On the sum of the first n primes
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Abstract

In this note, we show that the set of n such that the arithmetic
mean of the first n primes is an integer is of asymptotic density zero.
We use the same method to show that the set of n such the sum of
the first n primes is a square is also of asymptotic density zero. We
also prove that both the arithmetic mean of the first n primes as well
as the square root of the sum of the first n primes are well distributed
modulo 1.

1 The Main Results

Let p, be the nth prime. It is clear that if n > 1, then the geometric mean

of the first n primes, namely the number (p;...p,)"™, is not an integer.



However, it happens sometimes that the arithmetic mean of the first n primes
is an integer. In fact, putting

n
Sp = § Di,
i=1

and

A={n:s,/neZ},
then one checks that

A ={1,23,53,853,11869, 117267, 339615, 3600489, . . . }.

This appears as sequence A045345 in [3], where the next three larger members
of A are shown. Regular heuristics seem to suggest that A should be an
infinite set. Indeed, assuming that s, is uniformly distributed in arithmetic
progressions of modulus n, it would follow that s, = 0 (mod n) with a
probability of 1/n. Hence, putting A(x) = AN [1,z], the above heuristics
suggest that

B A() ~ Z% —logz + O(1), (1)

n<x
and, in particular, A should be an infinite set, albeit not a very dense one.

While we can neither show that A is infinite, nor can we show an upper
bound on #.A(z) comparable to the one predicted by heuristics (1), we can
at least show that A is of asymptotic density zero.

Theorem 1. There exists a positive constant ¢y such that the inequality
#A(z) < zexp (—co(log z)*°(loglog z)~'/?) (2)
holds for all x > e.

Our method is elementary and uses only the known bounds for the differ-
ence |r(z) — li(z)| (see, for example, Chapter 5 in [4]). In particular, under
the Riemann hypothesis, our argument shows that

# A(r) < (zlogx)/S.
We also put B={n: s, is an square}. The sequence

B ={9,2474,6694, 7785,709838, 126789311423, . . .}
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appears as sequence A003397 in [3]. In [1], it was shown that B is a set of
asymptotic density zero but no effective upper bound on #B(x) was given.
The proof from [1] uses sieves. Heuristic arguments show that B(z) ~
V8logx as x* — oo. Here, we use the same method as for the proof of
Theorem 1 to get the following upper bound.

Theorem 2. There exists a positive constant ¢, such that the inequality
#B(x) < xexp(—ci(logx)**(loglog z)~1/%) (3)
holds for all x > e.

A problem with a similar flavor was studied in [2] where it was shown that
the set of n such that the sum ¢(1) + --- + ¢(n) is a square is of asymptotic
density zero, where for a positive integer m we write ¢(m) for the Euler
function of m. That proof also uses sieve methods. Our proofs, however, use
an argument completely different which can perhaps be applied to strengthen
the result from [2]. We leave this as a challenge to the reader.

Theorems 1 and 2 show that the sequence of averages of the first n primes,
as well as the sequence of square-roots of the sums of the first primes are, in
general, not integers. We also prove more, namely that the fractional parts
of both these sequences are well distributed in [0, 1).

Theorem 3. The sequence {(S—n)} is well distributed in [0, 1).
n n>1

Theorem 4. The sequence {(371/2)}@1 is well distributed in [0,1).

Obviously, Theorems 3 and 4 already imply that both A and B have
asymptotic densities zero, but Theorems 1 and 2 give us effective upper
bounds on their counting functions.

Before proceeding to the proofs, we give a brief outline of the technique
used to prove Theorem 1. We need to prove that if s,, denotes the sum of
the first n primes, then s, /n is an integer for a zero proportion of all positive
integers n. Suppose that 7(z) ~ Li(z) were an exact formula. Then s,/n
would be an integer extremely rarely for the simple reason that s, ,,/(n+m)
- S$p/n could not be an integer for n large and m < T'(n), where T'(n) is a
suitably chosen increasing function of n. Indeed, this is so essentially because
1/(n+m) —1/n = —m/(n(n + m)) is tiny for m much smaller than n.



Now, m(z) ~ Li(x) is not actually an exact formula. Still, the error is small
enough that s,.,,/(n+m)— s,/n is very rarely an integer for n large and m
running through an interval [0, 7'(n)], with our suitable function 7'(n). Then
the fact that s,/n is an integer only for a zero proportion of all n follows
almost immediately upon an application of Cauchy’s inequality. The proof
of Theorem 2 follows a similar plan of attack.

In what follows, we use p and ¢ with or without subscripts for prime
numbers, and the Landau symbols O and o and the Vinogradov symbols >,
< and < with their usual meanings. The constants implied by these symbols
are absolute. We write ¢, c1, . . . for positive computable constants which are
labeled increasingly throughout the paper.
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2 Preliminary Results

We recall that
Todt

Li(x) = —
i() 5 logt

is the logarithmic integral of z. We put 7(z) = #{p < x} and write
E(z) = max{|r(y) — Li(y)[ : 2 <y < «}.
The following estimate for E(z) is well-known (see Chapter 5 of [4]).
Lemma 1. There exists a constant ca > 0 such that
|E(x)] < zexp (—ca(log 2)*° (log log ) /%)
holds for all x > e.

Lemma 1 above and some straightforward algebraic manipulations yield
the following estimates.



Lemma 2. The estimates

Li~!(m)
- /2 édt + O(m(log m)E(py)), (4)
and
Sk — Sm = kLi"'(m) + O (klog(m + k) (E(pmsr) + k)) (5)

hold, where Li™" is the inverse function of the logarithmic integral function

Li(z).

Proof. Since Li(z) = (14 o(1))xz/logx as x — oo, we have that Li~'(z) =
(14 o0(1))zlogx as x — oo. Furthermore, since

(Li~Y (Li(z)) = Li,l(x) — logz,

we get that
(Li™")(x) =log(Li '(z)) = (1 +0o(1))logz  asx — oo.
We can write
m = 7(pm) = Li(pm)(1 4+ ),

with |e,] < E(pm)/Li(pm) = o(1) as m — oo. Therefore p,, = Li~*(m/(1 +
€m)) and then

[P — L™ (m)] = L™ (m/(1 + £)) — Li™ (m)] <€ £purmlogm,
Thus,

Pm = Li~ (m) + O((log m) E(p))-
Then,
= Y pu= 3 Litk(m) + O(nllogn) E(p.).

1<m<n 1<m<n

Finally we can write

> Li_l(m):/OnLi_l(t)dt—ir > /T: (Li*"(m) — Li'(¢)) dt =

1<m<n 1<m<n Y™

Li~l(n) " Li~l(n) "
= —dt 1 = —dt 1 :
/2 o1 +0 Z ogm /2 o1 + O(nlogn)



For the second one, we certainly have that
Pty = L~ (m + 5) + O((log(m + k) E(p 1))
=Li~'(m) + (Li~"(m + j) — Li~'(m)) + O((log(m + k)) E(pm-+))
forall j=1,... k. Since
Limt(m+j) = Li '(m) = O(j(Li ) (m +j)) < klog(m + k),
when j =1,...,k, we get that
Pty = L (m) + O (log(m + k) (E(pmsr) + k)

for all j =1,..., k. Summing up these estimates for j =1,..., k we get

k
Smik = Sm = Y _ Pmj = kLi~ (m) + O (klog(m + k)(E(pmx) + k))
j=1

In particular, we have the estimates

m?logm
2

as m — 00, assuming that k£ = o(m).

Sm = (14+0(1)) and Smik — Sm = (1 +0o(1))kmlogm (6)

Lemma 3. Let g, h denote the functions

Li~l(z) S

1 f2 ds
o) = Li w(a:) B xglogs , (7)
and .
M) = 1L l (i) iz ®)
2 (szl v log sds)
Then the estimates
o) = BI040, g(x) = 51+ o(1)),
log 1/2 ,
h(z) = ( 5 ) (I+0(1)), AW(x)= W(l +0(1))

hold when r — 0.



Proof. 1t is easy to check that g(x) ~ (logx)/2. For the asymptotic behavior
of ¢(z) it suffices to prove that ¢/(Li(z))Li(z) ~ 5. We write

T _s
X f2 logsds

9iD) = Gy~ TR@)
Since Li'(z) = 1/logz, we have
g (Li(x))Li(z) = Lizl(x) ((10g r)Li%(z) — 2zLi(z) + 2/; lo;sds)

B 1 oo (14 o0(1)z\?
© Li%(a) <1g <logas+ log® x )

1 1 2 2
o[ +(~|—02())95 o :1:2
log x log” 2logx  4log”w

(1+ 0(1))x2> |

8log® x

which tends to 1/2 when x — 0.

For the second function h, it is also easy to check that
h(z) ~ ((logz)/2)"* as r — 00.
To show the asymptotic behavior of A'(z), it suffices to prove that

' (Li(z))Li(x)(log Li(z))"/? — 23—1/2 as T — 00.
We have
i) = [T ) =L (e [ 30  EY (f7 s
(h (Ll(x))) - <4 f; li)céss> 4 (2 , logs log:l?> (/2 logs)
1 x? 231+ o(1)) 3 T sds\ 01
4 (Qw (2logx * 4log? x > B logx) (/2 logs) - 2_37(’)
9
as r — 00. We can then write
K (Li(z))Li(z) (log Li(z))/? = (R2(Li(x)))’ % Li(z) (log Li(x))'/* ~
1 (ogo)li(z) (Li(@))* 1z o 1
2 2 h(Li(z)) 2z 2 22

]



3 Proof of Theorem 1

It clearly suffices to prove inequality (2) when the left hand side of it is
replaced by #(A N (x/2,x]). We subdivide the interval (x/2, z] in intervals
E; of length T each, j = 1,...,[z/2T] + 1, and split the set of index j in
two sets J; and J, according to whether AN E;| <1 or not. We note that
ANE|? < 4('“4253' ‘) when j € Jy. Thus, by the Cauchy-Schwartz inequality,

HAN(/2,2]) = Y JANEI+ D JANE]

j€N JEJ2
1/2
< ’Jﬂ—i—‘JQ’l/Z (Z ’Aﬂng)
Jj€J2
12 AneN )"
X x ;
< = = ¢ .
< Z+2(3) (g( , )) (10)
2

The pairs (m,m’) € A? with m < m’ counted by the second sum above
satisfy that m’ = m + k for some k, 1 < k < T. Thus,

Z(Vtmgj‘) < Z #{m: me (x/2,x—k], mym+ke A}

; 2
jegs 1<k<T
Sm+k Sm
< : 2,x—k ——€Z;.
< ¥ #{mime@ramn 2t ey
1<k<T
(11)
For any m € (z/2,x — k] and k < T such that S5 — *» € 7, we write
_ _ 2
Smik  Sm _ Smik —Sm  KSm k(Smik — Sm) N k*s,, (12)
m+k m m m?2 m(m + k) m2(m + k)

Since m + k < x, we use Lemma 2 to obtain that

Smtk — Sm _ kzLi_l(m) L0 (k(logm)(E(pm) + k)) |

m m

Li_l(m) sds
ksm _ ka lo;l;s +0 (k(logm)E(pm)) :

m2 m?2 m
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and

k25, k?logm
Mmoo :
m2(m + k) m

k(logm)(E(plz)) + k‘))

m

therefore

m+k m

(13)

where ¢(t) is the function defined in Lemma 3.

Using the fact that the left hand side of formula (13) is an integer, we
have proved that for all m counted in (11) we have

[Eg(m)]| < e(), (14)

where e(z) = T(log z)(E(p|s)) + T)z~! and || - || denotes the distance to the
closest integer. Then, if we write gx(y) = kg(y) and [, = [l — e(x),l + e(x)],
by (11) and (14) we have

3 (IAF;&\) <> #{m: me (z/2,2 — k], |lg(m)] < e(2)}

JE€J2 kLT
<> #{m: me (/2.0 -k, AL, 1—e(x) < gu(m) <1 +e(x)}
E<T

<Y Y #me mel/2ang ()}

E<T gp(z/2)<I<gk(z)

Since gy is an increasing function, g; '(I;) is also an interval, and we have

that ‘gjfl(gl)‘ = g;.(&) for some & € (z/2,z]. Lemma 3 says that ¢'(y) ~ 1/2y,
k

then we have that |g; ' ()| = | 11|/, (&) < e(z)/(k/z). So we have that

ze(x)

1.
k:+

#{m: m e [x/2,2]N g, (1)} <

On the other hand we have

%@%ﬂ%ﬁ%Zk/

x x

dt
g (t)dt < k/ — < k.

/2 z/2
Thus,
ANE;] ze(x)
Z ( 5 ! <<Zk’ T+1 < T*(logz)(E(ply) +T). (15)
jeds k<T



We substitute the last inequality (15) in (11) and (10) and we get
#(AN (2/2,2)) < 2/T + (2T (log 2)(E(pa)) + T)) "
We now take 7' = [ (z/((logz)E(p|.)))"?| and get
#(AN (2/2,2]) < (z*(log ) E(ppa)))"* + 27 (log 2)V° | BV (p1a))
< (2*(log z)E(2x log 2))'/3 4 2°/%(log x)"/°.

Lemma 1 leads to the desired conclusion. Assuming the Riemann Hypothesis,
we have that E(y) < y'/?logy for all y, which via estimate (16) gives

#(AN (x/2,1]) < (zlogx)>/°.

(16)

4 Proof of Theorem 2

We put b, = si/* and let B = {n : b, € Z}. The proof is similar to the

previous one. We proceed as before to obtain
1/2
#(BO (0/2,2]) < /T +2(x/T)! (Z ('82‘%')) o

Jj€J2
where
BNE;
Z (| 9 j|) < Z #{m, m € (x/2,z — k, siﬁk — s, /% € Z}.
JET 1<k<T

(18)

For any m € (x/2,x — k], k < T such that b, — b,, € Z, we use estimate
(6) to get

o Sm+k — Sm 1/2
bpar — by = — < k(1 .
+k bk & Do < k(logm)
We assume that k = o(x) as © — oo and apply Lemma 2 to write
" " 250 2 %Q(Si{ik 3%2)
_ kLim'm+ O(klog(m + k)(E(pn) + k) Lo (k;Z(log m)1/2) (19
B i~l(m) 1/2 m
2( 2L ( )@ds + O(m(logm)E(pm))>

— kh(m) + O (k(log m)l/zgf(p m) + k)> ,

10



where h is the function defined in lemma 3. Thus, we have proved that if
bk —bm €Z, x/2<m <m—k, k<T, then we have

[kh(m)|| < e(), (20)

where £(z) = T(log 2)Y*(E(p|y)) + T)x ™"
Since the following argument is similar to the proof of Theorem 1, we

omit some details. We write hy(y) = kh(y) and I} = [| — e(z),l + (x)] to
obtain

Z (|Bﬂ8 |> Z Z #{m: me [x/2,:c]ﬂh,§l(fl)}-

jeds E<T hy,(x/2)<I<hy(z)

As before, we can see that |h;'(I))| < |L]|/h} (&) < e(z)x(logx)/?/k and
also that hy(z) — he(z/2) < k/(logz)'/2. Then

(1) < (252

J€J2 (21>
< T?*(logz)"*(E(pps)) + T).
Substituting the above inequality (21) in (11) and (10), we get
#(B N (2/2,2]) < 2/T + (@1 (logx)"*(E(piay) + T))"2.
We take T' = | (z/((log z)2E(p,)))/?| and finally we obtain
lz]
KB /28] < (og )Pl +og) /)

< (2*(logz)?E(2xlog 2))/? + 2°/%(log ) /2.

Again Lemma 1 leads to the desired conclusion.

5 Proofs of Theorems 3 and 4

The Weil criterion for the uniform distribution says that a sequence {ay, }n>1
is well distributed modulo 1 if and only if for any integer m # 0 we have that

Z exp(2mima,) = o(x) as r — 00. (23)

n<x

11



We will use this criterion for the sequences a, = s,/n and b, = s,'/2. To
prove estimate (23), it suffices to prove that

Z exp(2mima,) = o(x) as r — o0. (24)
z/2<n<z
Writing
: 1 :
Z exp(2mima,) = T Z Z exp(2mimag ) + O(T),
z/2<n<x z/2<n<z—T 0<k<T
we get
: 1 :
Z exp(2mima,)| < T Z Z exp(2mim(an ik — an))| + O(T).
xz/2<n<x z/2<n<z—T |0<k<T

Estimate (12) shows that if /2 <n <z —k and k < T, then
T(log z)(E(p(z)) + T))

Unak — @ = kg(n) + O ( "

We take T = [(logz)?] and use the estimate E(p_,|) < E(2zlogz) <
z(logz)~*. Then

Anik = an = kg(n) + O ((logz)™") ,

SO we can write

3 exp(?ﬂim(an+k—an))| — 'S exp(2mimkg(n)) (1+0 (107;:))'

0<k<T 0<k<T

= Z exp(2mimkg(n))

0<k<T

~0 <min {Tm} +m10g$) .

1 1
Z exp(2mima,)| < T Z min {T, | } + 1:;9;

z/2<n<x z/2<n<z ’mg(n)H

1
L # {n: z/2 <n <z, [[mg(n)| < T1/2} T

+ O(mlog x)

Then

(25)
z_ me
T2 " logx’

12



If we write g,,(y) = mg(y) and I; = [l — 1/T"2,1 + 1/T"/?] then

1
T1/2

#in: /2 <n<a, gl <

(26)
< Y #mes U (a/2.a)
gm (z/2)<I<gm(z)

Since g,, is an increasing function, we have that |I;|/|g,,} ()| = ¢.,(§) for

some ¢ € (z/2,z]. Thus, by Lemma 3, we have

I x
) < — < . 27
|gm ( l)| = mln{e(m/Q,x} g;n(f) mT1/2 ( )
On the other hand, we have
Gm(T) — gm(2/2) = m/ g (t)dt < m. (28)
z/2

Taking into account (25), (26), (27) and (28) we obtain

Z exp(2mimay,) <<m<L+1>—0— Cop ™ = o(x)
T1/2m T2 " logx — logx

x/2<n<w

as x — 00, and we finish the proof of Theorem 3.

The proof of Theorem 4 is similar but instead of estimate (12), we use
estimate (19)

b — by = kh(n) + O (T(logx)l/Q(E(pm) +T)) '

T

We give no further details.
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