THE IRRATIONALITY OF CERTAIN AHMES SERIES
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| Alimes series wo mean a series of reciprocals of positive
. In this note we show that the famous series

1 1 1 1 1

1=?+'§'+T+ﬁ'+--.+‘:+ ------

=Ny + l=ni—ny+ 1, where N, denotes the least common multi-
ense the product) of my, ..., my; is typical for Ahmes series
diy ineressing denominators which represent rational numbers.

m I. Let {n,} bean increasing sequence of positive integers

3 1 1

oM iy +”h'—t+"t =
af. Assuma Zl/ny—=alb, where @ and b are integers, Write
1y —dy with ¢, dy integers and 0=dy<mpyy. Then c; is positive
ded by condition (#f). Thus, module 1,

0= (et —dh) it )

E__nd'l ¢ Hl_di o(n_u-_u_)
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Hence
i

() dis=cy — —dk"’*‘” +o(1) (mod myy)
i Mg
But

Ml M i

P8t —— ——— %0} —a‘» +ﬂ|{ll—'£fﬂ:+ou]’:

Prea  Hedo Mitp
so that (4] vields
(5) dy=c; for all safficiently large k.

Now ;
CerrMliers — ey =Ny S bNe=eng  — dynyg
and therefore

My
(6) Cpr1=Cn +ﬂf.ﬂifz:+0[”

#o that cpy =0, for all sufﬁnient]}' large %, which means ¢,=¢=constant
for all sufficiently large k. Aecording to (6) this is possible only if

(7) lim mdine=1.

Then (4} yields d.=rc for all k= k&, and (3) becomes

1 — Mpei—1 I . .
{Bj Fk.-::..— _?'.!;H_I_+|:"Hl_1}(a++"L lI':;"kl-l
or
. Mg N
HH1="H.1—"HJ+H—M e +a(l)
=n§+1—nk.1—|—1—|—o{ll
g0 that
() Mg =M} — My 1

for all sufficiently large k.

The last statement of the theorem is now obvioua since

e

niﬂ. -1 ni‘u ".l'{’rl. nk‘—il

for all k=K,
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. We now wish to examine to what extent the conditions (i) and (if)
of the theorem are necessary. It is clear that the mere finitencss of

lim sup nin,., does not suffice. As a trivial example consider the series
[tan,) where a is & positive integer and X1/n, is the series in (1), Here
usly lim n}/m, —a while condition (i) remains valid, A somewhat

less trivial example with lim supnf/n., =a, an integer,nnd lim inf njfn,, =1
et by the series1/a=%x1/n, where my=a--1 and ny,, is the least
er 80 that 1/m+-.., +1/ny<1/a while ny, is the least integer so that
ot Mg 4 (g —a+1)<1ja. Then gy, =1 (mod a) and ny=0

d a) with mye=nf.1— Mgy +a and H‘H1={H‘Mﬂ]—ﬂ'ﬂ+] g0  that

—[l'ﬂ]+l

m f3 /M= 1 while lim th'lm;ﬂ and Ny n.,<a MM

of i
Theorem 2. Let {n,) satisfy
(i) {ni/mp;) is bounded ;

(i) {N2[n) is bounded, N §—nyn,...n,.

I Z1/m, is rational then {n}fm;,} has only a finite number of

values all of which are rational and lim inf n}/m,,, = 1.

af. We proceed as in the proof of Theorem I replacing N,
The proof of the boundedness of dy from (4) remnins valid,
‘becomes

"IMI.-
Copy =0y Eﬂ—-l'ﬂll]

it all limiting values of {m}/me.,} are rational numbers whose
‘and denominators do not exceed the bound of {(BNFim,).

niimgy=1+ 8>1 then
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NG | mt A n
Jke: WL > ) oo >Ci1+-§)*
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Mpsq my fly My

where C is a positive constant, contrary to condition (fi").

As to eondition (if), it may well be that Theorem 1 remains valid
without it. Tts main use in ths proof lies in the derivation that c, is
constant for large k from the inequality (6). This derivation can be
made under weaker hypotheses,

Theorem 3. Let {n,} satisfy (i) and

wl
I ' N?G niH.l — \l
(") lim sup £ ( ———1)=0,

then T1/n; is rational if and only if ne,=ni—n.41 for all k=k,.

Note that () and (if) imply (ii") but (i) and ({"} do not imply (i),
Proof. Condition () implies that
A I

Ny
—s = ¥ =<l L
Mgy Mgy Wy N Hy My (ers

ik
for any §=0. Thus ¢.=ole )=o{n:) and (4) remains valid. Now, by
(ii""), we have

"&HI M
(10) % =cg+c*(nm ~1)
e
=q+0(,::: ( :.+: —1 ) )sato(l

8o that (5} remains valid. As before we then get (6) from (10). The
rest of the argument is unchanged.

Example 1. The series Z1/n;, whers
n,,=ﬂ’t-|-bh da, by, integers, a=1
8o that E|bl,|n‘9'-¢:: oo, is irrational. [1]
Proof. We have

H} & L
o (14207 b3 ™) (Lt baa )1
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80 that condition (i) is satisfied. Also
&

. B+l
Nimp=at | | 0481 +buas )
I=1
which is bounded so that condition (ii) is satisfied. Thus, according

(i,

to Theorem 1, if =1 /n, weve rational we would have mg,—ni—n,+1 for
all sufficiently large k, or
bbl_1=2l:!¢'bk-|—h.=_ﬂnh—bg+ 1

that b, 70 implies for sufficiently large &
|bssal >a".
~ Since by=0 implies by =—at +15£0, we may assume b;70 and

tying (11) repeatedly got
LByl >at ="
#0 that
' . [byala" > a2
ot tend to 0 as =00, contrary to hypothesis,
‘Example 2. The Ahmes series S1/n, where my,=—nl+an,+b is
rational if and only if a=—1 and b=1.
-ﬂmmph 3. If {n;} satisfies (i) and there iz a prime p so that
=0 (mod p) for a fixed { and all k then 21/n, is irrational.
Proof. We have to verify that Ny/ny, is bounded, But

.~k + —fe4+1 1 M M
Ne=p Nt =p o i My
1 ]

-’ —[k I
<o My epa,
any €0, Choosing 1+€<p' we get Ny/my,,<p*C.
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