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| 11 January 1994 ﬁ ’-3 0#

Neil James Alexander Sloane

% Room 2C-376, Mathematics Research Center
AT&T Bell Telephone Laboratories Inc.

600 Mountain Avenue

Murry Hill, New Jersey 07974-0636
908+582-3000, ext. 2005

Subject: A Handbook of Integer Sequences
Dear Dr. Sloane,

Just one month ago, I sent you a letter concerning the primes which surrounded n factorial.
This letter concerns the primes which surround P "primorial.” Definition and notation. If n factorial
means the product of all the integers from 1 to n, then let us call the product of all the primes form 2
to P, P "primorial." Also if n! denotes n factorial, then let n# denoted n primorial (p is the greatest
P < n), although in 1940, Kasner and Newman used P!. [Buhler & Ribenoim]

This then will produce our first series and that is Pp#: 2, 6, 30, 210, 2310, 30030, 510510,
9699690,223092870,6469693230,200560490130,7420738134810,304250263527210,13082-
761331670030,614889782588491410,32589158477190044730,1922760350154212639070,
117288381359406970983270,7858321551080267055879090,557940830126698960967415390,

40729680599249024150621323470,3217644767340672907899084554130,2670645156892758-
51355624017992790,23768741896345550770650537601358310,230556796394551842475310- ?ﬂ / f[
2147331756070,232862364358497360900063316880507363070,239848235289252281727065—
21638692258396210,2566376117594999414479597815340071648394470,2797349968178549-
36178276161872067809674997230,31610054640417607788145206291543662493274686990,
4014476939333036189094441199026045136645885247730,5258964790526277407713717970- '
72411912900610967452630,72047817630210000485677936198920432067383702541010310, \”///
10014646650599190067509233 131649940057366334653200433090,
1492182350939279320058875736615841068547583863326864530410,
225319534991831177328890236228992001350685163362356544091910,
35375166993717494840635767087951744212057570647889977422429870,
5766152219975951659023630035336134306565384015606066319856068810,
062047420735983927056946215901134429196419130606213075415963491270,
166589903787325219380851695350896256250980509594874862046961683989710,
29819592777931214269172453467810429868925511217482600306406141434158090,
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P the Diff. Nbr of Primes < P #
1 L S 0 0
2 0 1
3 6 1 3
5 1 10
7 11 46
11 1 343
13 1 3248
17 / ; 29 42331
19 / 9,699,667 \ 23 646,029
23 / 223, 092 870 \ 43 12,283,531
29 < 6,469,693,189 \ 41 300,369,796
31 7: 200,560,490,057 N\ 73 8,028,643,010
Py | . |
P { P Last Prime before P # the Diff.
\ ¥ = Lk . \
37 \ [ P70 \Y/ 7420,738,134,751 | 59
41 \ L G 304,250,263,527,209 \ 1
43 i 13,082,761,331,669,941 ! 89
47 614,889,782,588,491,343 { 67
53 32,589,158,477,190,044,657 _ 73
From the above table, it is easily discernible that the prime quoted in column two is the nth

prime as noted is column four. "=+, we define 7T (x) to be the number of primes which do not
exceed X, --+." [Hardy & Wright p6] Therefore; forn >0 the following sequence for TT (P,#)
[KN1]is: 0, 1, 3, 10, 46, 343, 3248, 42331, 646029, 12283531, 300369796, 8028643010, ~2594-
88758060, ~9414916795757, ~362597749452931, ~15397728532653920, ---. The tilde "~" means
about and is not necessarily exact! and the hyphen "-" means the number is separated at that point

and continues to the next line, but it is still one number.

Two of the above sequences grow so quickly that they will exceed the two lines given in your
forthcoming tome. However, the sequence of the differences between P # and its immediate
preceding prime is restated for index n and continued here: 0, 0, 1, 1, 11, 1, 1, 29, 23, 43, 41 73, 59,
1, 89, 67, 73, 107, 89, 101, 127, 97, 83, 89, 1, 251, 131, 113, 151, 263, 251, 223, 179, 389, 281,
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151, 197, 173, 239, 233, 191, 223, 223, 293, 593, 293, 457,227,311, 373, 257, 307, 313, 607, 347,
317, 307, 677, 467, 317, 431, 479, 509, 601, 331, 379, 1, 449, 1, 1163, 449, 443, 499, 373, 467,
619, 599, 691, 443, 449, 1123, 439, 677, 433, 599, 881, 593, 661, 1583, 1021, 521, 677, 509, 863,

677, 587, 659, 541, 619, 773, 1013, 191, ---.

In the preceding series, there are instances where P #—1is a prime. The following is that
sequence for the index n: 2, 3, 5, 6, 13, 24, 66, 68, 167, 287, 310, 352, 564, 590, 620, 849, 1552,
1849, and no others less than 1932. Or this sequence for the primes P: 3, 5, 11, 13, 41, 89, 317,

337, 991, 1873, 2053, 2377, 4093, 4297, 4583, 6569, 13033, 15877 and no others less than 16699.

Not only is the result of the first difference produce a prime, but so is the result of the
difference between the P # and the second preceding prime. Beginning with n = 2, they are as
follows: 3, 7, 13, 13, 17, 47, 37, 61, 67, 79, 107, 47, 149, 97, 89, 109, 223, 107, 179, 181, 101, 197,
97, 257, 139, 137, 197, 313, 257, 257, 223, 449, 373, 233, 463, 479, 409, 257, 409, 383, 317, 587,
607, 401, 463, 347, 313, 751, 313, 443, 349, 809, 661, 587, 367, 821, 733, 853, 463, 569, 1063,
739, 461, 461, 523, 811, 367, 1237, 457, 883, 709, 397, 601, 1301, 1151, 1409, 523, 659, 2659,
463, 941, 673, 719, 1613, 1543, 727, 1699, 1103, 661, 941, 739, 983, 997, 647, 701, 751, 691, 829,

1447, 1277, ---.

So is the result of the difference between the P # and the third preceding prime also produces
a prime. Beginning with n = 2, they are as follows: 4, 11, 17, 17, 19, 53, 41, 79, 73, 83, 139, 53,
167, 151, 127, 163, 241, 113, 199, 191, 127, 263, 101, 311, 149, 293, 211, 373, 277, 373, 397, 523,
419, 373, 541, 491, 431, 439, 433, 967, 367, 607, 829, 449, 587, 523, 349, 809, 439, 479, 383, 991,
1619, 919, 383, 977, 1217, 1187, 839, 607, 1109, 859, 653, 587, 541, 1117, 401, 1571, 557, 937,
953, 443, 1181, 1327, 1447, 1699, 1019, 733, 2969, 701, 1301, 719, 877, 2083, 1811, 773, 1723,
1483, 853, 1433, 991, 1301, 1093, 691, 1291, 881, 739, 1277, 2707, 1453, ---.

What follows is a table of P # until the difference of the previous prime becomes composite.

The ntl term is composite
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3#: 1, 3, 4=2*2

54:1,7,11, 13,17, 19, 23, 25=5*5

7#:11,13,17,19,29,31,37,43,47,53,59,61,71,73,79,83,97,101,103,107
109, 113, 121=11*11

11#:1,13,17,23,29,37,41,43,59,67,71,73,89,97,103,107,131,149,157,
167, 169=13*13

13#: 1,17,19,41,47,71,83,103,109,113,149,151,157,163,167,179,193,197,
211, 227, 241, 269, 271, 277, 289=17*17

17#: 29,47,53,59,61,107,109,127,13],149,179,191,199,211,223,239,257,
263,269,277,283,293,307,311,331,353,373,383,389,409,421,431,433,
437=19%23

194 23, 37, 41, 43, 47, 53, 59, 67, 79, 97, 127, 139, 157, 179, 181, 229, 239, 241, 257,
281,313,331,349,359,367,401,439,457,479,487,491,499,529=23*23

23# :43,61,79,97,101,113,127,137,181,197,199,239,269,283,293, 311, 353,
373,389,401,439,509,569,601,607,613,631,643,653,661,701,751,761,
769,797,809,821,823,827,853,863,881,907,911,953,983,997,1009,
1033, 1073=29*37

20# : 41,67,73,101,149,151,173,179,193,227,241,257,277,307,313,337,347,
353,367,419,421,431,443,467,509,521,541,557,599,619,631,643,647,
659,677,719,733,751,761,809,811,827,829,857,859,863,877,941,947,
967,977,1009,1049,1093,1117,1123,1129,1171,1193,1201,1229,1249,
1271=31*41

31#:73,79,83,89,97,107,127,149,173,197,211,227,251,257,269,271,283,
293,353,397,439,449,461,503,509,541,571,619,647,727,739,773,787,
863,883,919,929,947,971,1009,1019,1033,1049,1087,1097,1109,1153,
1163,1193,1201,1229,1231,1289,1301,1303,1367,1369=37*37

37#:59,107,139,151,163,239,257,263,281,283,307,311,349,373,431,439,
449,467,479,509,521,547,557,569,593,613,653,701,719,769,811,821,
859,937,947,977,1021,1061,1063,1069,1091,1093,1103,1123,1163,
1223,1259,1283,1303,1321,1399,1439,1483,1487,1597,1627,1657,1699,
1709,1721,1723,1733,1783,1801,1867,1873,1901,1987,1993,2017,2027,
2063,2099,2129,2161,2239,2293,2297,2311,2339,2377,2501=41*61

414 : 1,47,53,71,89,103,131,137,181,193,197,227,239,251,313,349,353,383,
401,419,457,491,503,509,541,547,593,607,701,773,809,829,839,983,
991,997,1013,1033,1039,]051,1171,1213,1237,1279,1289,1297,1303,
1373,1409,1439,1487,1499,1543,1559,1579,1693,1697,1709,1733,1741,
1753, 1777, 1831, 1849=43*43

43# 89,149,167,229,263,281,293,347,349,379,431,467,523,607,647,653,
677,683,739,743,751,827,853,877,883,937,977,997,1009,1061,1093,
1181,1213,1223,1231,1327,1373,1487,1511,1619,1637,1801,1823,1867,
1879,1907,1949,1951,1987,2029,2137,2213,2239,2269,2293,2311,2333,
2339,2351,2381,2477,2531,2539,2557,2647,2693,2707,2711,2749,2791,
2801,2819,2833,2837,2851,2857,2867=47*61

AT# - 67,97, 151, 167, 277, 313, 331, 367, 389, 409, 457, 461, 463, 547, 569, 653, 659,
683,773,821,827,967,991,1013,1019,1093,1201,1217,1277,1291,1321,
1327,1361,1427,1429,1523,1531,1549,1559,1567,1597,1609,1627,1699,
1759, 1783, 1787, 1801, 1823, 1877, 1879, 1889, 1931, 1999, 2003, 2017, 2027,
2029,2087,2089,2161,2213,2237,2251,2273,2309,2447,2459,2467,2473,
2521,2687,2693,2719,2749,2803,2837,2843,2857,2903,2927,2939,2957,
3253,3299,3359,3361,3413,3463,3467,3533,3559,3637,3659,3719,3727,
3853, 3989, 4001, 4049, 4057, 4087=61*67
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23
21
25

34
33

50

63

57

82

64

77

102



The above table suggests yet another sequence, that being the number of terms necessary to
reach a difference that is composite. Beginning with n =1, it is as follows: 0, 3, 8, 23, 21, 25, 34,
33, 50, 63, 57, 82, 64, 77, 102, 92, 97, 88, 95, 121, 108, 115, 142, 139, 129, 119, 114, 148, 188,
163, 201, 180, 189, 202, 250, 247, 220, 278, 258 243, 265, 260, 262, 252, 306, 276, 265, 303, 255,
288, 268, 312, 331, 318, 391, 339, 295, 407, 308, 393, 410, 386, ---.

In all cases of P, # for n > 3, the first composite number has factors which exceed P,,, and
many of these are squares of the primes. Therefore; the following sequence: 1, 4, 9, 25, 49, 121,
169, 289, 361, 529, 841, 961, 1369, 1681, 1849, 2209, 2809, 3481, 3721, 4489, 5041, 5329, 6241,
6889, 7921, 9409, 10201, 10609, 11449, 11881, 12769, 16129, 17161, 18769, 19321, 22201,
22801, 24649, 26569, 27889, 29929, 32041, 32761, 36481, 37249, 38809, 39601, 44521, ---.

Just like the preceding sequences are on the side less that the primorial of P, so do we have

sequences on the greater side of Py# as well.

The mirror image of the second such sequence is the difference between P primorial and the
first prime that exceeds it. Keep in mind that 0!=1 by definition (Graham p.111) so to stay consistent
P,# must equal 1, and this sequence begins with the index n = 0. It is as follows: 1, 1,1,1,1,1,17,
19, 23,37, 61, 1, 61, 71, 47, 107, 59, 61, 109, 89, 103, 79, 151, 197, 101, 103, 233, 223, 127, 223,
191, 163, 229, 643, 239, 157, 67, 439, 239, 199, 191, 199, 383, 233, 751, 313, 773, 607, 313, 383,
293 443,331, 283, 277, 271, 401, 307, 331, 379, 491, 331, 311, 397, 331, 353, 419, 421, 883, 547,
1381, 457, 457, 373, 421, 1, 1061, 523, 499, 619, 727, 457, 509, 439, 911, 461, 823, 613, 617,

1021, 523, 941, 653, 601, 877, 607, 631, 733, 757, 871, 641, 877, ---.

In the preceding series, there are instances where P # +1 is recited. These numbers are often
called Euclid's numbers in honor of his simple proof of IX 20 — the infiniteness of the Primes.
[Bressoud p17, Dence p71, Eves, Graham p108, JRM v18n2p90, Kasner, Newman, SPR pl1] The
following is the sequence for prime Euclidean numbers giving the index n: 0, 1,2, 3, 4, 5, 11, 75,

171, 172, 384, 457, 616, 643, 1391, 1613, 2122, and no others less than 2164. Or this sequence for



the primes P 1, 2,3, 5,7, 11, 31, 379, 1019, 1021, 2657, 3229, 4547, 4787, 11549, 13649, 18523

and no others less than 19051, [JRM v21n4p276-8 & Ribenboim p4]

"Here is a variant of the above problem. Consider the sequence q; = 2, q; = 3, q3=7,q4=
43, q5 = 139, q¢ = 50,207, q7 = 340,999, qg = 2,365,347,734,339, ..., where q,, +1 is the highest
prime factor of q;q *** qp +1 (80 Qyy1 # A1 925~ q,). In 1963, Mullin asked: Does the sequence
(), » 1 contain all the prime numbers? Does it exclude at most finitely many primes? Is the

sequence monotonic?

"Cox & van der Poorten found in 1968 congruences which are sufficient to decide whether a
given prime is excluded; moreover, they have shown that the primes 5, 11, 13,17, 19, 23, 29, 31, 37,
41, and 47 do not appear in the sequence. They have also conjectured that there exist infinitely many

excluded primes.”

"In 1985, Odoni considered the similar sequence: Wy =2, Wy =3, ..., Wpy = WjWp " Wyt
1, and he showed that there exist infinitely many primes which do not divide any number of the
sequence, and of course, there exist infinitely many primes which divide some number of the

sequence." [Ribenboim p4]

Conjecture: If "we adopt the convention” of Knuth [KN1] that the Zeroth prime is the
number One, the sequence above (the amount by which the first prime number after P # exceeds
P, #) contains just primes! These series are somewhat analogous to the "Fortunate" numbers, but I

shall leave that sequence to a separate letter.

Here is a sequence that is analogous to the "Fortunate" numbers, which uses the factorials,
versus this one which employs the "primorials:" 2, 3, 5, 7, 13,23, 17, 19, 23,37, 61, 67, 61, 71, 47,
107, 59, 61, 109, 89, 103, 79, 151, 197, 101, 103, 233, 223, 127, 223, 191, 163, 229, 643, 239, 157,
67, 439, 239, 199, 191, 199, 383, 233, 751, 313, 773, 607, 313, 383, 293, 443, 331, 283, 277, 271,

401, 307, 331, 379, 491, 331, 311, 397, 331, 353, 419, 421, 883, 547, 1381, 457, 457, 373, 421,



409, 1061, 523, 499, 619, 727, 457, 509, 439, 911, 461, 823, 613, 617, 1021, 523, 941, 653, 601,

877, 607, 631, 733, 757, 877, 641, 877, -+

The preceding sequence represents the difference between P# +1 and the first prime
exceeding P # +1. This one is its mirror image; i.e, the difference between P# -1 and the first
prime preceding P# -1 beginning with n =2:3, 7,11, 13, 17, 29,23, 43,4173, 59, 47, 89, 67, 73,
107, 89, 101, 127, 97, 83, 89, 97, 251, 131, 113, 151, 263, 251, 223, 179, 389, 281, 151,197, 173,
239, 233, 191, 223, 223, 293, 593, 293, 457,227, 311, 373, 257, 307, 313, 607, 347, 317,307, 677,
467, 317, 431, 479, 509, 601, 331, 379, 523, 449, 367, 1163, 449, 443, 499, 373, 467, 619, 599,
691, 443, 449, 1123, 439, 677, 433, 599, 881, 593, 661, 1583, 1021, 521, 677, 509, 863, 677, 587,

659, 541, 619, 773, 1013, 919, ---.

The difference between the two sequences, the first one citing the differences between P#
and its immediate preceding prime and the second one citing the differences between Py# and its
immediate succeeding prime, is the "prime gap" surrounding the number P # The largest observed
difference being about the number 88# and it is equal to 2200, which equals the spread of the pair
(88# — 1583, 88# + 757). Since the two sequences above contain only odd numbers, the differences
are always even, therefore; the following series, beginning with n = 1, is the difference divided by
two: 1,1, 1, 6, 1,9, 24, 23, 40, 51, 37, 60, 36, 68, 87, 66, 84,99, 95, 115, 88, 117, 143,51, 177,
182, 168, 139, 243, 221, 193, 204, 516, 260, 154, 182, 306, 239, 216, 191, 211, 303, 263, 672, 303,
615, 417, 312, 378, 275, 375, 322, 445, 312, 294, 354, 492, 399, 348, 461, 405, 410, 499, 331, 366,
210, 435, 442, 855, 915, 450, 478, 373, 444, 310, 830, 607, 471, 534, 925, 448, 593, 436, 755, 671,
708‘, 637, 1100, 1021, 522, 809, 581, 732, 777, 597, 645, 637, 688, 825, 827, 898, -*-. A few of

these are symmetrical and for the indexes n, they are : 1,2, 3, 5, 8, 38, 40, 64, 73, 89, .

Not only is the result of the first difference above P # produce a prime, but so is the result of
the difference between the P # and the second succeeding prime. They are as follows: 2, 3,5,7, 13,

23,29, 41, 37, 47, 89, 67, 101, 107, 67, 109, 73, 89, 167, 139, 229, 163, 193, 269, 157, 173, 523,
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233, 157, 251, 193, 179, 383, 647, 311, 223, 317, 509, 457, 211, 503, 251, 479, 617, 1019, 347,
863, 827, 349, 389, 563, 601, 419, 367, 349, 449, 829, 397, 811, 563, 521, 773, 359, 643, 449, 419,
823, 631, 1129, 863, 1609, 797, 683, 409, 461, 409, 1319, 607, 661, 1231, 1409, 941, 631, 503,
991, 619, 1031, 1361, 659, 1063, 617, 1409, 1163, 641, 941, 691, 733, 1097, 1229, 1087, 751,

1009, ---.

So is the result of the difference between the P,# and the third succeeding prime after Py#
also produces a prime. They are as follows: 5, 7,11, 17, 29, 41, 43, 41, 53, 97, 83, 103, 151, 71,
181, 149, 101, 179, 151, 283, 193, 241, 487, 163, 191, 571, 293,229, 277, 239, 271, 509, 827, 367,
239, 331, 541, 773, 313, 823, 331, 523, 643, 1069, 461, 971, 947, 631, 457, 673, 881, 887, 509,
353, 577, 857, 479, 1123, 709, 709, 1697, 439, 701, 751, 439, 1019, 733, 1489, 919, 1723, 887,
691, 811, 547, 971, 2017, 1019, 683, 1459, 1597, 947, 653, 809, 1091, 757, 1069, 2131, 1103,
1307, 883, 1439, 1447, 643, 1051, 1093, 983, 1223, 1697, 1579, 823, 1223, ---.

What follows is a table of P# until the difference of P,# and the subsequent prime becomes

composite. The nth term is composite
1#:1,2,4=2%2 3
2#:1,3,5,9=3*3 4
3#:1,5,7, 11, 13, 17, 23, 25=5*5 8
S#:1,7,11, 13,17, 23,29, 31, 37, 41, 43, 49=T*7 12
741,13, 17, 19, 23, 29, 31, 41, 47, 53, 59, 61, 67, 71, 73, 83, 97, 101, 103, 107,

121=11*11 21
11#: 1, 23,29, 31, 37, 41, 47, 61, 67, 71, 73, 79, 83, 89, 101, 107, 113, 127, 131, 137,

149, 157, 163, 167, 193, 211, 221=13*17 27
13#: 17,29, 41, 59, 61, 67, 73, 79, 83, 89, 103, 107, 109, 131, 139, 151, 157, 167,

173, 181, 193, 211, 223, 229, 239, 241, 263, 277, 283, 289=17*17 30

17419, 41, 43, 59, 71, 73, 79, 101, 103, 107, 109, 167, 173, 181, 197, 199, 241, 257,

263, 283, 293, 307, 313, 317, 337, 379, 397, 409, 421, 431, 433, 479, 491, 503,

509, 523, 529=23%23 37
104 - 23, 37, 41, 43, 59, 73, 79, 83, 109, 113, 127, 137, 151, 163, 197, 199, 223, 227,

229,233, 239, 251, 263, 269, 283, 313, 337, 349, 373, 383, 389, 409, 421, 449,

457, 463, 479, 523, 557, 599, 617, 647, 667=23*29 43
23# - 37, 47, 53, 67, 79, 101, 109, 131, 193, 199, 223, 229, 241, 251, 263, 281, 293,

347,359, 367, 383, 433, 449, 457, 499, 541, 557, 571, 577, 587, 619, 641, 643,

647, 683, 709, 727, 33, 743, 757, 773, 87, 857, 899=29*31 44
204 61, 89, 97,101, 103, 151, 173, 227, 239, 271, 281, 283, 307, 313, 331, 359, 431,

433,487, 523, 547, 557, 677, 709, 773, 809, 811, 821, 827, 829, 863, 883, 907,

041, 953, 983, 1021, 1061, 1087, 1103, 1117, 1147=31*37 42



31#: 1, 67, 83, 89, 109, 113, 131, 151, 157, 229, 257, 269, 281, 293, 307, 317, 347,

367,373, 419, 421, 431, 463, 491, 503, 593, 617, 641, 659, 661, 727, 733, 751,

769, 811, 827, 839, 857, 863, 929, 937, 1019, 1021, 1033, 1063, 1069, 1087,

1103, 1117, 1151, 1181, 1187, 1237, 1249, 1277, 1279, 1303, 1373, 1409, 1453,

1483, 1531, 1567, 1579, 1591=37*43 65
374 - 61, 101, 103, 127, 131, 149, 157, 167, 173, 229, 239, 257, 307, 313, 331, 359,

373, 383, 431, 439, 479, 509, 521, 577, 599, 617, 631, 641, 727, 809, 821, 827,

863, 877, 941, 977, 1051, 1069, 1109, 1129, 1201, 1213, 1259, 1291, 1297,

1301, 1409, 1433, 1453, 1549, 1567, 1571, 1619, 1667, 1699, 1747, 1783, 1787,

1823, 1847, 1867, 1879, 1907, 1933, 1973, 2021=43*47 66
41#: 71, 107, 151, 191, 211, 223, 269, 271, 433, 443, 449, 523, 563, 569, 577, 587,

613, 641, 691, 811, 823, 853, 967, 971, 997, 1019, 1051, 1061, 1093, 1129,

1171, 1223, 1327, 1361, 1423, 1471, 1487, 1523, 1531, 1553, 1579, 1693, 1697,

1733, 1811, 1849=43*43 46
43# - 47,67, 71,79, 97, 149, 179, 181, 233, 263, 271, 283, 317, 443, 463, 491, 577, 593,

601,641, 647, 761, 823, 911, 919, 947, 953, 1097, 1117, 1163, 1217, 1231, 1237,

1291, 1297, 1319, 1367, 1399, 1427, 1439, 1487, 1511, 1523, 1559, 1567, 1607,

1609, 1637, 1693, 1723, 1741, 1759, 1789, 1913, 2003, 2011, 2089, 2099, 2113,

2179, 2273, 2423, 2437, 2549, 2579, 2683, 2707, 2719, 2749, 2773=47*59 70
474107, 109, 181, 241, 317, 347, 367, 409, 419, 431, 443, 461, 487, 491, 521, 541,

547, 569, 607, 641, 677, 761, 769, 823, 883, 941, 967, 997, 1019, 1201, 1213,

1229, 1231, 1237, 1277, 1301, 1447, 1481, 1483, 1523, 1559, 1571, 1579, 1597,

1601, 1667, 1709, 1723, 1787, 1823, 1949, 1993, 2083, 2099, 2111, 2207, 2269,

2381, 2477, 2503, 2539, 2621, 2647, 2689, 2693, 2707, 2711, 2887, 2903, 2969,

3089, 3169, 3181, 3217, 3257, 3301, 3323, 3331, 3359, 3371, 3373, 3389, 3433,

3469. 3517, 3539, 3551=53*67 87

The above table suggests yet another sequence, that being the number of terms necessary to
reach a difference that is composite. Beginning with n =0, it is as follows: 3, 4, 8, 12, 21, 27, 30,
37, 43, 44, 42, 65, 66, 46, 70, 87,99, 91, 78, 95, 133, 119, 113, 133, 121, 132, 134, 151, 129, 204,
221, 164, 176, 162, 177, 169, 172, 207, 234, 237, 251, 202, 231, 204,271,298, 284, 257, 254, 273,

319, 267, 278, 297, 309, 331, 354, 313, 335, 376, 376, 411, 355, 374, -,

Given the sequence immediately above and its counterpart cited earlier, the sum of the two
less the two end points states the number of prime differences surrounding P primorial. Beginning
with n = 2, it is as follows: 9, 18, 42, 46, 53, 69, 74, 92, 103, 120, 146, 108, 145, 187, 189, 186,
164, 188, 252, 225, 226, 273, 258, 259, 251, 263, 275, 390, 382, 363, 354, 349, 377, 417, 417, 425,
510, 493, 492, 465, 489, 556, 521, 602, 558, 522, 555, 526, 605, 533, 588, 026, 625, 720, 691, 606,

740, 682, 767, 819, 739, ---.



Conjecture: If "we adopt the convention” of Knuth [KN1] that the Zeroth prime is the
number One; for n >2, there exists at least six primes - three below P, # and three above Py# and for
n >3, there exits at least forty primes - twenty below P_# and twenty above Py#; which represent the
absolute difference of the consecutive primes and P, # Additionally, as n grows so does the lower
limit. Take for example, Pg# = 9699690. There are at least 10 consecutive primes immediately
below 194, they being 9699593, 9699611, 9699623, 9699631, 9699637, 9699643, 9699647,
9699649, 9699653, and 9699667 and 10 consecutive primes immediately above 19#, they being
9699713, 9699727, 9699731, 9699733, 9699749, 9699763, 9699769, 9699773, 9699799, and
0699803, The differences are -97, -79, -67, -59, -53, -47, -43, -41, -37, -23, +23, +37, +41, +43,
+59, +73, +79, +83, +109, and +113, and these are all prime. This is rather astonishing since a

cursory look at Table 1 on page 390 of Knuth [KN1] demonstrates the rarity of this condition.

What follows is not a series but are just observations in the prime gaps ( the size is followed
by the primorial and which primes that surround it): 708=56#+1, 718=77#-1-2, 732=65#%1, 732=
85#-1-2, 746=T3#x1, 748=8T7#+1+2, 750=51#+1, 770=87#+2+3, 798=58#+1, 810=61#*1, 820=62#
+1, 834=4T7#+1, 870=67#%1, 872=83#+1, 884=68#+1, 888=T4#11, 890=53#+1, 896=81#x1, 900=
T1#+1, 922=60#+1, 924=61#+2+3, 942=78#+1, 950=86#-1-2, 956=T2#%1, 058=54#-2-3, 984=5T#
+1, 998=63#+1, 1032=33#+1, 1044=90#+1, 1068=T9#+1, 1162=92#x1, 1186=82#+1, 1194=95#+1,
1214=77#+1, 1230=46#+1, 1260=100#-2-3, 1274=87#+1, 1274=9T#+1, 1290=96#11, 1342=85#+
1, 1344=44#+1, 1376=98#+1, 1416=86#+1, 1464=93#+1, 1510=84#+1, 1536=80#-1-2, 1554=94#+
1, 1618=91#+1, 1650=99#1, 1654=100#+1, 1660=76#+1, 1710=69#+1, 1796=101#+1, 1830=70#
+1, 1850=80#+1, 2042=89#+1, and 2200=88#+1. Notice that the vast majority of the above are of

the form D#+1.

This sequence 1s Z P # is as follows: 2, 8, 38, 248, 2558, 32588, 543098, 10242788,

n=1

233335658, 6703028888, 207263519018, 7628001653828, 311878265181038, 13394639596851-

068, 628284422185342478, 33217442899375387208, 1955977793053588026278, 11924435915-



2460559009548, 7977565910232727614888638, 56591839603693 1688582304028, 4129559899-
5285955839203627498, 3258940366335958863738288181628, 27032345605561181021936230-
6174418, 24039065352401162580869899907532728, 2329607029297919587333972047239288-
798, 235191971387795280487397288927746651868, -~ The entries in this sequence are all even.
If nis odd, the sequence is divisible only by one factorization of two. On the other hand, if n is
even, then the sequence is divisible by a minimum of two squared, but often by powers of two
greater than two. The sequence is divisible by eight for the following Nls: 2, 4, 10, 16, 24, 32, 38,
42, 50, 52, 62, 64, 74, 76, 80, 86, 116, 118, 126, 128, 134, 162, 170, 178, 194, 198, 200, ---.
Divisible by sixteen for is: 16, 30, 36, 56, 58, 84, 98, 102, 106, 148, 150, 166, 184, ---. Divisible
by 25 for Ns: 54, 68, 110, 120, 140, 158, 174, -. Divisible by 26 for Rs: 164, ---. Divisible by 2°

for Nis: 34, ---.

This sequence is the first prime factor > 2, or if prime the entry is 0, of the above and it 1s as
follows: 0, 0, 0, 0, 0, 0, 0, 0, 599, 14669, 0, 149, 67, 135637, 0, 61, 463, 701, 7229, 199, 349, O,
159562933, 109, 241, 19516657, 1931, 10663, 574689793, 19439099, 6761, 15745123, 6091,
31393, 967, 383, 8722879481, 920561, 1669, 421, 20707, 41057, 727, 2179, 251, 7481, 0,
51203969, 0, 415673, 259087371953, 1297, 701269918429, 1303, 321733, 283, 4801,
11998669221, 757, 1693, 661, --.

This sequence is when the above series is prime, once all the powers of two are removed, for

theindex n: 1, 2,3,4,5,6,7,8,11, 15,22, 47,49, -, and no others less than 202.

This sequence is Z P, # is as follows: 1, 3, 9, 39, 249, 2559, 32589, 543099, 10242789,

n=0

233335659, 6703028889, 207263519019, 7628001653 829, 311878265181039, 13394639596851-
069, 628284422185342479, 33217442899375387209, 1955977793053588026279, 11924435915-
2460559009549, 7977565910232727614888639, 565918396036931688582304029, 4129559899-
5285955839203627499, 3258940366335958863738288181629, 27032345605561181021936230-
6174419, 24039065352401 162580869899907532729, 2329607029297919587333972047239288-



799, 235191971387795280487397288927746651869, ---. This sequence for all n > 0 are = 3 mod

6 and for n> 5 are=0mod 17.

This sequence is the first prime factor, once all the powers of 3 and 17 have been removed, or
if prime the entry is 0, of the above sequence and it is as follows: 0, 0, 0, 0, 0, 0, 0, 23, 107, 83, 0, O,
2441, 967, 211, 257, 239, 229, 83, 165341831, 101617081, 307, 472332377317, 708403,
26058103, 359, 47777, 433, 170363, 27610036459930141536367, 20921, 48497, 1021, 167,
1397078096400506523629, 0, 1051, 195861109, 40813499, 409, 0, 632735723847431,
11123998455500866907, 937, 77244277, 479, 389, 7841, 4657, 2689, 1117, 48015103, 367, 3833,

815707171, 3553903, 241679, 5393, 82609, 77759777, 379, 2843, -~

This sequence is when the above series is prime for the index mn: 1,2, 3, 4, 5, 6, 10, 11, 35,

b

These last sequences are not very interesting, but they are informative on the growth of P #.

This sequence is the number of digits in P # and it is as follows: 1, 1, 2, 3,4,5,6,7,9, 10,
12, 13, 15, 17, 18, 20, 22, 24, 25, 27, 29, 31, 33, 35, 37, 39, 41, 43, 45, 47, 49, 51, 53, 56, 58, 60,
61, 64, 66, 69, 71, 73, 76, 78, 80, 82, 85, 87, 89, 92, 94, 97, 99, 101, 104, 106, 109, 111, 113, 116,
118, 121, 123, 125, 128, 131, 133, 136, 138, 141, 143, 146, 149, 151, 154, 156, 159, 162, 164, 167,
169, 172, 175, 177, 180, 183, 185, 188, 191, 193, 196, 199, 201, 204, 207, 209, 212, 215, 217, 220,

223 -+

This sequence is the most significant digit of P # and it is as follows: 2, 3, 3, 2,2,3,5,9,2,
67 27 77 3? 1’ 67 3, 1) 17 77 5) 47 32 2’ 27 2’ 2’ 27 2’ 27 37 47 57 73 17 1’ 2’ 3) 5, 9’ 17 2’ 55 17 17 3’ 77 17 3’
8,1,4,1,2,6,1,4,1,3,8, 2,6,2,6,1,6,1,6,2,7,2, 9,3,1,4,1,6,2,1,4,1,6,2, 1,5,2, 1,4,

2,1,4,2,1,52,1,6,3,1,8,4,2, -

This sequence is the least significant digit disregarding the trailing 0, or for n > 2 P# /10

mod 10, and it is as follows: 2, 6,3, 1, 1,3, 1, 9.7,3,3,1,1,3,1,3,7,7,9,9,7,3,9, 1, 7,7, 1,7,



3,9,3,3,1,9,1,1

2 2

7.1,7,1,9,1,1,3,1,9,1,3,1,9,7,3,3,3,1,3,7,7,9,9,7,1,7,7, 1, 7.7,

3

9,3,7,1,9,3,9,1,3,7,9,9,1,9,9,9,7,3,9, L 7, 7,1,7,3,1,1,9,7,3,3,9,9,3, -

Finally, let us see if we cannot find a relatively simple equation which will get us in the
vicinity of the magnitude of P # from just . The first step I took was to take the logarithm of P #.
The equation is thus found to be y =a + bx + cx?. a=-2.8,b=0919 and ¢ =6.14e-5; nearly a
straight line. Notice that the first two terms resemble Legendre’s 1778 formula for the prime number
theorem quit closely. [Pickover] The above relationship was produced when I ran the primes out to
just over one hundred thousand. Since then, I have expanded the model to the 8192000® prime,
which is above 145 million, and changed my objective form using It to P,,. The equation is that the
natural logarithm of the Primorials equals the Prime number less the square root of the Prime less the
cube root of the Prime, with a relative error factor of + 1./ the Prime. For greater details, see the

enclosed graphs.
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