i) 2* — Dy* = —1.
€T 1
io<vVD-—"< —F .
() v 2D -1
T 1
i) 0 < VD — = < :
(iii) < VD
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Proof. We have

1 - 1 b (i) implies (i)
, nence (11) 1mplies (111).
202v/D —1 2D P

The condition (i) implies yv/D > . We use the trivial estimate
2VD > 141/
and write
22 =Dy? —1>Dy? —2vVD + 1/y* = (yWD — 1/y)?,
hence 2y > y*>v/D — 1. From (i) one deduces
1=Dy*—2*> = (yVD — z)(yVD + )

>( > (y*VD + zy)
(7~

> >2y2\/_—1)

éé

(ii) implies # < yv/D and
y(yVD + ) < 2y*VD,

hence
0<Dy2—x2—y(\/_—§) (yVD + ) <
Since Dy? — 22 is an integer, it is 1. O
From these two lemmas one deduces:

Corollary 2. Let D be a positive integer which is not a square. Let x and y
be positive rational integers. The following conditions are equivalent:
(i) 2% — Dy? = £1.

(ii) VD -~ < 2y2\/__1

Y
2\/_+1

(iii ‘\/_ — —‘
Proof. If y > 1 or D > 3 we have 2y%>vD —1 > y?>v/D + 1, which means that
(ii) implies trivially (iii), and we may apply Lemmas 23 and [24]
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If D =2andy = 1, then each of the conditions (i), (ii) and (iii) is satisfied
if and only if x = 1. This follows from

1 1
22> >
22 -1 V241

If D =3 andy = 1, then each of the conditions (i), (ii) and (iii) is satisfied
if and only if x = 2. This follows from

3—V3>vV3-1>

> V2 -1

>2—\/§.

1 1
>
2v/3—-1" V3+1

It is instructive to compare with Liouville’s inequality.

Lemma 25. Let D be a positive integer which is not a square. Let x and y
be positive rational integers. Then

1
bos L
Y 202D + 1

Proof. If /y < /D, then z < yv/D and from
1< Dy? —2? = (yWD + 2)(yVD — x) < 2yVD(yVD — z),

one deduces

1
VD -2 > :
Y 2y2\/5

We claim that if /y > v/ D, then
x
— VD> — .
Y 202V D + 1

Indeed, this estimate is true if z —yv/D > 1/y, so we may assume z—yvVD <
1/y. Our claim then follows from

1 <2’ = Dy’ = (z+yVD)(x —yvD) < 2yvV'D + 1/y)(x —yVD).
O

This shows that a rational approximation z/y to VD, which is only
slightly weaker than the limit given by Liouville’s inequality, will produce a
solution to Fermat-Pell’s equation 2> — Dy? = £1. The distance |v/D —z/y|
cannot be smaller than 1/(2y>v/D+1), but it can be as small as 1/(2y?v/D —
1), and for that it suffices that it is less than 1/(y*>v/D + 1)
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3.6 The main lemma

The theory which follows is well-known (a classical reference is the book [9]
by O. Perron), but the point of view which we develop here is slightly different
from most classical texts on the subject. We follow [2] B, T1]. An important
role in our presentation of the subject is the following result (Lemma 4.1 in

[10]).
Lemma 26. Let ¢ = +1 and let a, b, c,d be rational integers satisfying
ad —bc =€

and d > 1. Then there is a unique finite sequence of rational integers
ag, . ..,as with s > 1 and aq, . ..,as_1 positive, such that

a b\ [(ap 1 a; 1 as 1
&y ()=o) (o) ()
These integers are also characterized by

b c
(28) - =[ag,a1,...,as1), = =las,...,a1], (=1)*"'=e

d d

For instance, when d = 1, for b and ¢ rational integers,
be+1 b\ (b 1)\ [c 1
c 1) \1 0/\1 0
bc—1 b\ (b—1 1\ (1 1\ (c—1 1
c 1) 1 0/\1 0 1 0/

Proof. We start with unicity. If ag,...,as satisfy the conclusion of Lemma
[26], then by using (27)), we find b/d = [ag, a1, . .., as—1]. Taking the transpose,
we also find ¢/d = [as,...,a1]. Next, taking the determinant, we obtain
(—1)*™! = €. The last equality fixes the parity of s, and each of the rational
numbers b/d, ¢/d has a unique continued fraction expansion whose length has
a given parity (cf. Proposition . This proves the unicity of the factorisation
when it exists.

For the existence, we consider the simple continued fraction expansion
of ¢/d with length of parity given by the last condition in (28), say ¢/d =

and
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[as,...,a1]. Let ag be a rational integer such that the distance between b/d
and [ag, a1, ...,as_1] is < 1/2. Define ', V/, ¢, d’ by

()= () (o) (o)

We have .
d>0, dd—-bd=¢ C—:[a al]:E
; g Sy d
and
b bb 1
E:[ao,al,...,as_l], J_Elgé
From ged(e,d) = ged(d,d') =1, ¢/d = ¢/d and d > 0, d > 0 we deduce
¢ = ¢, d = d. From the equality between the determinants we deduce
a =a+ ke, b = b+ kd for some k € Z, and from
voob
7 a "

we conclude k =0, (a/,V',¢,d') = (a,b,c,d). Hence follows.

Corollary 3. Assume the hypotheses of Lemma |20 are satisfied.
a) If ¢ > d, then as > 1 and

a
o= [ag, aq, ..., as.
b) If b > d, then ag > 1 and
a
7= [as, ..., a1, a0
The following examples show that the hypotheses of the corollary are not
superfluous:
1 by (b 1\ /0 1
01/ \1 0/\1 0)”
b—1 b\ (b—1 1\ /1 1\ (0 1
1 1) 1 0/\1 0/)\1 O
and

)06 ()
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Proof of Corollary[3. Any rational number u/v > 1 has two continued frac-
tions. One of them starts with 0 only if u/v = 1 and the continued fraction
is [0,1]. Hence the assumption ¢ > d implies as > 0. This proves part a),
and part b) follows by transposition (or repeating the proof). ]

Another consequence of Lemma [26is the following classical result (Satz
13 p. 47 of [9]).

Corollary 4. Let a, b, ¢, d be rational integers with ad — bc = +1 and
¢>d>0. Let x and y be two irrational numbers satisfying y > 1 and
ay+0b

cy+d

Let © = [ag, a1, ...] be the simple continued fraction expansion of x. Then
there exists s > 1 such that

a=ps, b=ps1, c=qs, T=0q—1, Y= Tsr1.

Proof. Using lemma 20, we write

- D6 ()

with af,...,a._, positive and
b c
E:[ag,a'l,...,a;_l], a:[a’s,...,all].
From ¢ > d and corollary [3| we deduce a, > 0 and
/ / /
a ro ) / Ps psy—i_psfl ro ! /
- =lag,ay,...,a) ==, r=—"——"—=1[ay,0a,...,0,7Y|
- [ag, a) 4 q qy+d_, [ag, a3 o Y]

Since y > 1, it follows that a; = a;, p; = ¢} for 0 <i < sand y = zs;.
]

3.7 Simple Continued fraction of VD

An infinite sequence (ay),>1 is periodic if there exists a positive integer s
such that

(29) (pis = a, foralln>1.
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In this case, the finite sequence (aq, ..., as) is called a period of the original
sequence. For the sake of notation, we write

(a1, a9, ...) = (a1, as).

If sg is the smallest positive integer satisfying , then the set of s satisfying
is the set of positive multiples of sq. In this case (aq,...,as,) is called
the fundamental period of the original sequence.

Théoreme 1. Let D be a positive integer which is not a square. Write the
simple continued fraction of D as [ag, ay,...] with ag = |v/D].

a) The sequence (a1, as, . ..) is periodic.

b) Let (z,y) be a positive integer solution to Fermat—Pell’s equation x* —
Dy* = +1. Then there exists s > 1 such that x/y = [ag, ..., as_1] and

(ab ag,...,051, 2a0)

is a period of the sequence (ai,as,...). Further, as_; = a; for 1 <i<s—1

c) Let (ay,aq, ... ,as_1,2a9) be a period of the sequence (a1, as,...). Setx/y =
[ag, ... as_1]. Then x* — Dy?* = (—1)*.

d) Let sy be the length of the fundamental period. Then fori > 0 not multiple
of so, we have a; < ag.

If (a1, az,...,as_1,2a0) is a period of the sequence (ay,as, ...), then

\/5 = [ao,al, e ,Cl,s,l,QCL()] = [ao,al, ..., Q5_1,0Q0 + \/5]

Consider the fundamental period (ay, as, . .., as,_1, as, ) of the sequence (aq, as, . .

By part b) of Theorem |I| we have as, = 2ag, and by part d), it follows that
Sp is the smallest index 7 such that a; > ay.

From b) and c) in Theorem [l it follows that the fundamental solu-
tion (x1,y1) to Fermat—Pell’s equation x? — Dy? = 41 is given by z1/y; =

[ag, ..., as,_1], and that 22 — Dy} = (—1)%. Therefore, if 54 is even, then
there is no solution to the Fermat-Pell’s equation 22 — Dy? = —1. If s
5One says that the word a1, ..., as_1 is a palindrome. This result is proved in the first

paper published by Evariste Galois at the age of 17:

Démonstration d’un théoréme sur les fractions continues périodiques.

Annales de Mathématiques Pures et Appliquées, 19 (1828-1829), p. 294-301.
http://archive.numdam.org/article/AMPA_1828-1829__19__294_0.pdfl
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is odd, then (x1,;) is the fundamental solution to Fermat—Pell’s equation
r? — Dy* = —1, while the fundamental solution (xs,%2) to Fermat—Pell’s
equation x? — Dy? = 1 is given by s/y2 = [ag, - . ., 2s_1].

It follows also from Theorem |[I| that the (nsy — 1)-th convergent

xn/yn = [(ZO’ s >anso—1]
satisfies

We shall check this relation directly (Lemma [34)).

Proof. Start with a positive solution (z,%y) to Fermat-Pell’s equation z? —
Dy? = £1, which exists according to Proposition . Since Dy > x and = > v,
we may use lemma [26| and corollary [3| with

a=Dy, b=c=xz, d=uy

and write

Dy z\  (ay 1\ (a} 1 a, 1
(31) (:c y)_<1 0)(1 0) \1 0
with positive integers aj,...,a, and with a) = [v/D]. Then the continued

/

fraction expansion of Dy/x is [ay, . .., a.] and the continued fraction expan-
/

sion of z/y is [ay, ..., a\_4].
Since the matrix on the left hand side of is symmetric, the word
ag, - - ., a, is a palindrome. In particular o/, = af,.

Consider the periodic continued fraction

—_ /! !/ ! !
§ = lag,a}, ..., d._q,2ap].
This number § satisfies
! ! ! /
6 — [ao, al, N 7CLS_1, ao + 5].

Using the inverse of the matrix

ap 1 D 0 1
(1 O) which is (1 _%),
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we write
ag+9d 1\  [ay 1\ (1 0
1 0/ \1 0 0 1

Hence the product of matrices associated with the continued fraction of ¢

ag 1\ (ay 1\ fai, 1\ (ag+d 1
1 0 1 0 1 0 1 0
Dy z\ (1 0\ (Dy+dzr =x

r y)\o 1) \z+dy y/’

5— Dy + dx
x+ 0y
hence §> = D. As a consequence, a, = a; for 0 < i < s — 1 while a/, = ay,
g = 2@0.
This proves that if (z,y) is a non-trivial solution to Fermat—Pell’s equa-

tion 22 — Dy? = %1, then the continued fraction expansion of v/D is of the
form

18

It follows that

(32) \/5: [ao,al,...,as_l,Zag]
with ay,...,as_1 a palindrome, and x/y is given by the convergent
(33) x/y = lag, a1, ..., a5_1].

Consider a convergent p,/q, = |ag, a1, ...,a,]. If a1 = 2ag, then
with = v/D implies the upper bound

‘@_&

an

1
< M
~ 2a0q?

and it follows from Corollary [2| that (p,,qn) is a solution to Fermat—Pell’s
equation p? — Dg? = £1. This already shows that a; < 2ay when i+ 1 is not
the length of a period. We refine this estimate to a; < ay.

Assume a1 > ap + 1. Since the sequence (a,,)m>1 is periodic of period
length sg, for any m congruent to n modulo sq, we have a,,,1 > ag. For these
m we have

VG _Pn

m

1
< - .
= (a0 + 1),
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For sufficiently large m congruent to n modulo s we have
(ag+1)¢%, > VD +1.

Corollary [2| implies that (pm,¢n) is a solution to Fermat—Pell’s equation
p? — Dq?, = +1. Finally, Theorem (1| implies that m + 1 is a multiple of s,
hence n + 1 also.

m

3.8 Connection between the two formulae for the n-th
positive solution to Fermat—Pell’s equation

Lemma 34. Let D be a positive integer which is not a square. Consider the
simple continued fraction expansion VD = [ag, ai, ..., as,—1,2a0] where sq is
the length of the fundamental period. Then the fundamental solution (x1,y;)
to Fermat-Pell’s equation x* — Dy? = £1 is given by the continued fraction
expansion x1/y1 = [ag, a1, .. .,as,—1]. Let n > 1 be a positive integer. Define
(T Yn) bY T /yn = a0, a1, ..., ansg—1]. Then z, + ynV' D = (x1 + yl\/ﬁ)”.

This result is a consequence of the two formulae we gave for the n-th
solution (x,,y,) to Fermat—Pell’s equation 2> — Dy? = 4+1. We check this
result directly.

Proof. From Lemma 26| and relation (31]), one deduces
Dy, x,\ (ap 1 a; 1 [ nse— 1 agp 1
Ty Yn) \1 0 1 0 1 0 1 0/
Dyn Ty 0 1 [ Tn Dyn — QpTy
o Yo) \1 —ao)  \Yn Tn—aoyn )’
we obtain
ap 1 a; 1 Unsg—1 1\ _ (xn Dy, —aowy
(35) (1 ()> <1 O) ( 1 0/ \yn xn—aoy, /°

Notice that the determinant is (—1)"° = 22 — Dy?2. Formula for n +1
and the periodicity of the sequence (ay,...,a,,...) with as, = 2a, give :

Since

Tnt1 Dyn—l—l — A0Tn+1 _ T Dyn — QpTy 2aO 1 ay 1 . Asp—1
Yn+1 Tn4+1 — AoYn+1 Yn Ty — AoYn 1 0 10 1
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Take first n =1 in and multiply on the left by

Cr o) ()6 %)

1 ag x1 Dy, — apxy _ [ +apyy (D — a%)yl
0 1) \yi z1—aoy Y1 Ty —agyr )
we deduce
200 1\ (ar 1\ fasg-1 1\ _ (214+apy (D — at)y
1 o/\1 0 1 0) o T —aoyr )

Therefore

($n+1 Dyyq1 — a0$n+1) _ (xn Dy, — ann) (xl + apyr (D - a%)yl)

Yn+1  Tp41 — G0Ynta Yn Tn — QYn Y1 T1 — a1

Since

The first column gives
Tny1 = TnZ1 + Dynin and Ynt1l = T1Yn + Tnl1,

which was to be proved.

3.9 Records

For large D, Fermat—Pell’s equation may obviously have small integer solu-
tions. Examples are

For D = m? — 1 with m > 2 the numbers x = m, y = 1 satisfy
2?2 — Dy? =1,

for D = m?+1 with m > 1 the numbers = m, y = 1 satisfy 2? — Dy? =
—1,

for D = m? £ m with m > 2 the numbers z = 2m £ 1 satisfy y = 2,

22— Dy? =1,

for D = t>*m? + 2m with m > 1 and ¢t > 1 the numbers z = t*m + 1,
y = t satisfy 22 — Dy? = 1.
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On the other hand, relatively small values of D may lead to large funda-
mental solutions. Tables are available on the internetfl

For D a positive integer which is not a square, denote by S(D) the base
10 logarithm of 1, when (z1,y;) is the fundamental solution to z? — Dy? = 1.
The integral part of S(D) is the number of digits of the fundamental solution
x1. For instance, when D = 61, the fundamental solution (z,y;) is

1 = 1766 319 049,

and S(61) = log,,x1 = 9.247069. ..
An integer D is a record holder for S if S(D') < S(D) for all D" < D.
Here are the record holders up to 1021:

y1 = 226153 980

D 2 5 10 13 29 46 23 61 109
S(D) | 0.477 | 0.954 | 1.278 | 2.812 | 3.991 | 4.386 | 4.821 | 9.247 | 14.198

D 181 277 397 409 421 041 661 1021
S(D) | 18.392 | 20.201 | 20.923 | 22.398 | 33.588 | 36.569 | 37.215 | 47.298

Some further records with number of digits successive powers of 10:

D

3061

169789

12765349 | 1021948981

85489307341

S(D)

104.051

1001.282

10191.729 | 100681.340

1003270.151

3.10 A criterion for the existence of a solution to the
negative Fermat—Pell equation

Here is a recent result on the existence of a solution to Fermat—Pell’s equation

22— Dy? = —1

Proposition 5 (R.A. Mollin, A. Srinivasan[]). Let d be a positive integer
which is not a square. Let (xq,yo) be the fundamental solution to Fermat—
Pell’s equation x? —dy? = 1. Then the equation x> —dy? = —1 has a solution

if and only if o = —1 (mod 2d).

6For instance:

Tomas Oliveira e Silva: Record-Holder Solutions of Fermat—Pell’s Equation
http://www.ieeta.pt/~tos/pell.htmll
"Pell equation: non-principal Lagrange criteria and central norms; Canadian Math.

Bull., to appear
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Proof. If a* — db* = —1 is the fundamental solution to 2% — dy?> = —1, then
zo 4+ yovV/d = (a + bv/d)?, hence

xo = a*>+db* = 2db* —1=—1 (mod 2d).

Conversely, if zo = 2dk — 1, then 22 = 4d*k? — 4dk + 1 = dy2 + 1, hence

4dk* — 4k = y2. Therefore yq is even, yo = 22, and k(dk — 1) = z2. Since k

and dk — 1 are relatively prime, both are squares, k = b* and dk — 1 = a?,

which gives a? — db? = —1. O

3.11 Arithmetic varieties
Let D be a positive integer which is not a square. Define G = {(z,y) €
R?; 22 — Dy? = 1}.

The map
G — R*

(x,y) — t:x—l—y\/ﬁ

is bijective: the inverse of that map is obtained by writing u = 1/t, 2z = t+u,
20v/'D = t — u, so that t = z + yv/D and u = = — yv/D. By transfer
of structure, this endows G with a multiplicative group structure, which is
isomorphic to R*, for which

g — GLy(R)
(z,y) — <m Dy>~

Yy T

is an injective group homomorphism. Let G(R) be its image, which is there-
fore isomorphic to R*.

. b ) . .
A matrix (CCL ) respects the quadratic form 22 — Dy? if and only if

d
(ax + by)® — D(cz + dy)* = 2* — Dy?,
which can be written

a?—D* =1, ¥ —Dd® =D, ab=cdD.

Hence the group of matrices of determinant 1 with coefficients in Z which
respect the quadratic form x? — Dy? is the group

G(Z) = {(Z ZC) € GLQ(Z)}.
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According to the work of Siegel, Harish—Chandra, Borel and Godement, the
quotient of G(R) by G(Z) is compact. Hence G(Z) is infinite (of rank 1 over
Z), which means that there are infinitely many solutions to the equation
a? — Dc? = 1.

This is not a new proof of Proposition [3, but an interpretation and a
generalization. Such results are valid for arithmetic varietied)

Addition to Lemma
In [5], § 4, there is a variant of the matrix formula for the simple con-
tinued fraction of a real number.

Given integers ag, aq,... with a; > 0 for ¢ > 1 and writing, for n > 0,
as usual, p,/q, = [ag,a1,...,a,], one checks, by induction on n, the two
formulae

L ag Loy (1 an — (Prn-1 Pn if n is even
0 1 aq 1 0 1 Gn—1 Qn
(36) 1 a 1 0 1 0 Dn P
0 o n n—1 . .
(0 1 ) <a1 1) Lo (an 1) = (Qn Qn—l) if n is odd

Define two matrices U (up) and L (low) in GLy(R) of determinant +1 by

11 10
U—(O 1) and L_(l 1>‘

For p and ¢ in Z, we have

1 p 10
P a_
UpP = (O 1) and L7= (q 1),

so that these formulae are

gworps...pJem = (2”1 gn) if n is even
n—1 n

and

Ugeores ... [ = (];" gnl) if n is odd.
n n—1

8See for instance Nicolas Bergeron, “Sur la forme de certains espaces provenant de
constructions arithmétiques”, Images des Mathématiques, (2004).
http://people.math. jussieu.fr/~bergeron/Recherche_files/Images.pdf.
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The connexion with Euclid’s algorithm is

pfa b\ [(a—pc b—pd g fa DY) _ a b
v (c d)(c d) and [ (cdc—qad—qb'

The corresponding variant of Lemma [26|is also given in [B], § 4: Ifa, b, ¢, d
are rational integers satisfying b > a > 0, d > ¢ > 0 and ad — bc = 1, then

there exist rational integers ag, . ..,a, with n even and a,...,a, positive,
such that

a b\ (1 ag 10_”1an

c d) \0 1)\ay 1 0 1
These integers are uniquely determined by b/d = [ay, . .., a,] with n even.

3.12 Periodic continued fractions

An infinite sequence (a,),>o is said to be ultimately periodic if there exists
ng > 0 and s > 1 such that

(37) Upis = a, for all n > ny.

The set of s satisfying this property is the set of positive multiples of
an integer so, and (ang, Gng+1s - - - » ng+s9—1) 1S called the fundamental period.

A continued fraction with a sequence of partial quotients satisfying
will be written

[a'07 A1y vy Opy—1,0ngy - - - 7an0+s—l]-

Example. For D a positive integer which is not a square, setting ag = L\/EJ,
we have by Theorem

1
— =ay,..
\/D—(ZO [1

Lemma 38 (Euler 1737). If an infinite continued fraction

ap+ VD = [2a9,a4,...,as1] and Qs 1, 2ag).

x = |ag, a1, ... ,an,...]
1 ultimately periodic, then x is a quadratic irrational number.

Proof. Since the continued fraction of x is infinite, = is irrational. Assume
first that the continued fraction is periodic, namely that holds with
ng = 0:

x = [ag, -, Gs_1).
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This can be written
x = |ag,...,as_1,l.
Hence
p o Pt +Ps—2
qs—1T + Gs—2
It follows that
Gs—1X” + (qs—2 — Ps—1) X — ps—n
is a non—zero quadratic polynomial with integer coefficients having = as a
root. Since x is irrational, this polynomial is irreducible and x is quadratic.
In the general case where holds with ng > 0, we write

€T = [0’070‘17' .. 7an0717an07' .. 7an0+sfl] - [a/07a17 ... 7an0717y]7

where y = [@ng, - -+, Gngts_1) 18 a periodic continued fraction, hence is quadratic.

But
T = Pno—1Y + Png—2

qno—1Y + qng—2 ’
hence = € Q(y) is also quadratic irrational.

]

Lemma 39 (Lagrange, 1770). If x is a quadratic irrational number, then its
continued fraction
x = |ag, a1, ... ,an,...]

18 ultimately periodic.

Proof. For n > 0, define d,, = ¢,x — p,. According to Corollary [I, we have
|dn| < 1/Qn+1-
Let AX? + BX + C with A > 0 be an irreducible quadratic polynomial
having = as a root. For each n > 2, we deduce from that the convergent
¥, is a root of a quadratic polynomial A,X? + B, X + C,,, with
An = Ap?q,—l + Bpn—lqn—l + C’Qi_p
Bn = 2Apn71pn72 + B(pnfl%zfQ + pananl) + 20(]7171%1727
Cn == An—1~

Using Az? 4+ Bx + C' = 0, we deduce

A, = (241 + B)d,_1qn_1 + Ad>_,
Bn = (QAJ: + B) (dn—lqn—Z + dn—ZQn—l) + 2Adn—1dn—2~

35



There are similar formulae expressing A, B, C' as homogeneous linear com-
binations of A,, B,, C,, and since (A, B,C) # (0,0,0), it follows that
(A, B, Cp) # (0,0,0). Since z,, is irrational, one deduces A,, # 0.

From the inequalities

On-1ldn—2| <1, @noaldn1| <1, @no1<qn, |doo1dn_o| <1,

one deduces
max{|A,|, |Bnl/2,|Cnl} < A+ |2Az + B].

This shows that |A,|, |B,| and |C,,| are bounded independently of n. There-
fore there exists np > 0 and s > 0 such that z,, = z,,4+s. From this we
deduce that the continued fraction of x,, is purely periodic, hence the con-
tinued fraction of x is ultimately periodic. m

A reduced quadratic irrational numberis an irrational number x > 1 which
is a root of a degree 2 polynomial ax?®+bx+c with rational integer coefficients,
such that the other root z’ of this polynomial, which is the Galois conjugate
of x, satisfies —1 < 2’ < 0. If x is reduced, then so is —1/x’.

Lemma 40. A continued fraction
T =lag,a1,...,ap. .|

s purely periodic if and only if x is a reduced quadratic irrational number.
In this case, if x = [ag, a1, ..., as—1) and if ¥’ is the Galois conjugate of x,
then

—1/2' = [a,—1, ., a1, ag)

Proof. Assume first that the continued fraction of x is purely periodic:

x = [ag, ar, .-, as_1.

From ay; = ag we deduce ag > 0, hence x > 1. From = = [ag, ay,. .., as_1,7]
and the unicity of the continued fraction expansion, we deduce

Ps—1% + Ps—2
r=——————

and x = x,.
gs—1T + qs—2

Therefore x is a root of the quadratic polynomial
Py(X) = CIs—1X2 + (@s—2 — ps—1)X — ps_2.
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This polynomial P; has a positive root, namely x > 1, and a negative root
x’, with the product xa’ = —p,s_o/qs_1. We transpose the relation

DPs—1 Ps—2\ _ (@0 1 a; 1 [ Gs—1 1
ds—1 (gs—2 1 0 1 0 1 0

and obtain
Ps—1 Gs—1 _ as—1 1 . a; 1 apg 1
Ps—2 ({s—2 1 O 1 O 1 O )
Define
Yy = [as_l, .., ar, ao],
so that y > 1,
y = [as_1 a1, ao, 4] = Ps—1Y + Gs—1
T b gy 4 s

and y is the positive root of the polynomial

Qs(X) = ps—2X2 + (q5—2 - Ps—l)X — (Gs—1-

The polynomials P, and Q, are related by Q4(X) = —X?P,(—1/X). Hence
y=—1/2"

For the converse, assume x > 1 and —1 < 2’ < 0. Let (z,),>1 be the
sequence of complete quotients of x. For n > 1, define 2/, as the Galois
conjugate of z,. One deduces by induction that 2/, = a, + 1/2/_,, that
—1 < 2!, < 0 (hence z, is reduced), and that a, is the integral part of
—1/x;, ;.

If the continued fraction expansion of x were not purely periodic, we
would have

Tr = [CL(), <oy Ap—1,0p, - - - 7ah+s—1]
with ap_1 # apis—1. By periodicity we have x, = [ap, ..., anis_1, Ts], hence
Tp = Thys, Tp = Tp,,. From z = ), taking integral parts, we deduce
ap—1 = apts—1, a contradiction. O

Corollary 5. If r > 1 is a rational number which is not a square, then the
continued fraction expansion of \/T is of the form

\/; = [a()’a'l? [ ,a5—172a0]
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with ay,...,as_1 a palindrome and ay = [\/7].
Conversely, if the continued fraction expansion of an irrational numbert > 1
is of the form

t = lag, a1, ..., a5 1,2a
with ay, . ..,as_1 a palindrome, then t* is a rational number.

Proof. If t* = r is rational > 1, then for and ag = [v/#] the number x = t +ajq
is reduced. Since t' +t = 0, we have

1 1
' x—2ag

Hence
T = [2%, as,... ;Gs—1]7 T = [as—h -ee a1, 2%]
and aq,...,as,_1 a palindrome.
Conversely, if t = [ag,a1,...,as_1,2a0] with ay,...,as,_1 a palindrome,

then x = t + ag is periodic, hence reduced, and its Galois conjugate z’
satisfies

1 1
_; = [ah sy Gs1, 2@0] = T — 20,0,
which means t + ¢ = 0, hence t? € Q. H

Lemma 41 (Serret, 1878). Let x and y be two irrational numbers with con-
tinued fractions

x=lag,a1,...,a,...] and y=[bo,b1,... by ...]
respectively. Then the two following properties are equivalent.

1) There exists a matrix @ with rational integer coefficients and de-
c q

d

terminant £1 such that
ar +b

cr+d
(ii) There exists ng > 0 and mg > 0 such that apyrx = bygrr for all k > 0.

y:

Condition (i) means that x and y are equivalent modulo the action of
GLy(Z) by homographies.

Condition (ii) means that there exists integers ng, mo and a real number
t > 1 such that

xr = |ag,a1,...,an,—1,t] and y = [bo,b1,...,bme—1,1]
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Example.

[—ao — 1, 1, ay — 1,.(52] if ay > 2,

42) If x = |ag, a1, x|, then —az =
(42) (a0, ar, ) {[—a0—1,1+x2] if a; = 1.

Proof. We already know by that if z, is a complete quotient of x, then
x and z, are equivalent modulo GLg(Z). Condition (ii) means that there
is a partial quotient of z and a partial quotient of y which are equal. By
transitivity of the GLy(Z) equivalence, (ii) implies (i).
Conversely, assume (i):
ar +b

ct+d
Let n be a sufficiently large number. From

a b Pn Pn-1\ _ (Un Up—1
C d qn qn—l - U?’L Un—l

Uy = APy, + ana Up—1 = APp—1 + an—la
Up = CPp + dQna Up—1 = CPn—1 + dQn—b

y:

with

we deduce
o UpTp+1 + Up—1

UnTn41 + Up—1

We have v, = (cx + d)g, + ¢d, with 6, = p, — g,x. We have ¢, — o0,
Gn > qn—1+ 1 and 9, — 0 as n — oo. Hence, for sufficiently large n, we have
Up > Uy > 0. From part 1 of Corollary [, we deduce

(un Un—1) _ (ao 1) (a1 1) (as 1)
Up  Un—1 1 0 1 0 1 0
with ag,...,as in Z and a4, ..., a, positive. Hence
y = [ag,ai,...,as Ty
O

A computational proof of (1) = (ii). Another proof is given by Bombieri [2]
(Theorem A.1 p. 209). He uses the fact that GLy(Z) is generated by the two

matrices
11 q 0 1
o1) " 10/
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The associated fractional linear transformations are K and J defined by
K(z)=2+1 and J(z)=1/x.
We have J? = 1 and
K([ao,t]) = [ao + 1,t], K ([ag,t]) = [ao — 1,1].

Also J([ag, t]) = [0, ao, t]) if ag > 0 and J([0,t]) = [t]). According to ([42), the
continued fractions of x and —x differ only by the first terms. This completes
the proof. ﬂ

m

4 Diophantine approximation and simple con-
tinued fractions

Lemma 43 (Lagrange, 1770). The sequence (|¢nx — pu|)n>o @s strictly de-
creasing: for n > 1 we have

|Qn'r _pn| < |Qn—1x _pn—1|-
Proof. We use Lemma [20| twice: on the one hand

1 1
<
Tn+14n + gn—1 qn + Gn-1

‘an _pn| -

because x,.11 > 1, on the other hand

1 1 1
> =
Tndn—1 + dn—2 (an + ]-)Qn—l + gn—2 dn + Gn—1

|Q7171x - pnfl‘ =

because z,, < a, + 1. O

Corollary 6. The sequence (| — pn/qn|)n>0 is strictly decreasing: forn > 1
we have

O L I ‘x—pnl .
an Gn—1
9Bombieri in [2] gives formulae for J([ag,t]) when ap < —1. He distinguishes eight
cases, namely four cases when ap = =1 (a; > 2,a1 =2,a1 =1 and a3 > 1, a1 = a3 = 1),
two cases when ag = —2 (a1 > 1, a; = 1) and two cases when ag < —3 (a3 > 1, a1 = 1).

Here, enables us to simplify his proof by reducing to the case ag > 0.
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Proof. For n > 1, since ¢q,_1 < ¢,, we have

‘pn

1 1 anl
= —|gnt —pn| < —|gn_1Z —pn_1| = T
q q

n n n n

Here is the law of best approzimation of the simple continued fraction.

Lemma 44. Let n > 0 and (p,q) € Z X Z with q¢ > 0 satisfy

gz — p| < |gn — pal.
Then q = qny1-

Proof. The system of two linear equations in two unknowns u, v

(45) Pl + Ppp1v =p
Gntt + Gn1V =(¢q

has determinant +1, hence there is a solution (u,v) € Z x Z.

Since p/q # pn/qn, we have v # 0.

If u=0, then v = q/gp+1 > 0, hence v > 1 and ¢ > @,41.

We now assume uv # 0.

Since ¢, ¢, and ¢, are > 0, it is not possible for u and v to be both
negative. In case u and v are positive, the desired result follows from the
second relation of . Hence one may suppose u and v of opposite signs.
Since ¢,x —p, and ¢,+17 —p,+1 also have opposite signs, the numbers u(g,x —
pn) and v(¢u+1Z — pny1) have same sign, and therefore

’(Jnx _pn‘ = |U(an _pn)’ + ”U(qn+13j _pn+1)’ = \qx _p‘ < ’qn-x _pn‘a

which is a contradiction.
O]

A consequence of Lemma 44| is that the sequence of p,/q, produces the
best rational approximations to x in the following sense: any rational number
p/q with denominator ¢ < g, has |¢gx — p| > |g,x — pn|. This is sometimes
referred to as best rational approximations of type 0.
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Corollary 7. The sequence (qn)n>0 of denominators of the convergents of
a real irrational number x is the increasing sequence of positive integers for
which

lgnz|| < |lgz|| for 1<q < gn.

As a consequence,

lgnzll = min [lgz].

The theory of continued fractions is developed starting from Corollary [7] as
a definition of the sequence (g,),>0 in Cassels’s book [4].

Corollary 8. Let n >0 and p/q € Q with ¢ > 0 satisfy

p

x__
q

_Pn
Gn

< |x

Then q > qy.

Proof. For q < ¢, we have

P 1 1
T —=|=—|qz —p| > —|gnz — pa|—
al ¢ q

Corollary [§] shows that the denominators ¢, of the convergents are also
among the best rational approximations of type 1 in the sense that

I_BHx
q

_Dn
n

for 1<q < g,

but they do not produce the full list of them: to get the complete set, one
needs to consider also some of the rational fractions of the form

Pn—1 + apn,
gn—1 + adn

with 0 < a < a,41 (semi—convergents) — see for instance [9], Chap. II, § 16.

Lemma 46 (Vahlen, 1895). Among two consecutive convergents p,/q, and
Pni1/Gns1, one at least satisfies |x — p/q| < 1/2q>.
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Proof. Since x — p,/q, and © — p,_1/q,—1 have opposite signs,

1 1 1

Pn—1
Gnn—1 202 2¢2_,

qn—1

EE<_.p”71
qn Gn—1

' P
l’ _— —
n

—l—‘aj—

The last inequality is ab < (a*+b%)/2 for a # b witha = 1/g,, and b = 1/¢q,,_;.
Therefore,

1

Pn
< .
QQ%fl

r——| <
dn

Pn—1
qn—1

either T —

]

Lemma 47 (E Borel, 1903). Among three consecutive convergents p,_1/qn—1,
Pn/Gn and Pyt /Gnir, one at least satisfies |x — p/q| < 1//5¢2.

As a matter of fact, the constant v/5 cannot be replaced by a larger one.
This is true for any number with a continued fraction expansion having all but
finitely many partial quotients equal to 1 (which means the Golden number
® and all rational numbers which are equivalent to ® modulo GLy(Z)).

Proof. Recall Lemma : for n > 0,
(=1)"

gn® —Pp = — "
Tnt1Gn + qn-1

Therefore |g,x — pn| < 1/v/5¢, if and only if |2, 1Gn + ¢u_1| > V/5¢n. Define
Tn = qn—1/¢n. Then this condition is equivalent to |z,1 + 7| > V5.
Recall the inductive definition of the convergents:

1

Tn42

$n+l - an+1 +
Also, using the definitions of r,, 7,41, and the inductive relation ¢,41 =
Ap41Gn + Gn—1, We can write

1

rn+1

= Qpy1 t+ .

Eliminate a,:
1

Tn42 Tn+1

= Tp+1 + Tn.
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Assume now
|Tpa1 + 1] < V5 and |Tpao + Tnat] < V5.

We deduce
1 1 1 1
< -

+ S
\/5 — Tn+l T'n+1 Tn+2 T'n+1

= Tp+1 + 7Ty < \/5)

which yields
20— Voru +1<0.

The roots of the polynomial X2 —/5X + 1 are ® = (1 ++/5)/2 and &~ =
(v/5 —1)/2. Hence r,;1 > ®~! (the strict inequality is a consequence of the
irrationality of the Golden ratio). .

This estimate follows from the hypotheses |g.z — p,| < 1/v/5¢, and

Gni1Z — Prsi| < 1/V5Gnia. If we also had |gnio® — Pria|l < 1/V5Gn 1o,
we would deduce in the same way 7, o > ®~!. This would give

1= (an+2 + rn+1)rn+2 > (1 + q)il)q)il = 17

which is impossible.
O

Lemma 48 (Legendre, 1798). If p/q € Q satisfies |v — p/q| < 1/2¢%, then
p/q is a convergent of x.

Proof. Let r and s in Z satisfy 1 < s < ¢. From
s
1 < |gr—ps| =|s(qx —p) —q(sx —7r)| < s|gz—p|+q|sz—r| < 2—q—|—q|sx—r|

one deduces

| 21- 252y |
ST — T - > = T —pl|.
q Z 2 5 = 19T =P

Hence |sz — r| > |gx — p| and therefore Lemma [44] implies that p/q is a
convergent of x.

O
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