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PREFACE

I first learned Serre’s definition of intersection multiplicity from Mel Hochster,
back when I was an undergraduate. I was immediately intrigued by this surprising
connection between homological algebra and geometry. As it has always been for
me when learning mathematics, I wanted to know how I could have guessed this
definition for myself—what are the underlying principles that tell us to go looking
in homological algebra for a definition of multiplicity. This question has been in the
back of my mind for most of my mathematical life. It took me a long time to accept
that the answers to such questions are not often readily available; one has to instead
make do with vague hints and partial explanations. I still believe, though, that the
answers exist somewhere—and that it is the ultimate job of mathematicians to
uncover them. So perhaps it is better said this way: those questions often don’t
have simple answers yet.

During my first year of graduate school I tried to puzzle out for myself the secrets
behind Serre’s definition. Thanks to the Gillet-Soulé paper [GS] I was led to K-
theory, and similar hints of topology seemed to be operating in work of Roberts [R].
Coincidentally, MIT had a very active community of graduate students in topology,
and I soon joined their ranks. Although there were other factors, it is not far from
the truth to say that I became a topologist in order to understand Serre’s definition.

In Winter quarter of 2012 I taught a course on this material at the University
of Oregon. The graduate students taking the course converted my lectures into
LaTeX, and then afterwards I both heavily revised and added to the resulting
document. The present notes are the end result of this process. I am very grateful
to the attending graduate students for the work they put into typesetting the
lectures. These students were: Jeremiah Bartz, Christin Bibby, Safia Chettih,
Emilio Gardella, Christopher Hardy, Liz Henning, Justin Hilburn, Zhanwen Huang,
Tyler Kloefkorn, Joseph Loubert, Sylvia Naples, Min Ro, Patrick Schultz, Michael
Sun, and Deb Vicinsky.
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Introduction
1. ALGEBRAIC INTERSECTION MULTIPLICITIES

Let Z be the parabola y = 22 in R2, and let W be the tangent line at the
vertex: the line y = 0. Then Z and W have an isolated point of intersection at
(0,0). Since high school you have known how to associate a multiplicity with this
intersection: it is multiplicity 2, essentially because the polynomial 22 has a double
root at = 0. This multiplicity also has a geometric interpretation, coming from
intersection theory. If you perturb the intersection a bit, say by moving either Z
or W by some small amount, then you get two points of intersection that are near
(0,0)—and these points both converge to (0,0) as the perturbation gets smaller
and smaller.

You might object, rightly so, that I am lying to you. If we perturby = 0toy =,
with e > 0, then indeed we get two points of intersection: (v/e,€) and (—+/€,€). And
these do indeed converge to (0,0) as € — 0. But if we perturb the line in the other
direction, by taking € to be negative, then we get no points of intersection at all!
To fix this, it is important to work over the complex numbers rather than the reals:
the connection between geometry and algebra works out best (and simplest) in this
case. If we work over C, then it is indeed true that almost all small perturbations
of our equations yield two solutions close to (0,0).

Our goal will be to vastly generalize the above phenomenom. Let fi,..., fx €
Clx1,...,2n], and let Z be the algebraic variety defined by the vanishing of the
fi’s. We write

Z=V(f1,--, fx) ={z € C"| fi(z) = fo(z) = -+ = fr(x) = 0}.
Likewise, let g1,...,9; € Clxy,...,2,] and let W = V(gy,...,9;). Assume that P
is an isolated point of the intersection ZNW. Our goal is to determine an algebraic
formula, in terms of the f;’s and g,’s, for an intersection multiplicity i(Z, W; P).
This multiplicity should have the basic topological property that it coincides with
the number of actual intersection points under almost all small deformations of Z
and W.

Here are some basic properties, by no means comprehensive, that we would want
such a formula to satisfy:

(1) i(Z,W; P) should depend only on local information about Z and W near P.

(2) i(Z,W;P) > 0 always.

(3) If dim Z4+dim W < n then i(Z, W; P) = 0 (because in this case there is enough
room in the ambient space to perturb Z and W so that they don’t intersect at
all).

(4) If dim Z + dim W = n then i(Z, W; P) > 0.

(5) If dimZ + dimW = n and Z and W meet transversely at P (meaning that
TpZ & TpW = C"), then i(Z, W; P) = 1.

Note that because of property (1) we can extend the notion of intersection mul-
tiplicity to varieties in CP™, simply by looking locally inside an affine chart for
projective space that contains the point P. From now on we will do this without
comment. The two statements below are not exactly ‘basic properties’ along the
lines of (1)—(5) above, but they are basic results that any theory of intersection
multiplicities should yield as consequences.
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(6) Suppose that X — CP"™ is the vanishing set of a homogeneous polynomial,
that is X = V(f). Let L be a projective line in CP" that meets X in
finitely-many points. Then

3" (X, L; P) = deg(f).
PeXnL
(7) (Bezout’s Theorem) Suppose that X,Y < CP? are the vanishing sets of
homogeneous polynomials f and g, and that X NY consists of finitely-many
points. Then

Y i(X,Y;P) = (deg f)(degg).
PeXnYy
Note that (6), for the particular case n = 2, is a special case of (7).
If you play around with some simple examples, an idea for defining intersection
multiplicities comes up naturally. It is

(1.1)  i(Z,W;P) = dimg [@[xl,...,xn}/(fl,...,fk,gl,...,gl) R

Here the subscript P indicates localization of the given ring at the maximal ideal
(x1—p1,...,Tn —ppn) where P = (p1,...,p,). The localization is necessary because
ZNW might have points other than P in it, and our definition needs to only depend
on what is happening near P.

The best way to get a feeling for the above definition is via some easy examples:

Example 1.2. Let f = y — 22 and g = y. This is our example of the parabola and
the tangent line at its vertex. The point P = (0,0) is the only intersection point,
and our definition tells us to look at the ring

Clz,yl/(y — 2*,y) = C[z]/(2?).
As a vector space over C this is two-dimensional, with basis 1 and z. So our
definition gives i(Z, W; P) = 2 as desired. [Note that technically we should localize
at the ideal (x,y), which corresponds to localization at (z) in Clz]/(z?); however,
this ring is already local and so the localization has no effect].

Example 1.3. Let f =¢? — 2% — 3z and g =y — %x — % Then Z = V(f) is an

elliptic curve, and one can check that W = V/(g) is the tangent line at the point

P = (1,2). Let us recall how this works: the gradient vector to the curve is
Vf=[-3x*—-3,2y]

and this is normal to the curve at (z,y). A tangent vector is then [2y,3z% + 3]
(since this is orthogonal to Vf), which means the slope of the curve at (x,y) is
(32 + 3)/2y. At the point (1,2) we then get slope 2, and V(g) is the line passing
through (1,2) with this slope.

The line V(g) intersects the curve at one other point, which we find by simulta-
neously solving y? = 2% + 3z and y = %x + % This yields the cubic

0=2+32z— (3z+ %)%
Since we know that x = 1 is a root, we can factor this out and then solve the
resulting quadratic. One finds that the cubic factors as

0=(z—1)?2 (z—1).

The second point of intersection is found to be Q = (%, %)
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Note the appearance of (z — 1) with multiplicity two in the above factorization.
The fact that we had a tangent line at x = 1 guaranteed that the multiplicity
would be strictly larger than one. Likewise, the fact that (x — i) has multiplicity
one tells us that V(g) intersects the curve transversally. These facts suggest that
i(Z,W;P)=2and i(Z,W;Q) = 1. Let us consider these in terms of point-counting
under small deformations. We can perturb either Z or W, but it is perhaps easiest
to perturb the line W: we can write ¢’ = y — Az — B and then consider what
happens for all (A, B) near (2,1). We will need to find the intersection of Z and
W’ =V(g'), which as before leads to a cubic. To save us from the unpleasantness
of having to solve the cubic, let us again arrange for there to be a known solution
which we can factor out. It is possible to have this solution be either (1,2) or (1, %)
The calculations turn out to be a little easier for the latter, despite the annoying

fractions. So we assume % = f +B,org =y— Alx — i) — %. Since we want to
look at A near %7 it is convenient to write A = % + € where € is near zero.
Finding common solutions of f = 0 and ¢’ = 0 yields a cubic with (z — %) as a

factor, and dividing this out we obtain the quadratic
0=2?—2(24+3e+)+(1—e+5).

The discriminant of this quadratic is D = €(e3 + 6€2 +4e + 16), so the quadratic has
a double root when ¢ = 0 (as expected) but simple roots for values of € near but
not equal to zero. So for these values of ¢ we get two points of intersection of V(f)
and V(g') near P, and it is easy to see that they converge to P as e approaches
Zero.

Let us now see what our provisional definition from gives. The quotient
ring in our definition is

Cla,y]/ (v — o = 3w,y — 3o — 3) = Cla)/((3z + ) — «° — 3x)
= Cla]/((z — 1)*(w - 1))

Here we are killing a cubic in C[z], and so we get a three-dimensional vector space
with basis 1, z, 22. Note that this is, in some sense, seeing all of the information at
P and @ together—this demonstrates the importance of localization. Localization
at P corresponds to localizing at (z — 1), which turns (z — 1) into a unit. So our

localized ring is
Cla]e-1)/((z = 1)%) = Clt] )/ (?)
(where we set t = z — 1), and this has dimension 2 over C. So i(Z, W; P) = 2, as
desired.
If we localize at (z — 1) then the (z — 1)? factor becomes a unit, and our local-
ized ring becomes Clz](,_1)/(z — 1) = Clt](1)/(t), which is just a copy of C. So
(Z,W;Q) = 1.

Note that both Example and Example involve a key step where the
variable y is eliminated, thus bringing the problem down to the multiplicity of a
root in a one-variable polynomial. One cannot always do such an elimination—in
fact it happens only rarely. So these examples are very special, although they still
serve to give some sense of how things are working.

It turns out that our provisional definition from is enough to prove Bezout’s
Theorem for curves in CP?. But in some sense one is getting lucky here, and it
works only because the dimensions of the varieties are so small. When one starts
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to look at higher-dimensional varieties it doesn’t take long to find examples where
the definition clearly gives the wrong answers:

Example 1.4. Let C* have coordinates u, v, w,y, and let X, Y C C* be given by
X =V(u? — 02 vy — vw,uw — vy, w? — uy?), Y =V(u,y).

Note that X is somewhat complicated, but Y is just a plane. If a point (u,v,w,y)
ison X NY then u =y = 0 and therefore the equations for X say that

v2=0, vw=0, and w?=0

as well. So X NY consists of the unique point (0, 0,0,0). Our provisional definition
of intersection multiplicities would have us look at the ring

(C[ua v, w, y]/(u7 Y, ’U,3 - ’Uga U2y —w,uw — vy, ’LU2 - qu) = (C[’U, w]/(U27 vw, w2)
which is three-dimensional over C. If this were the correct answer, then perturbing
the plane Y should generically give three points of intersection. However, this is
not the case. If we perturb Y to V(z — €,y — §) then the intersection with X is
given by the equations

u=¢, y=06, € =02 E5=ovw, ew=u0vd, w?=ed.

As long as € # 0 we have two solutions for v, and then the fourth equation deter-
mines w completely. So we only have two points on the intersection, after small
perturbations. This is, in fact, the correct answer: i(Z, W; P) = 2, and our provi-
sional definition is a failure.

Serre discovered the correct formula for the interesection multiplicity [S]. His

formula is as follows. If we set R = Clx1,...,z,] then
(L5) (2. Wi P) = Y (=1) dime [Torff (R/(fr. - fu). B/ (g1, s90)) |
=0

There are several things to say here. First, although the sum is written to infinity
it turns out that the Tor modules vanish for all j > n (we will prove this later). So
it is, in fact, a finite sum. Secondly, the condition that P be an isolated point of
intersection forces the C-dimension of all the Tor’s to be finite. So the formula does
make sense. As to why this gives the “correct” numbers, it will take us a while to
explain this. But note that the 7 = 0 term is the dimension of

Toro(R/(f1,- 5 fx), R/ (g1, 1)) = R/(f1,- -, fr) ®r R/ (91, -, 91)
gR/<fl7"'aflmgla"'7gl)'

So our provisional definition from is just the j = 0 term. One should think
of the higher terms as “corrections” to this initial term; in a certain sense these
corrections get smaller as j increases (this is not obvious).

An algebraist who looks at will immediately notice some possible gener-
alizations. The R/(f) and R/(g) terms can be replaced by any finitely-generated
module M and N, as long as the Tor;(M, N) modules are finite-dimensional over
C. For this it turns out to be enough that M ®pr N be finite-dimensional over
C. Also, we can replace C[z1,...,z,] with any ring having the property that all
finitely-generated modules have finite projective dimension—necessary so that the
alternating sum of is finite. Such rings are called regular. Also, instead of
localizing the Tor-modules we can just localize the ring R at the very beginning.
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And finally, in this generality we need to replace dim¢ with a similar invariant: the
notion of length (meaning the length of a composition series for our module). This
leads to the following setup.

Let R be a regular, local ring (all rings are assumed to be commutative and
Noetherian unless otherwise noted). Let M and N be finitely-generated modules
over R such that M ®pg N has finite length. This implies that all the Tor;(M, N)
modules also have finite length. Define

o0
(1.6) e(M,N) = (=1)’¢(Tor;(M, N))
j=0
and call this the intersection multiplicty of the modules M and N.

Based on geometric intuition, Serre made the following conjectures about the

above situation:

(1) dim M 4+ dim N < dim R always

(2) e(M,N) > 0 always

(3) If dim M + dim N < dim R then e¢(M, N) = 0.

(4) If dim M + dim N = dim R then e(M, N) > 0.

Serre proved all of these in the case that R contains a field, the so-called “geometric
case” (some non-geometric examples for R include power series rings over the p-
adic integers Z,). Serre also proved (1) in general. Conjecture (3) was proven in
the mid 80s by Roberts and Gillet-Soule (independently), using some sophisticated
topological ideas that were imported into algebra. Conjecture (2) was proven by
Gabber in the mid 90s, using some high-tech algebraic geometry. Conjecture (4) is
still open.

1.7. Where we are headed. Our main goal in these notes is to describe a par-
ticular subset of the mathematics surrounding Serre’s definition of multiplicity. It
is possible to explore this subject purely in algebraic terms, and that is basically
what Serre did in his book [S]. In contrast, our main focus will be topological.
Although both commutative algebra and algebraic geometry play a large role in
our story, we will always adopt a perspective that concentrates on their relations
to topology—and in particular, to K-theory.
Here is a brief summary of some of the main points that we will encounter:

(1) There are certain generalized cohomology theories—called complex-oriented—
which have a close connection to geometry and intersection theory. Any such
cohomology can be used to detect intersection multiplicities.

(2) Topological K-theory is a complex-oriented cohomology theory. Elements of
the groups K*(X) are specified by vector bundles on X, or more generally by
bounded chain complexes of vector bundles on X. Fundamental classes for
complex submanifolds of X are given by resolutions.

(3) When X is an algebraic variety there is another version of K-theory called
algebraic K -theory, which we might denote K, g(X ). The analogs of vector
bundles are locally free coherent sheaves, or just finitely-generated projective
modules when X is affine. Thus, in the affine case elements of K, (X) can be
specified by bounded chain complexes of finitely-generated projective modules.
This is the main connection between homological algebra and K-theory.
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(4) Serre’s definition of intersection multiplicities essentially comes from the inter-
section product in K-homology, which is the cup product in K-cohomology
translated to homology via Poincaré Duality.

We will spend a large chunk of these notes filling in the details behind (1)—(4).
But whereas we take our motivation from Serre’s definition of multiplicity, that is
not the only subject we cover in these notes. Once we have the K-theory apparatus
up and running, there are lots of neat things to do with it. We have attempted, for
the most part, to chose topics that accentuate the relationship between K-theory
and geometry in the same way that Serre’s definition of multiplicity does.
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Part 1. K-theory in algebra

In this first part of the notes we investigate the K-theory of modules over a
ring R. There are two main varieties: one can study the K-theory of all finitely-
generated modules, leading to the group G(R), or one can study the K-theory of
finitely-generated projective modules—leading to the group K (R). In the following
sections we get a taste for these groups and the relations between them.

For the duration of these notes, all rings are commutative with identity unless
otherwise stated. Some of the theory we develop works in greater generality, but
we will stay focused on the commutative case.

2. A FIRST LOOK AT K-THEORY

Understanding Serre’s alternating-sum-of-Tor’s formula for intersection multi-
plicities will be a gradual process. In particular, there is quite a bit of nontrivial
commutative algebra that is needed for the story; we will need to develop this as
we go along. We will continue to sweep some of these details under the rug for the
moment, but let us at least get a couple of things out in the open. To begin with,
we will need the following important result:

Theorem 2.1 (Hilbert Syzygy Theorem). Let k be a field and let R be k[x1, . .., 2]
(or any localization of this ring). Then every finitely-generated R-module has a free
resolution of length at most n.

We will prove this theorem in Section [[7] below. We mention it here because it
implies that Tor;(M,N) = 0 for j > n. Therefore the sum in Serre’s formula is
actually finite. More generally, a ring is called regular if every finitely-generated
module has a finite, projective resolution. It is a theorem that localizations of regu-
lar rings are again regular. Hilbert’s Syzygy Theorem simply says that polynomial
rings over a field are regular. We will find that regular rings are the ‘right’ context
in which to explore Serre’s formula.

We will also need the following simple observation. If P is a prime ideal in any
ring R, then

[TOTR(]\I7 N)}p = TOI‘R"(MP, Np)
To see this, let @, — M — 0 be an R-free resolution of M. Since localization is
exact, (Q,)p is an Rp-free resolution of Mp. Hence

Tori" (Mp,Np) = H; ((Q.)p ®r, Np) = H;j (Q. ®r Rp ®r, N @ Rp)
=H;(Q.®r N ® Rp)
=H;(Q.®r N) ® Rp
= Torf(M,N) ®g Rp.
The importance of this observation is that it tells us that the Tor’s in Serre’s formula
may all be taken over the ring Rp. So we might as well work over this ring from
beginning to end. Moreover, without loss of generality we might as well assume
that our point of intersection is the origin, which makes the corresponding maximal
ideal (z1,...,2n).
Let R = Clz1,...,2Zn](ay,....2,,), and let M and N be finitely-generated modules
over R. Assume that dimc(M ®r N) < co. It turns out that this implies that
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dimg Tor; (M, N) < oo for every j, so that we can define

o0

e(M,N) = (—1)? dimc Tor;(M, N).
§=0
The above definition generalizes the notion of intersection multiplicity from pairs

(R/I,R/J) to pairs of modules (M, N). The reason for making this generalization
might not be clear at first, but the following nice property provides some justifica-
tion:

Lemma 2.2. Suppose that 0 — M' — M — M" — 0 is a short exact sequence of
R-modules. Thene(M,N) =e(M’',N)+e(M",N), assuming all three multiplicities
are defined (that is, under the assumption that dimc(M ® N) < oo and similarly
with M replaced by M’ and M" ).

Proof. Consider the long exact sequence
- — Torj(M',N) — Tor;(M,N) — Torj(M" ,N) — ---

This sequence terminates after a finite number of steps, by Hilbert’s Syzygy Theo-
rem. By exactness, the alternating sum of the dimensions is zero. This is precisely
the desired formula. O

Lemma |2.2]is referred to as the additivity of intersection multiplicities. Of course
the additivity holds equally well in the second variable, by the same argument.

While exploring ideas in this general area, Grothendieck hit upon the idea of in-
venting a group that captures all the additive invariants of modules. Any invariant
such as e(—, N) would then factor through this group. Here is the definition:

Definition 2.3. Let R be any ring. Let F(R) be the free abelian group with one gen-
erator [M] for every isomorphism class of finitely-generated R-module M. Let G(R)
be the quotient of F(R) by the subgroup generated by all elements [M]—[M'] — [M"]
for every short exact sequence 0 — M’ — M — M" — 0 of finitely-generated R-
modules. The group G(R) is called the Grothendieck group of finitely-generated
R-modules.

Remark 2.4. Tt is important in the definition of G(R) that one use only finitely-
generated R-modules, otherwise the group would be trivial. To see this, if M is any
module then let M = M & M & M ---. Note that there is a short exact sequence

0—-M— M>*®— M>®—0
where M is included as the first summand. If we had defined G(R) without the
finite-generation condition, we would have [M*°] = [M] + [M*°] and therefore

[M] = 0. Since this holds for every module M, the group G(R) would be zero.
This is called the “Eilenberg Swindle”.

The following lemma records some useful ways of obtaining relations in G(R):

Lemma 2.5. Let R be any ring.

(a) If 0 - Cp, » Cp1 — -+ — C1 — Cy — 0 is an ezxact sequence of finitely-
generated R-modules, then Y (—1)![C;] = 0 in G(R).

(b)) If M = My 2D My D My 2 -+ 2 M, 2 Mpy1 = 0 is a filtration of M by
finitely-generated modules, then [M] =" .[M;/M; 1] in G(R).
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(c) Assume that R is Noetherian, and let 0 — C,, — Cp_y — -+ — C1 — Cp — 0
be any chain complex of R-modules. Then Y ,(—1)[C;] = >_.(=1)[H;(C)] in
G(R).

Proof. We prove (a) and (c) at the same time. If C, is a chain complex, note that
one has the short exact sequences 0 — Z; — C; — B;_1 — 0 where Z; and B;
are the cycles and boundaries in each dimension. One also has 0 — B; — Z; —
H;(C) — 0. Assuming everything in sight is finitely-generated, one gets a series
of relations in G(R) that immediately yield > (—1)![C;] = Y (—1)![H;(C)]. So if
R is Noetherian we are done, because everything indeed is finitely-generated; this
proves (c). In the general case where R is not necessarily Noetherian, we know that
each B; is finitely-generated because it is the image of C;;1. But if C, is exact
then B; = Z; and so the Z;’s are also finitely-generated. We have the relations
[Ci] = [Zi] +[Bi—1] = [Z:]+[Zi-1], and from this it is evident that >_(—1)![C;] = 0.
This proves (a).

The proof of (b) is similarly easy; one considers the evident exact sequences
0— M;1y — M; — M;/M,;+1 — 0 and the resulting relations in G(R). |

Here are a series of examples:

(1) Suppose R = F, a field. Clearly G(F) is generated by [F], since every finitely-
generated F-module has the form F™. If we observe the existence of the group
homomorphism dim: G(F) — Z, which is clearly surjective because it sends
[F] to 1, then it follows that G(F') = Z.

(2) More generally, suppose that R is a domain. The rank of an R-module M is
defined to be the dimension of M @ QF(R) over QF(R), where QF(R) is the
quotient field. The rank clearly gives a homomorphism G(R) — Z, which is
surjective because [R] — 1. So G(R) has Z as a direct summand.

(3) Next consider R = Z. Then G(Z) is generated by the classes [Z] and [Z/n]
for n > 1, by the classification of finitely-generated abelian groups. The short
exact sequence 0 — 7Z —~ 7 — Z/n — 0 shows that [Z/n] = 0 for all n,
hence G(Z) is cyclic. Using (b), it follows that G(Z) = Z. This computation
works just as well for any PID.

(4) So far we have only seen cases where G(R) = Z. For a case where this is not
true, try R = F x F where F is a field. You should find that G(R) = Z? here.

(5) Let G be a finite group, and let R = C[G] be the group algebra. So R-modules
are just representations of G on complex vector spaces. The basic theory of such
finite-dimensional representations says that each is a direct sum of irreducibles,
in an essentially unique way. Moreover, each short exact sequence is split. A
little thought shows that this is saying that G(R) is a free abelian group with
basis consisting of the isomorphism classes of irreducible representations.

(6) So far all the examples we have computed have G(R) equal to a free abelian
group. This is not always the case, although I don’t know an example where
it is really easy to see this. For a not-so-simple example, let R be the ring of
integers in a number field. It turns out that G(R) = Z & CI(R), where CI(R)
is the ideal class group of R. This class group contains some sophisticated
number-theoretic information about R. It is known to always be torsion, and
it is usually nontrivial. We will work out a simple example when we have more

tools under out belt: see Example
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(7) As another simple example, we look at R = F[t]/(t?) where F is a field. For any
module M over R we have the filtration M D tM, and so [M]| = [M/tM]+[tM].
But both M/tM and tM are killed by ¢, hence are direct sums of copies of F’
(where t acts as zero). This shows that G(R) is generated by [F]. We also have
the function dimp(—): G(R) — Z. Since this function sends [F] to 1, it must
be an isomorphism.

(8) The final example we consider here is a variation of the previous one. Let us
look at R = Z/p?. The R-modules are simply abelian groups killed by p?.
Given any such module A one can consider the sequence 0 — pA — A —
A/pA — 0, and observe that the first and third terms are Z/p-vector spaces.
So [Z/p] generates G(R). We claim that G(R) = Z, and as in the previous
example the easiest way to see this is to write down an additive invariant of
R-modules taking its values in Z. All finitely-generated R-modules have a finite
composition series, and so we can take the Jordan-Holder length; this is the
same as {(A) = dimg,, A/pA + dimgz,, pA. With some trouble one can check
that this is indeed an additive invariant (or refer to the Jordan-Hélder theorem),
and of course £(Z/p) = 1. This completes the calculation.

Exercise 2.6. Prove that G(R) @ Z for R = F[t]/(t") or R =Z/p™.

The above examples help establish some basic intuition. In general, though, it
is very hard to compute G(R).

We can adapt our definition of intersection multiplicity of two modules to define
a product on G(R), at least when R is regular. For finitely-generated modules M
and N, define

[M]© [N] = (=1)?[Tor; (M, N)].
J

The long exact sequence for Tor shows that this definition is additive in the two
variables, and hence passes to a pairing G(R) ® G(R) — G(R). It is not at all clear
that this is associative, although we will prove this shortly.

The above product on G(R) is certainly not the first thing one would think of.
It is more natural to try to define a product by having [M]-[N] = [M ®g N|, but of
course this is not additive in the two variables because of the failure of the tensor
product to be exact. The higher Tor’s are correcting for this. However, we can
make this naive definition work if we restrict to a certain class of modules. To that
end, let us introduce the following definition:

Definition 2.7. Let R be any ring. Let F(R) be the free abelian group with
one generator [P] for every isomorphism class of finitely-generated, projective R-
module M. Let K(R) be the quotient of Fi(R) by the subgroup generated by all
elements [P] — [P'] — [P"] for every short exact sequence 0 — P' — P — P"” — 0 of
finitely-generated projectives. The group K(R) is called the Grothendieck group
of finitely-generated projective modules.

Every short exact sequence of projectives is actually split, so we could also have
defined K(R) by imposing the relations [P @& Q] = [P] + [Q] for every two finitely-
generated projectives P and (). This makes it a little easier to understand when
two modules represent the same class in K(R):



14 DANIEL DUGGER

Proposition 2.8. Let P and Q be finitely-generated projective R-modules. Then
[P] = [Q] in K(R) if and only if there exists a finitely-generated projective module
W such that P® W = Q ® W. In fact, the same remains true if we require W to
be free instead of projective.

Proof. The ‘if’ part of the proposition is trivial; we concentrate on the ‘only if’
part. Let Rel C F(R) be the subgroup generated by all elements [J] — [J'] — [J”]
for short exact sequences 0 — J' — J — J” — 0. If [P] — [Q] € Rel then there
exists two collections of such sequences 0 — P/ — P, — P/’ — 0, 1 < < kp, and
0—-Q,— Qi — Qf —0,1<i< ko, such that

k1 k2

[P = 1Q) = > (1P - [P — [P]) + (1@ + Q4] - Qi)

i=1 i=1

in F(R). Rearranging, this gives

k1 k2 k1 k2
[P+ _(1P]+PY) + 3 0[Qd = Q1+ DR+ D (11 + [@4)).

The only way such sums of basis elements can give the same element of F(R) is if
the collection of summands on the two sides are the same up to permutation. But
in that case one can write

k1 ko k1 k2
Pro@PEPor)oPe=Qo@ro@ Qo).
i=1 i=1 i=1 i=1

But note that P; = P/ @ P! and similarly for @Q;. So if we let W be the module
P (Pl e P& @2, Qi then we have PG W = Q & W.
For the last statement in the proposition, just observe that since W is projective

it is a direct summand of a free module. That is, there exists a module W’ such that
W@W’ is finitely-genereated and free. Certainly P& (WaeW') =2 Qe(WaeWw’). O

Since projective modules are flat, the product [P]-[Q] = [P®r Q] is additive and
so extends to a product K (R)® K(R) — K(R). Note that this product is obviously
associative, and so makes K (R) into a ring. This is true without any assumptions
on R whatsoever (except our standing assumption that R be commutative).

Remark 2.9. Given the motivation of having the tensor product give a ring struc-
ture, one might wonder why we used projective modules to define K (R) rather than
flat modules. We could have done so, but for finitely-generated modules over com-
mutative, Noetherian rings, being flat and projective are equivalent notions—see
[El Corollary 6.6]. For various reasons it is more common to make the definition
using the projective hypothesis.

There is an evident map a: K(R) — G(R) which sends [P] to [P] (note that
these two symbols, while they look the same, denote elements of different groups).
This brings us to our first important theorem:

Theorem 2.10. If R is regular, then o: K(R) — G(R) is an isomorphism.

Proof. Surjectivity is easy to see: if M is a finitely-generated module, choose a
finite, projective resolution P, — M — 0. Then Zj(—l)j[Pj] = [M] in G(R), and
this clearly proves that [M] is in the image of .
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Proving injectivity is slightly harder, and it will be most convenient just to
define an inverse for a. The above paragraph gives us the definition: for a finitely-
generated R-module M, define

B(M]) =Y (1) [P}
J

where P, — M — 0 is some finite, projective resolution. We need to show that this
is independent of the choice of P, and that it is additive: these facts will show that
B defines a map G(R) — K(R). It is then obvious that this is a two-sided inverse
to a.

Suppose @@, — M — 0 is another finite, projective resolution of M. Use the
Comparison Theorem of homological algebra to produce a map of chain complexes

P Py M 0

f1i foi lid
Q1 Qo M 0

Let T, be the mapping cone of f: P, — Q.. Recall this means that T; = Q;® Pj_1,
with the differential defined by

dr(a,b) = (dola) + (~)" £(b), dp(b)).
There is a short exact sequence of chain complexes
0-Q—T—-%XP—0

where ¥ P denotes a copy of P in which everything has been shifted up a dimension
(so that (XP), = P,—1). The long exact sequence on homology groups shows
readily that T is exact, hence we have Zj(—l)j [T;] = 0 in K(R). Since [Tj] =
[Qj] + [Pj—1] in K(R) this gives that >_.(=1)/[P;] = 37;(~1)7[Q;]. Hence our
definition of 3 does not depend on the choice of resolution.

A similar argument can be used to show additivity. Suppose that 0 — M’ —
M — M" — 0 is a short exact sequence, and let P, — M’ and Q, — M be finite,
projective resolutions. Lift the map M’ — M to a map of complexes f: P, — Q,,
and let T, be the mapping cone of f. The long exact sequence for homology readily
shows that T is a projective resolution of M". So

BM") = (-1Y[1;] =Y (~1)[Q;] = Y (~1Y[P}] = B(M) — B(M")

and this proves additivity. This completes our proof. ([

Using the isomorphism K(R) — G(R) (when R is regular), we can transplant
the ring structure on K (R) to the group G(R). We claim that this gives the product
© defined via Tor’s. In the following result, 5: G(R) — K(R) is the inverse to «
defined in the proof of Theorem [2.10

Proposition 2.11. Assume that R is reqular. Then for any two finitely-generated
modules M and N, we have

a[B(M)) @ BUND] = 32 (=17 [Tor; (M, N)] = [M] @ [N].
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Proof. Let P, — M and @, — N be finite, projective resolutions. Fix j, and
consider the complex P, ® ;. This is a resolution of M ® @Q;, since @; is flat. So
Y (=1)IP ® Q;] = [M ® Q] in G(R). Using this for each j, we have that

a[B(M) @ BIND)| = ZH)Z‘“ P Q)]
= Z M o2 Q]]
= Z (M ®Q)] using Lemma [2.5(c)

= Z )/ [Tor; (M, N)].

Corollary 2.12. When R is regular, the product ® on G(R) is associative.

Proof. This follows immediately from the fact that the tensor product gives an
associative multiplication on K (R). O

Let us review the above situation. For any ring R, we have the group K (R) which
also comes to us with an easily-defined ring structure ®. We also have the group
G(R)—Dbut this does not have any evident ring structure. When R is regular, there
is an isomorphism K (R) — G(R) which allows one to transplant the ring structure
from K(R) onto G(R): and this leads us directly to our alternating-sum-of-Tors.

This situation is very reminiscent of something you have seen in a basic algebraic
topology course. When X is a (compact, oriented) manifold, there were early
attempts to put a ring structure on H,(X) coming from the intersection product.
This is technically very difficult. In modern times one avoids these technicalities
by instead introducing the cohomology groups H*(X), and here it is easy to define
a ring structure: the cup product. When X is a compact, oriented manifold one
has the Poincaré Duality isomorphism H*(X) — H,(X) given by capping with the
fundamental class, and this lets one transplant the cup product onto H,(X). This
is the modern approach to intersection theory.

The parallels here are intriguing: K (R) is somehow like H*(X), and G(R) is
somehow like H,(X). The regularity condition is like being a manifold. We will
spend the rest of this course exploring these parallels. [The reader might wonder
what happened to the assumptions of compactness and orientability. Neither of
these is really needed for Poincaré Duality, as long as one does things correctly.
For the version of Poincaré Duality for noncompact manifolds one needs to replace
ordinary homology with Borel-Moore homology—this is similar to singular homol-
ogy, but chains are permitted to have infinitely many terms if they stretch out to
infinity. For non-orientable manifolds one needs to use twisted coefficients.]

2.13. Some very basic algebraic geometry. To further develop the analogies
between (K(R),G(R)) and (H*(X), H.(X)) we need more of a geometric under-
standing of the former groups. This starts to require some familiarity with the
language of algebraic geometry.

At its most basic level, algebraic geometry attempts to study the geometry of
affine n-space C" by seeing how it is reflected in the algebra of the ring of polynomial
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functions R = C[zy,...,z,]. Hilbert’s Nullstellensatz says that points of C" are
in bijective correspondence with maximal ideals in R: the bijection sends ¢ =
(g1, qn) tomg = (x1—0q1, ..., Tn—qn). With a little work one can generalize this

bijection. If S C C" is any subset, define J(S) = {f € R| f(z) = 0 for all z € S}.
This is an ideal in R, in fact a radical ideal (meaning that if f™ € J(S) then
f €3(5)). In the other direction, if I C R is any ideal then define V(I) = {z €
C™| f(xz) =0 for all f € I'}. Notice that V(m,) = {¢} and I({¢g}) = m,.

An algebraic set in C™ is any subset of the form V(I) for some ideal I C R.
The algebraic sets form the closed sets for a topology on C", called the Zariski
topology. One form of the Nullstellensatz says that V' and J give a bijection
between algebraic sets and radical ideals in R. Under this bijection the prime
ideals correspond to irreducible algebraic sets—ones that cannot be written as
X UY where both X and Y are proper closed subsets. Algebraic sets are also
called algebraic subvarieties.

The above discussion is summarized in the following table:

’ Geometry \ Algebra ‘
C™ or A Clzy,...,xn] =R
Points (¢1,--.,qn) Maximal ideals (21 — q1,...,Tn — qn)
Algebraic sets Radical ideals
Irreducible algebraic sets Prime ideals

The ring R is best thought of as the set of maps of varieties A" — A!, with
pointwise addition and multiplication. If we restrict to some irreducible subvariety
X = V(P) C A" instead, then the ring of functions X — A! is R/P. This ring of
functions is commonly called the coordinate ring of X. Much of the dictionary
between A™ and R discussed above adapts verbatim to give a dictionary between
X and its coordinate ring:

’ Geometry \ Algebra ‘
X =V(P) Clz1,...,zn]/P=R/P
Points in X Maximal ideals in R/P
Algebraic subsets V(I) C X Radical ideals in R/P
Irreducible algebraic sets V(Q) C X | Prime ideals in R/P.

Note that ideals in R/P correspond bijectively to ideals in R containing P, and
likewise for prime (respectively, radical) ideals.

We need one last observation. Passing from A" to A" corresponds algebraically
to passing from R to R[t]. If X = V(P) C A" is an irreducible algebraic set, then
X x Al C Antlis V(P[t]) where P[t] C R[t]. That is, the coordinate ring of X is
R/P and the coordinate ring of X x Al is R[t]/P[t] = (R/P)[t]. We supplement
our earlier tables with the following line:

’ Geometry \Algebra‘
[ X~ X xAT] S~ S[t] |

We have defined G(—) and K (—) as functors taking rings as their inputs, but we
could also think of them as taking varieties (or schemes) as their inputs. We will
write G(R) and G(Spec R) interchangeably, and similarly for the K-groups. It turns
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out that the geometric perspective and notation is very useful—many properties of
these functors take on a familiar “homological” form when written geometrically.
But for the moment we will mostly keep with the algebraic notation, writing G(R)
more often than G(Spec R).

2.14. Further properties of G(R). We return to the study of the groups G(R)
and K (R), for the moment concentrating on the former.

Theorem 2.15. If R is Noetherian, the Grothendieck group G(R) is generated by
the set of elements [R/P] where PCR is prime.

Before proving this result let us comment on the significance. When X is a
topological space, the groups H,.(X) have a geometric presentation in terms of
“cycles” and “homologies”. The cycles are, of course, generators for the group.
The definition of G(R) doesn’t look anything like this, but Theorem says that
the group is indeed generated by classes that have the feeling of “algebraic cycles”
on the variety Spec R. One thinks of G(R) as having a generator [R/P] for every
irreducible subvariety of R, and then there are some relations amongst these that
we don’t yet understand. It is worth pointing out that in H,(X) the cycles are
strictly separated by dimension—the dimensions 7 cycles are confined to the single
group H;(X)—whereas in G(R) the cycles of different dimensions are all inhabiting
the same group. This is one of the main differences between K-theory and singular
homology/cohomology.

To prove Theorem [2.15] we first need a lemma from commutative algebra:

Lemma 2.16. Let R be a Noetherian ring. For any finitely-generated R-module
M, there exists a prime ideal PCR and an embedding R/P — M. Equivalently,
there is some z€ M whose annihilator is prime.

Proof. Pick any nonzero z€M and consider the family of ideals
Sy = {Ann(rz) |[r€R and raz#0}.

Since R is Noetherian, S, has a maximal element Ann(rz). We claim that Ann(rz)
is prime, in which case taking z = rz completes the proof. To justify the claim,
suppose that ab € Ann(rz) and b ¢ Ann(rz). Then abrz = 0 but brz # 0. So
a€ Ann(brz). But Ann(brz)2 Ann(rz), so the maximality of Ann(rz) in S, implies
that Ann(brz) = Ann(rz). Hence a€ Ann(rz), and this completes the proof that
Ann(rz) is prime. O

Proof of Theorem[2.15. Let M be a finitely-generated R-module. We will use re-
peated applications of the lemma to construct a so-called prime filtration of M.
Pick an embedding R/Py — M, and let My = R/P,. Next consider M /M. If
M /My = 0, our filtration is complete. If M/My#0, then there exists a prime P;
and an embedding R/P; — M/M,. Let w: M — M /M, denote the projection
and define M; = 7= 1(R/P;). Then 7: M; — R/P; also has kernel My; that is,
MyCM; and My /My=R/P;. Next consider M /M; and repeat. This process yields
a filtration of M
0OCEMyCM; C---CM

such that M;1/M;=R/P;. The filtration must be finite since R is Noetherian.
Therefore [M] = Y [M;11/M;] = > [R/P;], and we have proven that the set
{[R/P]| P is prime in R} generates G(R). O
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Remark 2.17. The prime filtrations constructed in the above proof are very useful,
and will appear again in our proofs. For future use we note that if an ideal ICR is
such that IM = 0, then I also kills any subquotient of M. Consequently, I will be
contained in any P; for which R/P; appears as a subquotient in a prime filtration
of M.

If M is an R-module, write M][t] for the R[t]-module M®grR[t]. The functor
M — M]t] is exact, because R[t] is flat over R (in fact, it is even free). So we have
an induced map «: G(R) — G(R|t]) given by [M] — [M][t]].

Theorem 2.18 (Homotopy invariance). If R is Noetherian, a: G(R) — G(R]t])
is an isomorphism.

We comment on the name “homotopy invariance” for the above result. If X =
Spec R then Spec R[t] = X x Al so the result says that G(—) gives the same values
on X and X x A!. This is reminiscent of a functor on topological spaces giving the
same values on X and X x [.

Proof. We will first construct a left inverse 8: G(R[t]) — G(R). A naive possibility
for the map 3 is J +— J/tJ = J®pgp R[t]/(t), but this doesn’t preserve short exact
sequences in general. So we correct this using Tor, and instead define

B([J]) = [Torg " (1, RIt)/(¢))] — [Tory™ (J, R[]/ (1))-

Before checking that this is well-defined, let us analyze the two Tor-groups. Recall
that we can calculate Tor by taking an R[t]-resolution of either variable. In this
case, it is easier to resolve R[t]/(t):

0 — R[t] 5 R[t] — R[t]/(t) — 0.

Tensoring with J yields 0 — J - J — 0, so that TorOR[t](J,R[t]/(t)) = J/tJ and
TorF™(J, R[1]/(t)) = Anny(t). Notice also that Tor:l(.J, R[t]/(t)) = 0 for i > 1.
We have

o0
B(Y) = /4] — [Anny (0] = 3 (~1) [Tor™ (1, It} /(1))
i=0

The fact that 3 is a well-defined group homomorphism now follows by the usual
argument: a short exact sequence of modules induces a long exact sequence of Tor
groups, and the alternating sum of these is zero in G(R). It is immediate that Sa =
Id: this follows from the fact that for any R-module M one has Mt]/tM[t] = M
and Ann ) (t) = 0. Consequently, « is injective.

The difficult part of the proof is showing that « is surjective. We will use the
fact, from Theorem that G(R][t]) is generated by elements of the form [R[t]/Q]
for primes QCRJt]. It suffices to show that each [R[t]/Q)] is in the image of a. Let
us write S for R[t], and define

T={QNR|Q CS isprime and [S/Q]¢im(c)}.
Our goal is to show that 7" must be empty.
If T#() then since S is Noetherian it has a maximal element P = QNR for some
prime QCS. Using this P and this @, we will construct an S-module W which

forces [S/Q)] to lie in im(«), thus obtaining a contradiction.
First, some observations:
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(1) If I C R is any ideal then the expansion IS equals I[t], the set of polyno-
mials with coefficients in I. One has S/IS = (R/I)][t].

(2) Any S-module M which is killed by P + u for some u € R — P must lie in
im(a). This is because for each prime @Q; appearing in a prime filtration of
M, we have Q;2 Anng(M)2DP + u. In particular, none of these @; can be
in T since P was chosen to be maximal. So [S/Q;]€ im(«) for all these Q;,
and hence [M]€im(a) as well.

(3) For any prime JCR we have [S/JS]€im(a), since S/JS = (R/J)[t] =
o([R/J)).

(4) If feS — JS where JCR is prime, then [S/(JS + f)] = 0 in G(S) since
S/(JS + f) fits into the short exact sequence

0— S/JS -1 8/J8 — §/(JS+ f) — 0.
Note that S/JS = (R/J)[t], which is a domain—and this is why multipli-
cation by f is injective.
Consider the maps
S — S/PS — (R— P)"'(S/PS).

Observe that (R — P)~*(S/PS) = (Rp/PRp)[t]. But Rp/PRp is a field, so the
ring (R — P)~1(S/PS) is a PID. Therefore the image of Q in (R — P)~(S/P[t]) is
generated by a single element. Let f € @ be some lifting of this generator to S.

Consider the S-module W = Q/(PS+ f). Since @ and f have the same image in
the ring (R—P)~1(S/PS), we have (R— P)~'W = 0. Now, W is finitely generated
(as an S-module), so there exists some v € R— P such that ul¥ = 0. Since PW =0
by the definition of W, we have that W is killed by P+w. By observation (2) above,
(W] € im(a).

At the same time, W fits into the exact sequence 0 — W — S/(PS + f) —
S/Q — 0, and we know [S/(PS + f)] = 0 in G(S) by observation (4). But this
implies that [W] and [S/Q)] are additive inverses, and hence [S/Q] lies in im(«),
contradicting our choice of Q. O

Here is an interesting consequence of homotopy invariance:
Corollary 2.19. Let F be a field. Then K(F[x1,...,z,])=Z.

Proof. We have K(F[xy,...,2,])2G(F|x1...,2z,]) by Theorem [2.10] since the
ring Flxy,...,2z,] is regular by Hilbert’s Syzyzy Theorem. We also have
G(Flx1,...,2,])=G(F) by homotopy invariance, and G(F)=Z via the dimension
map. O

In the next section we will see what Corollary says about projectives over
Flzy,...,z,). See Proposition

3. A CLOSER LOOK AT PROJECTIVES

Recall that a module is projective if and only if it is a direct summand of a
free module. So free modules are projective, and for almost all applications in
homological algebra one can get by with using only free modules. Consequently,
it is common not to know many examples of non-free projectives. We begin this
section by remedying this.
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Before considering our examples we need one small tool. Let R be a commutative
ring, P a projective over R, and m C R a maximal ideal. Define rank,,(P)

dimp/p, r(P/mP). Note that rank,,(—) is additive.

(1)
(2)

Let R = Z/6. Since Z/2 ® Z/3 = Z/6, both Z/2 and Z/3 are projective
R-modules—and they are clearly not free.
Let R =Z[y/—5] and I = (2,1 + +/=5). For convenience let us write u = /5.
Let K be the kernel of the map R? — I sending e; to 2 and ey to 1+ . A little
work shows that K is spanned by (1 + p,—2) and (—3,1 — u). If one defines
x: R?> — K by

X(el) = (3a_1+:u)’ X(GQ) = (1"_/1'7 _2)7
it is readily verified that y is a splitting for the sequence 0 — K — R? — I — 0.
So K @ I = R?, and hence both K and I are projective.

Note that mp: R2 — R restricts to a map K — I, which is clearly a sur-
jection. It is easy to check that this is actually an isomorphism. So for
every maximal ideal m C R we have rank,,(K) = rank,,([), and of course
rank,, (K) + rank,,(I) = 2. So rank,, (K) = rank,,(I) = 1.

If I were free, the above rank calculation would show that I = R. However,
the ideal I is not principal so this would be a contradiction. So [ is a non-free
projective.

This example generalizes: if D is a Dedekind domain (such as the ring of

integers in an algebraic number field) then every ideal I C D is projective.
Non-principal ideals are never free.
Let R = R[z,y,2]/(2% + y? + 22 — 1). If C(S?) denotes the ring of continuous
functions S? — R, note that we may regard R as sitting inside of C'(S?): it is
the subring of polynomial functions on the 2-sphere. The connections with the
topology of the 2-sphere will be important below.

Let 7: R3 — R be the map 7(f,g,h) = xf + yg + zh. That is, 7 is left-
multiplication by the matrix [a: Y z] Let T be the kernel of :

0—-T— R R—0.

The map 7 is split via x: R — R? sending 1 — (z,y,z). We conclude that
T @ R = R3, soT is projective.

We claim that T is not free. Suppose, towards a contradiction, that T is
free. For any maximal ideal m C R we have

T/mT & R/m = (R/m)’
and therefore T/mT = (R/m)? by linear algebra. So T' must be isomorphic
to the free module R?. Choose an isomorphism R? — T, let e; and ey be

the standard basis for R?, and let the image of e; under our isomorphism be
(f,g,h). So f,g, and h are polynomial functions on S? and

P1 f(p)
p2 |- | g9(p) | =0
P3 h(p)

for all p = (p1,p2,p3) € S%. So p — (f(p),g(p), h(p)) is a tangent vector field
on S2. By the Hairy Ball Theorem we can find a point ¢ = (q1,q2,q3) € S?
such that f(q) = g(¢) = h(q¢) =0. Let m = (x — ¢1,¥y — ¢2,2 — q3) € R and
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consider the commutative diagram

)

R? — T R3

Coo

(R/mR)? —— T /mT>— (R/mR)>.

Note that R/mR = R via F +— F(q). Start with e; in the upper left corner
and compute its image in (R/mR)? =2 R? under the two outer ways of tracking
around the diagram. Along the top route e; maps to (f(q),9(q),h(q)) which
is just (0,0,0). On the other hand, along the bottom route e; first maps to
(1,0) € R? and then the bottom composite is an injection—so the image in R?
is nonzero. This is a contradiction, so we conclude that T is not free. (In fact,
we have proven more: we have proven that 7" does not contain R as a direct
summand).

Note that T is, in some sense, an algebraic analog of the tangent bundle of
S2. These parallels between projective modules and vector bundles are very
important, and we will see much more about them in Section

(4) Let us do one more example where we use topology to produce an example of a
non-free projective. This example is based on the Mobius bundle over S'. Let

S =Rlz,y]/ (=" +y* — 1)

and let R C S be the span of the even degree monomials. One should regard S
as the ring of polynomial functions on the circle, and R is the ring of polynomial
functions f(x,y) satisfying f(z,y) = f(—z,—y). So R is trying to be the ring
of polynomial functions on RP! (which happens to be homeomorphic to S1).

Let P C S be the R-linear span of the homogeneous polynomials with odd
total degree. Observe that P is a finitely generated R-module and we have
7: R? — P via m(e;) = 2 and 7(e2) = y. Define x: P — R? via

hHX(h)ZHH.

One checks that 7o xy = id, so P is projective. We leave it as an exercise for
the reader to show that P is not free.

The topological examples (3) and (4), as well as many similar ones, can be found
in the lovely paper [Sw|. See also Section [10| below.

A projective module P is called stably free if there exists a free module F' such
that P & F is free. The example in (3) gives a projective that is stably-free but
not free. It turns out that K (R) can be used to tell us whether such modules exist
or not. To see this, recall that if m C R is a maximal ideal then rank,,(—) is an
additive function on finitely-generated, projective modules. So it induces a map
rank,,(—): K(R) — Z, which is evidently surjective because rank,,(R) = 1. This
shows that K(R) always contains Z as a direct summand.

Define the reduced Grothendieck group of R to be

K(R) = K(R)/([R)).

Here is another way to define this group. Take the set of isomorphism classes
of finitely-generated projectives and impose the equivalence relation P ~ P & R
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for every P. Such equivalences classes are called stable projectives. Define a
monoid structure on this set by [P] + [Q] = [P & @], and note that [0] = [R] is
the unit. If P is any projective then there exists a () such that P & Q is free, and
therefore [P] + [Q] = 0 in this monoid; hence, we have a group. This is called the
Grothendieck group of stable projectives. One readily checks that this group
is isomorphic to K (R), with the equivalence class [P] corresponding to the element
[P] € K(R) (we apologize for the multiple uses of the notation [P] here).

Proposition 3.1. Let R be a commutative ring. The following are equivalent:
(1) K(R)2Z

(2) K(R) =0

(8) Every finitely-generated, projective R-module is stably-free.

Proof. Immediate. (I

Example 3.2. Recall from Corollary that if F is a field then
K(F[z1,...,2,)) = Z. Thus, every finitely-generated, projective Flx1,..., 2]
module is stably-free.

In the 1950s, Serre conjectured that every finitely-generated projective over
Flz1,...,z,] is actually free. As we will see later (Remark [11.5below), the motiva-
tion for this conjecture is inspired by topology and the connection between vector
bundles and projective modules. Quillen and Suslin independently proved Serre’s
conjecture in the 1970s.

Example 3.3. Let R = Z[v/—5] and let I be the ideal (2,1 + v/—5). This ideal
is known not to be principal. We saw in example (2) from the beginning of this
section that I is a rank one projective that is not free. Could I be stably free? If it

were, then we would have I @ RF =2 RF*+1_ for some k. Apply the exterior product
AF+1(=) to deduce that

R%Ak—‘rl(RkJrl) gAk-‘rl(IEBRk) gAl(I)@)Ak(Rk) g[@R%I

(in the third isomorphism we have used the formula for the exterior product of
a direct sum, together with the general fact that A(P) = 0 for j > rank(P)).
However, this is a contradiction; we would have I = R only if I were principal.
Hence, I is not stably free and so [I] determines a nonzero class in K (R).

Again, this example generalizes to any Dedekind domain D. If I C D is a non-
principal ideal then I is a rank one projective that is not stably free. So a Dedekind
domain has K (D) = Z if and only if D is a PID. As another consequence, we observe
that over any ring a rank one projective P cannot be stably free unless it is actually
free.

4. A BRIEF TOUR OF LOCALIZATION AND DEVISSAGE

It would be nice if we could compute the K-groups of more rings. For example,
we haven’t even computed K(R) for a simple ring like R = Z[/—5]. But so far
we don’t have many techniques to tackle such a computation. An obvious thing to
try to do is to relate the K-groups of R to those of simpler rings made from R,
for example quotient rings R/I and localizations S~™'R. We will start to explore
these ideas in the present section. For the moment it will be easier to do this for
G-theory, though, rather than K-theory. Note that R = Z[y/—5] is a regular ring,
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and so K(R) = G(R); hence, the focus on G-groups still gets us what we want in
this case.

Let R be a commutative ring and let f € R. Consider the maps
d1 do
G(R/f) —= G(R) —=G(f"'R)

where d; ([M]) = [M] and do([W]) = f~*W. Clearly dy od; = 0. We claim that dy
is also surjective. To see this, let Z be an f~!R-module with generators z1,. .., z,.
Let W = R(z1,...,2n) C Z be the R-submodule generated by the z;’s. One checks
that f~1TW = Z, and so dj is surjective.

Theorem 4.1. The sequence

G(R/f)

dq do

G(R) G(f 'R) —=0

s exact.

We will delay the proof of this theorem for the moment, as it is somewhat
involved. Let us first look at an example.

Example 4.2. Let R = Z[y/=5] and f = (2). Note that R is not a PID but f~'R
is. Thus G(f~'R) = Z. Now we compute

R/f = Z/2[z]/ (2" +5) = Z/2[z]/(a* + 1) = Z/2[2]/((= + 1)*) = Z/2[t)/(£*).

We calculated in example (7) from Section that G(Z/2[t]/(t?)) & Z and is gener-
ated by the module Z/2 with ¢ acting as zero. Translated into the present situa-
tion, we are saying G(R/f) & Z with the group being generated by R/(2,z+ 1) =
R/(2,1 —+/—5). Note that (2,1 —+/—5) =(2,1++/-5).
We have computed that the exact sequence from Theorem has the form
d d

Z—>G(R) —>17 0
where dy (1) = [R/(2,1+ v/—5)] and dy([R]) = 1. Let I = (2,1 + y/—5) and notice
that G(R) is generated by [R] and [R/I].

Now look at the short exact sequence 0 — K — R? %, I — 0 where d(e1) = 2,
#(1 ++/=5), and K = ker(¢) = {(z,9) |2z + (1 + v=5)y = 0}. In example (2)
from Section |3| we indicated that K = I. So we have [I| + [I] = [R?] in G(R), or
2([R] — [I]) = 0. But [R] — [I] = [R/I], hence 2[R/I] = 0. Tt follows that G(R) is
either Z or Z & Z/2, depending on whether the class [R/I] = [R] — [I] is zero or
not.

Now use that R is regular, so that G(R) = K(R). Recall that we saw in Exam-
ple that K (R) # 0, or equivalently K(R) # Z. In fact we saw precisely that
[R] — [I] is not zero in K(R). We conclude that G(R) = Z @ 7 /2, with generators
[R] and [R/I] for each of the two summands.

Remark 4.3. Theorem gives another parallel between G(—) and singular
homology. If X = SpecR then A = SpecR/f is a closed subscheme, and
Spec fT'R = X — A is the open complement. So the sequence in Theorem {4.1
can be written as
GA) —-GX)—->GX—-A) —0.
This is somewhat reminiscent of the long exact sequence in singular homology
- — H,(A) - H.(X) - H.(X,A) — --- but with some important differences.
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One obvious difference is that our sequence does not yet extend to the left to give a
long exact sequence, but that turns out to be just a lack of knowledge on our part:
we will eventually see that there are ‘higher G-groups’ completing the picture. The
other evident difference is the presence of G(X — A) as the ‘third term’ in the long
exact sequence, rather than a relative group G(X, A). There are lots of things to
say about this that are not worth going into at the moment, but perhaps the most
relevant is that H,(—) is really the wrong analogy to be looking at. If we instead
consider Borel-Moore homology, then there are indeed long exact sequences that
look like - - — HBM(A) - HBM(X) — HPM(X — A) — ...

Remark 4.4. It is important in Theorem that we are using G-theory rather
than K-theory. In K-theory we have maps K(R) — K(R/f) and K(R) —
K(f~'R), both given by tensoring, but in neither case do we have an evident
‘third group’ that might form an exact sequence. In essence this is because we need
relative K-groups; we will start to encounter these in the next section.

We will now work towards proving Theorem[4.1] The proof is somewhat involved,
and the result is actually not going to be used much in the rest of the notes. But
the proof is very interesting, as it demonstrates many general issues that arise in
the subject of K-theory. So it is worth spending time on this.

The proof comes in two parts. For the first part, let us introduce the multiplica-
tive system S = {1, f, 2, f3,...}. Write

G(M|S™'M =0)

for the Grothendieck group of all finitely-generated R-modules M such that
S~!M = 0. The notation is slightly slack, but it is very convenient. There are
evident maps
GM|S™'M =0) - G(R) — G(S™'R) — 0,

and we will prove that this is exact for any multiplicative system S. This is called
the localization sequence for G-theoery.

The second step is to notice that if M is an R/f-module then as an R-module
it has the property that S~'M = 0. So we have a map

(4.5) G(R/f) — G(M|S~M = 0).

If M is an arbitrary finitely-generated R-module, the condition S~*M = 0 just
says that M is killed by a power of f. So we would have a filtration

M2OfM2fPM2---2 fNM=0

where the factors are all R/ f-modules. This shows that the map in (4.5)) is surjec-
tive, and in fact these ideas allow one to define an inverse. The fact that

G(R/f) = G(M|S™'M = 0)

is an example of a general principle known as dévissage. When we come to prove
this in a bit we will develop the generalization and get a better understanding of
what is going on here.

So those are the two pieces for the proof of Theorem a general localiza-
tion sequence where the third term is something we had not considered before—in
essence, a relative G-group—and a dévissage theorem identifying that third term
with something more familiar.
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4.6. The localization sequence. To begin with we will need a lemma giving
several facts about the localization functor v: {R — Mod)) — (SR — Mod)).
These facts are easy to prove, and it seems like they should be encapsulated in
some kind of general statement about the functor yv~—but I don’t know what this
might be.

Lemma 4.7. Let S C R be a multiplicative system. In all parts of this lemma, the
modules are always assumed to be finitely-generated.

(a) For any S~'R-module W, there exists an R-module A and an isomorphism
STTA=W.

(b) For any R-modules Ay and Ay and map of S~ R-modules f: S™1A; — S™1A,,
there exists a map of R-modules g: Ay — Ao and a diagram of S~ R-modules

514, 2L 514,

l%

S1A, —L> 514,

(c) For any short exact sequence of S~ R-modules
0—-W; =Wy - W3 —0,
there exists a short exact sequence of R-modules
0— A — Ay — A3 — 0
and isomorphisms

0—=95"14 —= 5714 —= S 143 —=0

ui ml lu

0 Wi Ws Ws 0

Proof. Part (a) was proven near the beginning of Section The proofs of the other
parts are reasonably easy exercises in algebra that we leave to the reader. ([l

Corollary 4.8. The following subgroups of G(R) are all equal:

(1) ([A] - [B]|S~'A= 5-'B)

(2) ([A] — [B] | there exists a map f: A — B such that S~'f is an isomorphism)
() (111|571 =0).

Proof. Let Sp, Sz, and S5 be the subgroups listed in (1)—(3). Clearly S; 2 Sy 2 Ss.
The opposite subset S; C S5 follows directly from Lemmab). To prove Sy C Ss,

let f: A— B be a map of R-modules such that S~!f is an isomorphism. Consider
the short exact sequence

0—kerf - A— B — coker f — 0,

and note that our hypothesis implies that S~!(ker f) = 0 = S~!(coker f). But
[A] — [B] = [ker f] — [coker f] in G(R), so we have that [A] — [B] € Ss. O

Proposition 4.9. Let S C R be a multiplicative system. The sequence
G(M|S™'M =0) % G(R) -& G(S™'R) — 0

is exact, where a and b are the evident maps.
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Proof. Part (a) of Lemma gives surjectivity. The somewhat tricky thing is
to get the exactness in the middle. Let F(R) denote the free abelian group on
isomorphism classes of finitely-generated R-modules, and let Rel(R) C F(R) denote
the subgroup generated by elements [M]] + [M]'] — [M;] for short exact sequences
0— M} — M; — M/ — 0. Note that [0] # 0 in F(R); we could have imposed this
as an extra condition, but it is slightly more convenient to not do so. Consider the
following diagram

0

Rel(R) F(R) G(R)

e

0 —> Rel(S"'R) — F(S~'R) — G(S~'R) — 0,

0

which we wish to regard as a short exact sequence of chain complexes (the columns
become chain complexes by adding zeros above and below). Lemma a) gives
surjectivity of 7, and Lemma [1.7[b) gives surjectitivity of m|re;. The long exact
sequence in homology then becomes

(4.10) 0 — ker(7|ret) — ker(m) — kerb — 0.

We next analyze the kernel of 7.
Assume that = € ker(7). One can write  in the form

o= (M) + (M) + -+ ]) = (LA]+ -+ ]
for some modules My, ..., My, Ji,...,J;. We then have
0=n(x) = (IS7' M)+ [S7Ma] + -+« + [S7M]) = ([S7 0]+ + [T )

in F(S7'R). How can this happen? It can only be that k = [ and that for each
module ST1M; there is some i for which S~'M; = S~1J;. By pairing the terms
up two by two we find that

v e (4]~ [B]| s A~ 57'B) C 7(R).

So ker 7w = ([A]—[B] ’ S~'A = S7'B). It then follows from (4.10) and Corollary
that
kerb = ([J]| S~'J = 0) C G(R).

This is what we wanted to prove. [

Remark 4.11. The above proof represents the first time we have really had to get
our hands dirty with the relations defining G(R).

4.12. Dévissage. Now we move to the second stage of the proof of Theorem [4.1
We can rephrase what needs to be shown as saying that the map

G(M|M is killed by f) — G(M|M is killed by a power of f)

is an isomorphism. We have seen a baby version of this argument before, namely
back in Section @] when we showed that

G(Z/p) — G(Z/p*) and G(F)— G(F[t]/(*))
are both isomorphisms. These are both maps of the form
G(M|M is killed by f) — G(M|M is killed by f?),
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for the rings R = Z and R = Ft], respectively. Iterating the same idea we used to
prove these—filter by powers of f—allows one to prove the required generalization.
But while we're at it, let us generalize even further.

Let B be an exact category. I will not say exactly what the definition of such
a thing is, except that B is an additive category with a collection of sequences
M — M — M" called “exact”, and the collection must satisfy a reasonable list
of axioms. Any abelian category with its intrinsic notion of short exact sequence
is an example. The complete definition is in [Q]. We are not giving it here in part
because the reader can manufacture a suitable definition for himself: just figure out
what axioms one needs to make the following proof work.

Theorem 4.13 (Dévissage). Let B be an exact category, and let A — B be an
exact subcategory such that any object in B has a finite filtration whose factors are
in A. Then G(A) — G(B) is an isomorphism.

Proof. The inclusion i: A — B induces a map a: G(A) — G(B), and we want to
define an inverse §: G(B) — G(A). To do so, for M € B choose a filtration

M=MyDM DM;2---2M,=0,
whose quotients M; /M, are in A, and define

A([M]) = Z[Ml/MhLl]

We must check that § well defined, because it seems to depend on the choice
of filtration. There are two things that need to be said. The first and easier
thing is to check that our formula gives the same class in G(A) if we refine the
filtration, meaning that we replace one of the links M; O M, ; with a longer chain
M; D M}! DD Ml = M;y,. This is trivial.

The second thing is to recall something you probably learned in a basic algebra
class, namely the Jordan-Holder Theorem. This says that given any two filtrations
of M we can refine each one so that the two refinements have the same quotients
up to reindexing. If you accept this, it shows that G([M]) does not depend on the
choice of filtration. It is a simple exercise to prove that 3 is additive, which we
leave to the reader.

At this point we have the map (. It is immediate that fa = id and a8 =id. O

Remark 4.14. We will not prove the Jordan-Holder Theorem, as this is something
that can be found in basic algebra textbooks, but let us at least recall the main
idea for why it is true. Suppose M O A D 0 and M O B D 0 are two filtrations for
M. Consider the refinement of the first given by

MDA+BD>ADANBDO,

having quotients M/(A+ B), (A+ B)/A= B/(ANB), A/(ANB) = (A+ B)/A,
and A N B, Interchanging the roles of A and B gives a similar filtration refining
M DO B D 0, having the same set of filtration quotients.

Once one has the above basic idea, it is not hard to extend to longer filtrations.

Note that it is often true in mathematics that the hard work goes into showing
that something is well-defined, and afterwards the rest is easy. We saw this in the
case of the Dévissage Theorem, where all the hard work went into constructing the

map (.
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5. K-THEORY OF COMPLEXES AND RELATIVE K-THEORY

Recall that there is always a map K(R) — G(R) sending the K-class of a
projective to the G-class of the same projective. We proved in Theorem that
when R is regular this map is an isomorphism, and we did this by constructing
the inverse: it sends a class [M] to >_(—1)![P], where P, — M is any bounded
resolution of M by finitely-generated projectives. If you go back and examine the
proof of that result, you might notice that the alternating sums are largely an
annoyance in the proof—all the key ideas are best expressed without them, and
they are only forced into the proof so that we get actual elements of K(R). If
you think about this enough, it might eventually occur to you to try to make a
definition of K (R) that uses chain complexes instead of modules, thus eliminating
the need for these alternating sums. We will show how to do this in the present
section.

The importance of using chain complexes extends much further that simply
changing language to simplify a proof. We will see that defining K-theory in terms
of complexes allows us to write down natural definitions for relative K-groups as
well.

Throughout this section let R be a fixed commutative ring. We begin by making
the following definition:
Definition 5.1.

Z{ |P.]

P, is a bounded chain complex of f.g. projectives)

chla: _
() ( Relation 1, Relation 2 )

where the relations are
(1) [P,] = [P!] if P, and P! are chain homotopy equivalent,

(2) [P,] = [P]]+ [P!] if there is a short exact sequence 0 — P! — P, — P! — 0.

The second relation is the one that by now we would expect in a K-group, but
the first relation is new to us. If one goes back and thinks about the proof of
Theorem the need for this first relation quickly becomes clear: it guarantees,
for instance, that two projective resolutions of a module will represent the same
class in the K-group.

Regarding relation (1), let us introduce some common terminology:

Definition 5.2. A map of chain complexes C, — D, is a quasi-isomorphism
if the induced maps H;(C,) — H;(D,) are isomorphisms for all i € Z. Two chain
complexes C, and D, are quasi-isomorphic, written C, ~ D, , if there is a zig-zag
of quasi-isomorphisms

C, L gl 2 Y,
The following lemma is basic homological algebra. We omit the proof, but it is
very similar to the proof that two projective resolutions of the same module are
chain homotopy equivalent.

Lemma 5.3. If P and Q are bounded below complexes of projectives, then every
quasi-isomorphism s a chain homotopy equivalence.
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This lemma lets us replace the words “chain homotopy equivalence” with “quasi-
isomorphism” in any statement about bounded, projective complexes. In particular,
we do this in relation (1) from the definition of KP!*(R). The advantage of doing
this is simply that quasi-isomorphisms are somewhat easier to identify than chain
homotopy equivalences.

Here is our main result concerning the K-theory of complexes:

Proposition 5.4. K(R) =~ K'*(R).
Before giving the proof we record two useful results:

Lemma 5.5. Let P and Q be bounded complexes of finitely-generated projec-

tives. Let X P denote the complex obtained by shifting every module up one degree:

(XP), = Py—_1.

(a) [XP] = —[P] in K'*(R).

(b) Let f: P — @ and let Cf denote the mapping cone of f. Then [Cf] = [Q]—[P]
in KP'*(R).

Proof. Recall that there is a short exact sequence of complexes
0—-Q—=Cf—-XP—0,

which shows immediately that [C'f] = [Q]+[ZP] in K°P'*(R). Let T be the mapping
cone of the identity P — P. Note that T is exact, hence quasi-isomorphic to the
zero complex. So 0 = [T] = [P] + [EP)], from which we get [EP] = —[P]. It then
follows that [Cf] = [Q] + [EP] = [Q] — [P]. O

Exercise 5.6. Prove that if relation (1) in the definition of K°P'*(R) is replaced
with

(1) [P.,] =0 for every exact complex P,,

then the resulting quotient group is also equal to K (R).

We now have enough tools to prove the main result of this section:

Proof of Proposition[5.4} If P is a projective R-module, let P[n] denote the chain
complex that has P in degree n and in all other degrees is equal to 0. There is an
obvious map a: K(R) — K'*(R) defined by

[P] = [Plo]].

It is somewhat less obvious, but one can define a map back 3: K?'*(R) — K(R)
by

To see that this is well-defined we need to check that it respects the two defining
relations for K°P'*(R). Relation (2) is obvious, but for the other relation it is
convenient to use Exercise to replace (1) with (1’). The fact that 3 respects
(1) is immediate, being a consequence of Lemma [2.5(a) (or really, the analog of
this result for K (R)).

It is clear that foa = id, so « is injective and [ is surjective. To finish the proof,
it is easiest to prove that « is surjective; we will do this in several steps. If P is a
finitely-generated projective then P[0] is obviously in the image of «, and we know
that P[n] = (—1)"[P[0]] by iterated application of Lemma a). So P[n] € ima
for all n € Z; said differently, any complex of projectives of length 0 belongs to the
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image of a. We next extend this to all bounded complexes by an induction on the
length.

Let P, be a bounded complex of finitely-generated projectives, bounded between
degrees k and n + k, say. Then Py[k] is a subcomplex of P,, and the quotient Q,
has length at most n — 1. We have [P,] = [Py[k]] + [Q.], and both [P;[k]] and [Q,]
belong to im « by induction. So [P,] € im «, and we are done. O

We will use our identification of K?'*(R) and K (R) implicitly from now on. For
example, if P is a bounded complex of projectives we will often write [P] to denote
an element of K (R)—although of course we mean G([P]).

Exercise 5.7. Assume that R is Noetherian, and let Gjpq(R) denote the
Grothendieck group of finitely-generated modules having finite projective dimen-
sion. Prove that K'*(R) = G pa(R).

5.8. G-theory and chain complexes. One can, of course, prove an analog of

Proposition in which the ‘projective’ hypothesis is left out everywhere. This

would show that G(R) is isomorphic to a Grothendieck group made from bounded

chain complexes of arbitrary finitely-generated modules. What is more interesting,

however, is a variant that again uses chain complexes of projectives. Precisely,

consider chain complexes P, such that

(1) Each P; is a finitely-generated projective,

(2) P, is bounded-below, in the sense that P; = 0 for all ¢ <« 0.

(3) P, has bounded homology, in the sense that H;(P) # 0 only for finitely many
values of i.

Start with the free abelian group on isomorphism classes of such complexes, and
define G?!*(R) to be the quotient by the analogs of relations (1) and (2) in the
definition of K°!*(R).

Note that one readily obtains maps a: G?*(R) — G(R) and 3: G(R) —
GP*(R) by

a([P)) =Y (-V)'[Hi(P)] and p([M]) = [Q.]
i

where ), — M any resolution by finitely-generated projectives.
Proposition 5.9. The maps a and 3 give inverse isomorphisms G (R) = G(R).

Proof. Tt is immediate that o = id, so that « is surjective and 3 is injective. The
proof will be completed by showing that (§ is surjective. Let P, be a bounded-
below, homologically bounded chain complex of finitely-generated projectives. We
will prove by induction on the number of nonzero homology groups of P, that
[P,] € im 8. The base is trivial, for if all the homology groups are zero then P, ~ 0
and so [P,] = 0.

Without loss of generality assume that P; = 0 for ¢ < 0. Let n be the smallest
integer for which H,,(P) # 0. If n > 0 then P, — Py is surjective, so there exists
a splitting. Using this splitting one sees that P is quasi-isomorphic to a chain
complex concentrated in degrees strictly larger than zero. Repeating this argument
if necessary, one concludes that P is actually quasi-isomorphic to a chain complex
(of f.g. projectives) concentrated in degrees n and higher. So we may assume that
P has this property, and then by shifting indices we may assume n = 0.

Let Q. — Ho(P) be a resolution by finitely-generated projectives. Standard
homological algebra gives us a map f: P, — @, inducing an isomorphism on Hj.
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Let T be the mapping cone of f. The long exact homology sequence shows that
T has one fewer non-vanishing homology group than P, and hence we may assume
by induction that [T] € im 3. But we know from Lemma (really, its analog for
G (R)) that [T] = [Q] — [P]. Since [Q] € im 3 by the definition of 3, it follows
that [P] € im (3 as well. O

When we first learned the definitions of K(R) and G(R), the difference seemed
to be about projective versus arbitrary modules. When we look at these groups as
K'*(R) and GP'*(R), however, the difference is about bounded versus bounded-
below chain complexes.

5.10. Relative K-theory. It may seem like we have introduced an unnecessary
level of complexity (no pun intended) by introducing K"!*(R). After all, the proof
of Proposition shows that for any bounded complex P the class [P] is just
the alternating sum Y (—1)?[P;[0]]. That is, in K°'*(R) we may decompose any
complex into its constituent modules; one really only needs modules, not chain
complexes. But we will get some mileage out of these ideas by defining similar
K-groups but restricting to complexes subject to certain conditions. In these cases
we might not be able to ‘unravel’ the complexes anymore. We give a few examples:

[1]. Let S be a multiplicative system in R. Start with the free abelian group
on isomorphism classes of bounded complexes P, of finitely-generated projectives
having the property that S~1P, is exact. Define K (R, S) to be the quotient of this
free abelian group by the analogs of relations (1) and (2) defining KP'*(R).

[2]. Let I C R be an ideal. Start with the free abelian group on isomorphism
classes of bounded complexes P, of finitely-generated projectives having the property
that each Hy(P) is annihilated by I. Define K (R, I) to be the quotient of this free
abelian group by the analogs of relations (1) and (2) defining K°*'*(R).

[3]. Fix an n > 0. Start with the free abelian group on isomorphism classes
of bounded complexes P, of finitely-generated projectives having the property that
each Hy(P) has Krull dimension at most n. Define K (R, < n) to be the quotient
of this free abelian group by the usual relations (1) and (2).

Exercise 5.11. In analogy to [3], define a group K(R,> n). Prove that if n <
dim R then K(R,> n) = K(R), and that if n > dim R then K(R,>n) = 0.

Here is a lemma that will be very useful later on:

Lemma 5.12. Let a: P — Q and 3: Q — W be maps between finitely-generated
projectives, and assume both become isomorphisms after localization at S. Then

P25 W) =[P -5 QI+ [Q 5 W)
in K(R,S).
Proof. Use the following short exact sequence of maps:

0—>P—>QoP—2>Q—>0

Q\L iid@@ﬂ(x lﬁ

0—>QTL=Qow LW —>o0,
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where f(z) = (a(z),2), f'(y) = (v, 6(1)), 9(a,b) = a—a(b), and ¢'(c, d) = B(c) —d.
This gives that

Q% Q[P EEW =[P Q@ - W],
but of course the first term on the left is zero in K(R,5). O

Note that there is an evident map K(R,S) — K(R) that sends a class [P] in
K(R,S) to the similarly-named (but different) class [P] in K(R); in colloquial
terms, the map simply ‘forgets’ that a complex P is S-exact. The composite
K(R,S) — K(R) — K(S™'R) is clearly zero.

Proposition 5.13. For any multiplicative system in a commutative ring R the
sequence K(R,S) — K(R) — K(S™'R) is exact in the middle.

Proof. Suppose x € K(R) is in the kernel of the map to K(S™!R). Every element
of K(R) may be written as « = [P] — [Q)] for some finitely-generated projectives
P and Q. Then [S7'P] = [S71Q] in K(S™'R), so by Proposition [2.8| there exists
an n such that STIP @ (S7IR)" =2 S71Q @ (S~1R)™. Alternatively, write this as
SH (P R") = S1(Q® R"). By Lemma b) there exists a map of R-modules
Q@ @& R" — P @& R" that becomes an isomorphism after S-localization. Regarding
this map as a chain complex concentrated in degrees 0 and 1, it gives an element
in K(R,S); the image of this element under K (R, S) — K(R) is clearly x. O

The reader might have noticed that in the above proof we didn’t encounter
any kind of complicated chain complex when trying to construct our preimage in
K(R,S); in fact, we accomplished everything with chain complexes of length 1.
This is a general phenomenon, similar to the fact that elements of K P'*(R) can all
be decomposed into modules. For the relative K-groups one can’t quite decompose
that far, but one can always get down to complexes of length 1. To state a theorem
along these lines, consider maps f: P — @ where P and @ are finitely-generated
R-projectives and S~! f is an isomorphism (it is convenient to regard such maps as
chain complexes concentrated in degrees 0 and 1). Let K(R, S)<1 be the quotient
of the free abelian group on such maps by the following relations:

(1) [f]=0if f is an isomorphism;
(2) [f]=1[f]+1[f"] if there is a commutative diagram

0 P P P 0
I P
0—Q —Q—=Q" —0
where the rows are exact.
Notice that there is an evident map K (R, S)<1 — K(R, S).

Theorem 5.14. For any multiplicative system S in a commutative ring R, the
map K(R,S)<1 — K(R, S) is an isomorphism.

The proof of this theorem is a bit difficult, and the techniques are too distant
from the topics at hand to merit spending time on them. We give the proof in an
appendix (777), for the interested reader.

Theorem[5.14] naturally suggests the following question: why use chain complexes
at all, for relative K-theory? That is to say, if one can access the same groups
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using only chain complexes of length one, why complicate things by making the
defintion using complexes of arbitrary length? The answer comes from algebraic
geometry. Let X be a scheme and let U be an open subset of X. Then the
‘correct’ way to define a relative K-theory group K (X,U) is to use bounded chain
complexes of locally free sheaves on X that are exact on U. When X = Spec R
and U = Spec S~ R then it happens that one can get the same groups using only
complexes of length one—as we saw above. But even for X = Spec R not every
open subset is of this form. A general subset will have the form U = (Spec Sy 'R)U
(Spec Sy 'R) U --- U (Spec S; ' R), but to get the same relative K-group here one
must use complexes of length at most d. See [FH| and [D3] for the proof in this
case.

When R is a regular ring all localizations S~ R are also regular. So the groups
K(R) and K(S7'R) can be identified with G(R) and G(S~!R), by Theorem m
Comparing the localization sequence in K-theory to the one in G-theory from
Proposition suggests an identification of the relative terms. Indeed, observe
that the usual Euler characteristic map x(P,) = Y_(—1)![H;(P)] gives a well-defined
map K(R,S) — G(M|S™'M = 0). We have the following:

Theorem 5.15. If R is regular then x: K(R,S) — G(M|S™*M = 0) is an iso-
morphism.

Proof. Define 3: G(M |S™*M = 0) — K(R,S) by sending [M] to [P,] for some
finite resolution of M by finitely-generated projectives (which exists because R is
regular). The exact same steps as in the proof of Theorem shows that this is
well-defined and a two-sided inverse to x. ([

5.16. Relative K-theory and intersection multiplicities. We now wish to
tie several themes together, and use everything we have learned so far to give a
complete, K-theoretic perspective on Serre’s definition of intersection multiplicity.
This perspective is from the paper [GS].

Let R be a Noetherian ring, and let Z C Spec R be a Zariski closed set. Recall
that an R-module M is said to be supported on Z if Mp = 0 for all primes P ¢ Z.
One usually defines Supp M, the support of M, to be {P € Spec R| Mp # 0}.
This is known to be a closed subset of Spec R, and to say that M is supported on Z
is just the requirement that Supp M C Z. Let G(R)z be the Grothendieck group
of all finitely-generated R-modules that are supported on Z.

Similarly, if C, is a chain complex of R-modules then Supp C is defined to be
{P € Spec R| H.(Cp) # 0}. We say that C, is supported on Z if SuppC C Z, or
if Cg is exact for every Q ¢ Z. Note that C, is supported on Z if and only if all
the homology modules H,(C) are supported on Z.

Similar to our definitions of K°’**(R) and K(R,S), define K(R)z to be the
Grothendieck-style group of bounded complexes P, of finitely-generated projective
R-modules having the property that Supp P, C Z. Note that if Z = SpecR —
Spec STLR then K(R)z is precisely the group K (R, S) previously defined.

The following statements should be easy exercises for the reader:

(1) The Euler characteristic x(P,) = >,(—1)"[H;(P)] defines a group homomor-
phism K(R)z — G(R)z.
(2) If R is regular then the map x: K(R)z — G(R)z is an isomorphism.
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(3) Tensor product of chain complexes gives pairings
®: K(R)Z ®K(R)W — K(R)Z[‘]W

for all pairs of closed subsets Z, W C Spec R.

(4) If Z = V(I) then a module M is supported on Z if and only if M is killed by
a power of I.

(5) If M and N are R-modules then Supp(M ® N) = Supp M N Supp N.

(6) Assume that R is regular, and transplant the tensor product of chain complexes
to a pairing

G(R)z @ G(R)w — G(R) zaw -

This sends [M] ® [N] to >_(—1)¢[Tor;(M, N)]. (Note that this makes sense on
the level of supports: if Z =V (I) and W = V(J), M is killed by a power of I
and N is killed by a power of J, then M ® N is killed by a power of I + J).

(7) Let Z = {m} where m is a maximal ideal of R. Then the assignment M —
£(M,,) gives an isomorphism G(R)z =z

(8) Let M and N be R-modules such that Supp(M ® N) = {m} where m is a
maximal ideal of R (geometrically, Supp M and Supp N have an isolated point
of intersection). Then Serre’s intersection multiplicity e(M, N) is the image of
[M] ® [N] under the composite

G(R)z ® G(R)w — G(R)zow — Z,

where we have written Z = Supp M and W = Supp N (and the map labelled ¢
is in fact an isomorphism).

Remark 5.17. We will understand this better after seeing how intersection mul-
tiplicities fit into algebraic topology, but it is worth noting that the group K(R)z
would be better written as K(X,X — Z), where X = Spec R. For comparison,
relative products in a cohomology theory would give pairings

KX, X-2)oK(X,X -W) = K(X,(X - Z)U(X —~W)) = K(X,X — (ZNW)),
which is what we saw above in the form K(R)z ® K(R)w — K(R)znw -

6. K-THEORY OF EXACT COMPLEXES

We have seen the isomorphism of groups K(R) = K°®(R). If P, is a bounded,
exact complex of projectives then it gives rise to a relation in K (R), and (equiva-
lently) represents the zero object in K°P!*(R). Given this, it might seem surprising
to learn that there is yet another model for K (R) in which exact complexes can rep-
resent nonzero elements—and even more, all nonzero elements can be represented
this way. The goal of the present section is to explain this model, as well as some
variations. This material is adapted from [Gr].

Note: The contents of this section are only needed once in the remainder of the
notes, for a certain perspective on Adams operations in Section [30. While the
material is intriguing, it can certainly be skipped if desired.

As in the last section, let R be a fixed commutative ring.

Definition 6.1.
Z([P.]

P, is a bounded, exact chain complex of f.g. projectives)
( Relation 1, Relation 2 )

Kefcct (R) —
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where the relations are
(1) [P,] = [P!]+ [P!] if there is a short exact sequence 0 — P! — P, — P!" — 0,

(2) [EP] = —[P.].

If P is a projective module let C'P denote the mapping cone of the identity map
P — P. Specifically, CP is a chain complex concentrated in dimensions 0 and 1
where the only nonzero differential is the identity map on P. Observe that there is
a group homomorphism K(R) — K®*“!(R) that sends [P] to [CP].

Proposition 6.2. The map K(R) — K**“‘(R) is an isomorphism. The inverse
is denoted X': K**“‘(R) — K(R) and called the derived (or secondary) Euler
characteristic. If P, is a bounded complex of finitely-generated projectives then

X(P) =Y (—1)H5[P] =Y (=1)"[imd,]
J J
where dji Pj — ijl'
Technically speaking the second formula given for x’ doesn’t make sense unless
we know that each im d; is a finitely-generated projective module. This is a simple
exercise, but let us record it in a lemma.

Lemma 6.3. Let P, be a bounded, exact complex of projectives. Then each imd;
is projective, and finitely-generated if P; is.

Proof. Without loss of generality we can assume that P, has the form 0 — P, —
-— Py — 0. So dy: P, — P, is surjective, hence im d; = P, and there is nothing
to prove here. Exactness gives us short exact sequences 0 — imd;11 — P; —
imd; — 0, for each j. We can assume by induction that imd; is projective, hence
the sequence is split-exact and therefore imd;, is also projective.
Since im d; is a quotient of Pj, it is finitely-generated if P; is. O

The above proof of course gives more than was explicity stated: by choosing
splittings one level at a time one can see that P, decomposes as a direct sum
of exact complexes of length 1. This decomposition is non-canonical, however,
depending on the choices of splitting. For variety we will see a weaker, but more
canonical, version of this decomposition in the next proof.

Proof of Proposition[6.4 Let o denote the map K(R) — K®“*(R). It is easy to
see that « is surjective, because if 0 — P, — --- — Py — 0 is an exact complex
then there is an evident short exact sequence

0— X" YCP,)— P, - Q,—0
where @, is exact and has length at most n— 1. Since [P,] = [E""1(CP,)] +[Q.] =
(=1)"~L[CP,] +[Q.], an immediate induction shows that K¢*“*(R) is generated by
the classes [C'P] as P ranges over all finitely-generated projectives.

Note that P, = imd,, and @Q,—; = coker(P,, — P,_1) & imd,_;. The induc-
tion mentioned in the preceding paragraph shows that [P,] = >, (—1)77C (im d;)].
From this it is clear that if an inverse to « exists it must send [P,] to
>0, (=1)77 imd,]. Tt is only left to check that this formula does indeed define
a map K“*“‘(R) — K(R).

Let P, be any bounded, exact complex of finitely-generated projectives, and
assume that the smallest degree containing a nonzero module is degree n. Write
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I; = imd;. Since --- — Pj;1 — P; — I; — 0 is exact, we have that [I;] =
P »(—1)k_j[Pk] in K(R). So in K(R) we have

2D =D 3 G DIR =3 D ) (A

i>n j>nk>j n<j<k

= Z —n+1)[P]
—Z Y Lk[Py] + (n — 1)x(P.)
= Z Ve[ Py

In the last equality we have used that x(P,) = 0 since P, is exact.

Define x'(P,) = Y., (—1)*"1k[P;]. One easily checks that this satisfies relations
(1) and (2) in the definition of K*“*(R), and hence defines a map 3: K°““*(R) —
K(R). It is trivial to check that 3o a = id. The above calculation (and preceding
remarks) verifies that a0 8 = id. O

6.4. Derived Euler characteristics. Now that we have encountered the derived
Euler characteristic it seems worthwhile to take a moment and place it into a
broader context. Consider the definition

(P.) =3 0[P] € K(R)[t,t7").

This function is additive, and in fact it is clearly the universal additive invariant for
bounded complexes of finitely-generated projectives. The usual Euler characteristic
is x(P.,) = x¢(P,)|t=—1. Of course we do not have x(XP,) = —x;(P,), this only
becomes true after the substitution ¢ = —1; what we have instead is the identity

(6.5) xt(XP) =t xi(P.).

If we differentiate x; with respect to t then we obtain x;(P,) = > jt/[P;].
Clearly this is also an additive invariant of complexes. The invariant we called x’
is just x;(P,)|t=—1. Differentiating (6.5]) yields the formula

(66) X (BP) = xe(P.) + - x;(P.),
and consequently x/(XP,) = x(P,) — x’(P,). This is not the kind of behavior we
are used to, but notice that if we restrict to complexes P, with x(P,) = 0 then we
get the nicer behavior x'(XP,) = —x(P.).

One can, of course, iterate this procedure Let XE )( P,) denote the nth derivative
of x¢(P,), and white (™ (P,) = X ( ,)|t=—1. Call this the nth derived Euler

characteristic. It is an additive function, and if one restricts to complexes such
that 0 = x(P,) = x'(P,)=--- = X("’l)(P,) then it satifies (™) (2P,) = —x("(P,).

6.7. Doubly-exact complexes. A bicomplex C, , will be called bounded if the
modules C; ; are nonzero for only finitely many values of (é,j). The bicomplex
will be called doubly-exact if every row and every column is exact. By abuse
of terminology an ordinary chain complex D, will be called doubly-exact if it is
isomorphic to the total complex of a bounded, doubly-exact bicomplex. Doubly
exact complexes all represent zero in K¢*“*(R):
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Proposition 6.8. If P, is a bounded, doubly-exact complex of finitely-generated
projectives then [P,] =0 in K““*(R).

Proof. Let M, , be a doubly-exact bicomplex of finitely-generated projectives.
Without loss of generality let us assume that M; ; is nonzero only for 0 < i < n
and 0 < j < k. Write M, , for the ordinary complex whose jth term is M; ;, and
write M>; . for the sub-bicomplex of M, , consisting of all M, ; for a > i. Observe
that there are short exact sequences

0 — X' M; . < Tot(Ms; ) = Tot(Ms(i+1),.) — 0,
for all i. Induction shows that each Tot(M>; ,) is exact, and therefore in K¢*“*(R)

we have ' '
[Tot M,.] = Y [E°Min) =Y (=1)'[M;,.].
But M, . may be regarded as an exact sequence of chain complexes
O_>Mn,* — Mp_1% — _>M1,* _’]\40,4< — 0.

The image of each map in this sequence is a chain complex of finitely-generated
projectives (using Lemma , and each of these image complexes is exact by a
straightforward induction. So the above exact sequence breaks up into a collection
of short exact sequences of exact complexes of finitely-generated projectives, and
hence shows that Y, (—1)"[M; ] is zero in K°*“*(R). We have therefore shown that
[Tot M, ,] =0 in K**“/(R). |

The reader will notice the beginnings of a pattern here. Exact complexes P,
represent zero in K°?'#(R), but then we produced a new model for this same group
where the exact complexes were our generators. In this new group K¢*“‘(R) the
doubly-exact complexes represent zero. It is natural, then, to wonder if there is yet
another model for this group where the doubly-exact complexes are the generators.
Indeed, this works out in what is now a completely straightforward manner, and
can be repeated ad infinitum.

Let us use the term multicomplex for the evident generalization of bicomplexes
to n dimensions. We will denote a multicomplex by M, , where the symbol * stands
for an n-tuple of integers. Say that the multicomplex is n-exact if every linear
‘row’ (obtained by fixing n — 1 of the indices) is exact.

Definition 6.9.
Z{[M,] | M, is a bounded, n-exact multicomplex of f.g. projectives)

Kn—ewct —
(£) ( Relation 1, Relation 2 )

where the relations are
(1) [My] = [M]] + [M]] if there is an exact sequence 0 — M, — M, — M — 0,

(2) [EM,] = —[M,], where ¥ stands for any of the n suspension operators on
n-multicomplexes.

Given an (n + 1)-multicomplex M, there are (";1) ways to totalize it to get an
n-multicomplex—one needs to choose two of the n + 1 directions to combine. One
can follow the proof of Proposition to show that if M, is (n+1)-exact then each
of these totalizations represents zero in K"~ “““!(R).
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If M, is an n-multicomplex then let C'M, denote the cone on the identity map
M, — M,. This is an (n + 1)-multicomplex, defined in the evident manner. This
cone construction induces a group homomorphism K"~ (R) — K (n+1)—ezct(R),

Proposition 6.10. The map K" *°*(R) — K®tND=ezet(R) jis an isomorphism,
with inverse given by

X(M) = D (1) M
where the symbols M; , represent the various slices of M, in any fized direction.

Proof. Follow the proof of Proposition almost verbatim, but where each P;
represents an n-exact multicomplex rather than an R-module. ([

We have the sequence of isomorphisms
K(R) N KG:L‘Ct(R) _ KQ—Gth(R) O

The composite map K(R) — K" “*“‘(R) sends [P] to the n-dimensional cube
consisting of P’s and identity maps. The composite K" ¢*“*(R) — K(R) sends an
n-multicomplex M, to

M* - Z (_1)J1++jn+n-71 ..'jn[Mjlw")jn]'
j17~~-7jn
If one considers the formal Laurent polynomial

Xtvootn (M) =Y et (Mg, 5]
Jisesdn
then this is the nth order partial derivative 0y, - - - 9, Xt1,....1,, (M) evaluated at t; =
to=-- =t, =L

Remark 6.11. Grayson [Gr] suggests a perspective where exact complexes are
analogous to the formal infinitesimals from nonstandard analysis. Doubly-exact
complexes are analogues of products of infinitesimals, and so forth. 7777

7. A TASTE OF K

Note: The material in this section will not be needed for most of what follows
in these notes. We include it for general interest, and because the material fits
naturally here. But this section can safely be skipped.

Given a ring R and a multiplicative system S C R, we have seen the exact

sequences
GM|S'M =0)— G(R) - G(S™'R) =0
and
K(R,S) — K(R) — K(S'R).

It is natural to wonder if these extend to long exact sequences, and the answer is
that they do: in the first case there is an extension to the left, and in the latter
two cases there is an extension in both directions. These extensions are not easy
to produce, however—they are the subject of ‘higher algebraic K-theory’, an area
that involves some very deep and difficult mathematics. Our aim here is not to
start a long journey into that subject, but rather to just give some indications of
the very beginnings.
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Remark 7.1. From now on the groups K(R) and G(R) will be written Ko(R) and
Go(R).

7.2. The basic theory of K;(R). Let us adopt the perspective that Ky(R) is, in
essence, constructed with the goal of generalizing the familiar notion of dimension
for vector spaces. The key property of dimension is additivity for short exact
sequences, so consequently one forms the universal group with that property. The
group K1 (R) is obtained similarly but with the goal of generalizing the determinant.

Determinants are invariants of self-maps—maps with the same domain and
target—and we need some language for dealing with such things. Given two self-
maps f: A — Aand g: B — B, we define a map from f to g tobeamap u: A — B
giving a commutative diagram

A——B
; g
A——B.
Likewise, an exact sequence of self-maps is a diagram
(7.3) 0 A g g 0
N
0 A= A 4" 0

in which the rows are short exact sequences of modules.

Definition 7.4. Form the free abelian group generated by isomorphism classes of
maps [P - P] where P is a finitely-generated projective and o is an isomorphism.
Let K1(R) be the quotient of this group by the following relations:

(a) [P % P] =[P <, P'|+[P” LN P"] whenever there is a short exact sequence

as in ;
(b) [P B, Pl=[P-% P]+ [P R P] for all self-maps a,3: P — P.

Note that as a consequence of relation (b) one has that [P N P] = 0 for any
finitely-generated projective module P. Note also that if a: P — P and 3: Q@ — Q
are automorphsms then

(7.5) PeQ @ Paq =[P Pl+Q-Lq]

as a consequence of relation (a).

The use of projective modules in the definition of K7 (R) turns out to be unnec-
essarily complicated—one can get the same group by only using automorphisms of
free modules. Even more, the use of short exact sequences in relation (a) is un-
necessarily complicated; one can get the same group by only imposing the weaker
relation from . We will prove both of these claims in just a moment.

Observe that there is a map of groups GL,(R) — K1(R) that sends a matrix A

to the class [R™ 4, R™ (left-multiplication-by-A). Relation (b) guarantees that
this is indeed a group homomorphism. If we let j: GL,(R) — GLp41(R) be the
usual inclusion, obtained by adding an additional row and column and a 1 along
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the diagonal, then it is clear that [R"*! #4 Rt = [R" 4, R™. This follows

from 1D and the fact that [R A, R] = 0. Let GL(R) denote the colimit
GL(R) = colim[GL1(R) — GL2(R) — GL3(R) — - -],
and call this the infinite general linear group of R. We have obtained a map
GL(R) — Ki(R), and of course this will factor through the abelianization to give
GL(R)ay = GL(R)/[GL(R), GL(R)] — Ky(R).

Theorem 7.6. The map GL(R)q, — K1 (R) is an isomorphism.

It will be convenient to prove this at the same time that we give other descriptions
for K1(R). In particular, we make the following definitions:

(1) K{"(R) is the group defined similarly to K;(R) but changing all occurrences
of ‘projective’ to ‘free’.

(2) K;{P(R) is the group defined similarly to K;(R) but replacing relation (a) by
the direct sum relation of . The “sp” stands for “split”.

(3) K:PI"(R) is the group defined by making both the changes indicated in (1)
and (2).

One obtains a large diagram as follows:

(7.7) colimp Aut(P)qp — K;7(R) — K1(R)

| T |

GL(R) 4, == colim,, GL,(R)q, — K:P/"(R) — K{"(R).

The maps labelled as surjections are obviously so. Let us explain the colimit over
projectives P. Let M denote the monoid of isomorphism classes of finitely-generated
projectives, with the operation of @. The translation category T'(M) of this monoid
has object set equal to M, and the maps from A to B are the elements C' € M
such that A + C = B. This is the indexing category for our colimit. Given an
isomorphism f: P — @, there is an induced map of groups Aut(P) — Aut(Q)
sending a to faf~'. Changing f gives a different induced map, but it gives the
same induced map on Aut(P),, — Aut(Q)ap; this is an easy exercise. It follows
that there is a functor T (M) — Ab sending [P] to Aut(P) and having the property
that the map [@] from [P] to [P @ Q] yields the map Aut(P)sp — Aut(P & Q)ap
induced by direct sum with idg. The upper left term in our diagram is the colimit
of this functor. The map from this colimit to K7”(R) is induced by the one sending
an element o € Aut(P) to the class [P - P.

Theorem [7.6] will follow as an immediate consequence of the following stronger
result:

Theorem 7.8. All of the maps in are isomorphisms.

We are almost ready to prove this theorem, but we do need one key lemma. Let
E(R) C GL(R) be the subgroup generated by the elementary matrices—matrices
that have ones along the diagonal and a single nonzero, off-diagonal entry. Note that
right multiplication by such a matrix amounts to performing a column operation
where a multiple of one column is added to another; similarly, left multiplication
amounts to performing the analogous row operation. One very useful way to recog-
nize a matrix as belonging to E(R) is to observe that it can be obtained from the
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identity matrix by using these types of row and column operations. It is useful to
say that a column or row operation is allowable if the corresponding elementary
matrix belongs to E(R).

Lemma 7.9.
(a) For any X € M, (R) the matriz [(IJ )f} and its transpose belong to E(R).

(b) If A€ GL(R) then [4 .| € E(R),
(c) Let A be a matriz obtained from the identity by switching two colums and mul-

tiplying one of the switched columns by —1. Then A € E(R), and similarly for
the transpose of A.

Proof. For part (a) just note that [6 X ] can be obtained from the identity matrix
by a sequence of allowable column operations of the type discussed above. For the
transpose, use row operations.

For (b) consider the following chain of matrices:

I 0 I A 1 A A 0 A 0
0 I 0 I A72 A7t At A72 A7t 47t 0 A7l|-

Passage from each matrix to the next can be done by allowable row and column
operations; alternatively, each matrix can be obtained from its predecessor by left
or right multiplication by a matrix of the type considered in (a).

Finally, for (c) we argue directly in terms of column operations. If v and w are
two columns consider the following chain

v,W VW=V > WWw—vU W, —.
Each link involves adding a multiple of one column to another, and is therefore
allowable; therefore the composite operation is allowable. ([
The following is the key lemma that we will need in our proof of Theorem [7.8

Lemma 7.10 (Whitehead Lemma). F(R) = [GL(R), GL(R)]

Proof. For the C direction we consider three columns u,v,w, and the following
chain of operations (where 7, s € R):

u,v,w +—  U,V+ru,w =  UV+TUW+SU+STU — UV, W+ SU+ STU

= U,V,Ww + Sru.

It should be clear what column operation is being used in each step. Note that the
third and fourth operations are the inverses of the first and second, so the composite
it a commutator. This shows that any column operation of the type “add a multiple
of one column to another” is a commutator, and therefore E(R) C [GL(R), GL(R)].
(We have actually shown E,(R) C [GL,(R), GL,(R)] for n > 3).
For the other subset, let A, B € GL,(R). Consider the following identity:
ABA-'B~' 0] [B 0 A 0| |AB 0
[ 0 1} ' {0 B‘l} ' {o A—l} B [ 0 B—lA—l}
The first matrix is identified with the commutator of A and B inside GL(R), and all
of the other matrices are in E(R) by Lemmal[7.9(b). So [A, B] € E(R) as well. [0
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Corollary 7.11. For any A € GL,(R), B € GLi(R), and X € M,xx(R),
[ég} = [‘6‘ %} in GL(R)a. If n = k then this matriz also equals [AOB 9] in
GL(R)u.

Proof. For the first claim simply observe that

A X] _JA o] [T A'X

0 B| |0 B| |0 I ’
The second matrix in the product is in E(R) by Lemma [7.9(a), and hence in
[GL(R),GL(R)] by the Whitehead Lemma.

For the second claim notice that {6‘%} . {Jg Bo,l} = {AOBﬂ and use

Lemma b) together with the Whitehead Lemma.

We are now ready to prove that all the descriptions of K;(R) give the same
group:

Proof of Theorem[7.8 Let a: P — P be an automorphism of a finitely-generated
projective, and let @) be a free complement to P: that is, P @& @ = R" for some n.
Then .
e} adbi
[P Pl=PeQ =" Paq)

in K;P(R), which shows that K7/"(R) — K:*(R) is surjective. The same proof
works for all of the vertical maps in diagram ([7.7]).

The fact that colim, GL, (R)a — colimp Aut(P),, is an isomorphism is very
easy: it is just because the subcategory of T (M) consisting of the free modules is
cofinal in T'(M).

Define a map K{T(R) — GL(R)ga by sending [R™ 4, R™] to the matrix A. To
see that this is well-defined we need to verify that it respects relations (a) and (b)
from Definition Relation (b) is self-evident. For (a), suppose that

0 F’ F F" 0
0 F’ F F" 0

is a short exact sequence of automorphisms between free modules. Then there
is a basis for F' with respect to which the matrix for a has the form [O‘/ a*//]

0
Corollary verifies that this matrix equals [%/ ao”] in GL(R)gp.

Now that we have the map K{"(R) — GL(R)ap, it is trivial to check that this
is a two-sided inverse for the map from . It follows that all the maps in the
bottom row of that diagram are isomorphisms.

The proof for the maps along the top row proceeds in a similar manner. Define a
map K1 (R) — colimp Aut(P), by sending [P -2+ P] to the element o € Aut(P) .
One has to check that this respects relations (a) and (b) in the definition of K (R),
and relation (b) is again trivial. Suppose that

0 P’ P p” 0

F bk

0 P’ P p” 0
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is a short exact sequence of automorphisms between finitely-generated projectives.
Choose free complements Q' for P/, and Q" for P”. Consider the new short exact
sequence

O s P/ @ Q/ P @ Q/ @ Q// P// @ Q// > 0
ia/@idQ/ \La@idQ/@idQu \La”@idQu
0 s Pl @ Q/ s P @ Q/ @ Q// PI/ @ Q// 0

All of the modules in this diagram are free (recall that P = P’ @ P”), and so this
diagram gives a relation in K{T(R). Using the map K{T(R) — GL(R)gp already
constructed, we find that
oD idQ/ S idQ// = (Oé/ &b idQ/) + (OL// S¥) idQN)

in GL(R), and hence also in colimp Aut(P)q,. But this says precisely that o =
o + o' as elements in colimp Aut(P)p, and this is what we needed to check. We
have now constructed our map K;(R) — colimp Aut(P)qp, and it readily follows
that it is an inverse for the map in the other direction from . So all the maps
in the top horizontal row of are isomorphisms.

We have shown that all horizontal maps in are isomorphisms, and that the
left vertical map is an isomorphism. So all the maps are isomorphisms. O

Observe that det: GL(R) — R* factors through the abelianization and therefore
yields an induced map det: K (R) — R*. This map is split, since we can send any
r € R* to the class of the automorphism R —— R (this is a group homomorphism
using relation (2) of Definition [7.4)). So we always have K;(R) = R* @ (???). The
mystery factor is often called SK;(R).

We will not calculate K3 for many rings, but let us at least do the easiest exam-
ples.

Proposition 7.12. If F' is a field then K{(F) = F*.

Proof. One must show that if A € GL(F) satisfies det(A) = 1 then A €
[GL(F),GL(F)] = E(F).

We first observe that if A is a diagonal matrix of determinant 1 then A lies in
E(F). This can be proven by matrix manipulation, but the following argument is
a bit easier to write. We use that GL(F)/E(F) = K;(F). Let dy,...,d, be the
diagonal entries of A. Working in K (F) we write

Fr L P =F S+ 4 [FI P =F"“ F=F - F=0
where the first equality is by relation (a) in Definition and the second equality
is by relation (b).

Now let A be an arbitrary n x n matrix of determinant 1. We will use two
types of column (and row) operations: adding a multiple of one column/row to
another, and switching two columns together with a sign change of one of them.
Both types of operation are allowable, the latter by Lemma c). Using these
allowable column operations we can transform A into a lower diagonal matrix; then
by using allowable row operations one further transforms A into a diagonal matrix.
That is, there exist matrices Fy1, E5 € E(F) such that F; AFE, is diagonal. But by
the preceding paragraph we then have EyAFE> € E(F), and so A € E(F). O

Essentially the same proof as above also shows the following:
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Proposition 7.13. Let R be a FEuclidean domain. Then det: Ki(R) — R* is
an isomorphism. In particular, K1(Z) = {1,—1} = Z/2 and when F is a field
K1 (F[H]) 2 F*.

Proof. We must again show that if A € GL,(R) has det(A) = 1 then A € E(R).
For any fixed row of A, the ideal generated by the elements in that row contains
det(A) and is therefore the unit ideal. Pick an element z of smallest degree in
this row and then use column operations (and the Euclidean division property) to
arrange all other elements in this row to be either zero or have degree smaller than
x. By repeating this process, eventually the row will contain a unit. Do a signed
transposition to switch this unit into position (1, 1), and then do row operations to
clear out all other terms in the first column. Repeat this process for the submatrix
obtained by deleting the first row and column, and so forth. Eventually the matrix
will be reduced to a diagonal matrix, necessarily of determinant 1. Such a diagonal
matrix lies in F(R), so this proves A also lies in E(R). O

7.14. Longer localization sequences.

Proposition 7.15. There is a unique map 9: K1(S™'R) — Ko(R,S) having the

property that if a: R™ — R™ is such that S™'a is an isomorphism, then O sends
—1

[STLR" g S~IR"] to the class of the chain complex 0 — R™ %5 R" — 0

(concentrated in degrees 0 and 1).

Proof. First, assume that 3: (ST'R)" — (ST'R)". Let A be the matrix for 3 with
respect to the standard basis, and let u € S be an element such that uA has entries
in R (e.g., take u to be the product of all the denominators of the entries in A).
Then uA represents a map 3': R" — R", and we have the commutative diagram

(S—lR)nL(S—lR)nLI">(S—1R)n

|, |

RTL Rn

where the vertical maps are localization. This diagram gives ul,, o 3= S~13’, and
so [ul,] + [B] = [S714] in K1(S7!R). Note that [ul,] = n[uli], and ul; is itself
the localization of the multiplication-by-u map on R; so we can write
(7.16) (3] = [S™'B'] — n[S™u].
This shows that Kj(R) is generated by classes [S~la] for a: R® — R", and we
have thereby proven the uniqueness part of the proposition.

For existence, we will define a map 9: K;?/"(R) — Ky(R,S) and then appeal

to Theorem Given a map 3: (S7IR)" — (S~1R)", choose a u € S such that
the standard matrix representing u/3 has entries in R. Consider the assignment

B F(B,u) = [R" % R"] = n[R - R] € Ky(R, S).
Note that this expression doesn’t come out of thin air: the expected homomorphism
0, if it exists, must have this form by (7.16]). It remains to show that the above
formula does indeed define a homomorphism.

We first show that F((3,u) does not depend on the choice of u. It suffices to
prove that F((,tu) = F(8,u) for any t € S; for if u’ is another choice for u then
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we would have F(8,u) = F(8,v'u) = F(8,u’). But now we just compute that
F(3,tu) = [R" ™2 R"] —n|R ™ R
= [R" - R") + [R" 2 R"] —n[[R R4+ [R-% R]}

= [R" % R"] = n|R - R
(the second equality is by Lemma applied twice).
Let us now write F(8) instead of F(8,u). The last thing that must be checked
is that F(8® ') = F(8) + F(8'), but this is obvious. So we have established the
existence of 9: K1(R) — Ky(R,S) having the desired properties. O

Theorem 7.17 (Localization sequence for K-theory). Let R be a commutative ring
and S C R a multiplicative system. The following sequence is exact:

Ki(R) — Ki(S7'R) -% Ko(R, S) — Ko(R) — Ko(S™'R).

Proof. We will not prove exactness at K1(S™!R), as this is a bit difficult and would
take us too far afield. Exactness at Ky(R) was already proven in Proposition
s0 it only remains to verify exactness at Ko(R, S).

Let » € Ko(R,S). We know by Theorem that = can be written in the
form x = [P, — Py] — [Q1 — Qo] for finitely-generated projectives Py, P, Qo, @1
over R and maps a: P; — Py, f: Q1 — Qo that become isomorphisms after
S-localization. Consider the isomorphism S™'Qoy — S~'Q: that is the inverse
to S™'3. By Lemma b) there is a map v: Qo — Q1 whose localization is
isomorphic to this map. Notice that

z =[P — Po]+[Qo — Q1] — ([Qo — Q1] + [@1 — Qo))
=[PL®Qo— Py ® Q1] —[Qo® Q1 — Q1D Qo)
So by replacing our original P’s and @’s we can assume that @y = Q1.
Let G be a projective such that Q¢ ® G is free, and observe that
r=2-[G% G =[P~ P]-[Q&GC— Q&G
So again, by replacing our chosen Qg = ()1 we can actually assume that Qyp = Q1
is free. That is, x = [P} —— Py] — [R" A, R"].
Now assume that x maps to zero in Ko(R). This just says that [Py] = [P1] in
Ky(R), and so there exists a free module G such that Py @ G = P, @ G. Since

r=z+[G i, G] we see that we can write  as

z = [R* % R¥ — [R" 2, R
where a and (3 become isomorphisms after S-localization. It is now immediate that
x is in the image of 9; to be completely specific,

r=0([s RN T 57 RN — [ R T 57 URY).
(]

Example 7.18. This example will be a “reality check”. We won’t learn anything
new, but we will see that the localization sequence is doing something sensible.
Let R be a discrete valuation ring (a regular local ring whose maximal ideal is
principal), and let F' be the quotient field. Let m be a generator for the maximal
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ideal, and let S = {1,z,2%,...}. Note that S™'R = F. The localization sequence
takes on the form

Ki(R) - F* -5 Ko(R,S) = Z 7

where we are using K1 (F) & F*, Ko(R) = Z (because R is a PID), and the map
Ky(R) — Ko(F) = Z sends [R] to [F] and is therefore an isomorphism.
Although we have not calculated K;(R), the commutative diagram

det J/ det \L =

R* F*
shows that the image of K;(R) in F* is just R*. Our localization sequence distills
into a single isomorphism

F*/R* -2 Ko (R, S).
The group F*/R* is readily checked to be Z, where the isomorphism Z = F*/R*
sends n to [1"]. On the other hand, we also know by Theorem [5.15]that Ko(R, S) =
G(M|S~*M =0). A finitely-generated module M satisfies S~*M = 0 if and only
if M is killed by a power of x, or equivalently if M has finite length over R. The
map £: G(M | S™'M = 0) — Z is easily checked to be an isomorphism.
Finally, let us analyze the map 9. Given an element a € F*, we write a =

r/m™ for some r € R* and n > 0. The description of 9 given in the proof of
Proposition shows that

8(a) = [R > R] - [R = R] = [R - R] - n[R — R).
The isomorphism Ko(R,S) — G(M | S~'M = 0) sends a complex P, to the alter-
nating sum of its homology modules, so under this isomorphism we would write
d(a) = [R/rR] — n[R/7R)].
Note that ¢(R/7R) = 1. We can write r = ur® for some unit v € R and n > 0, in
which case R/rR = R/7*R and so ¢{(R/rR) = k. It follows that the composite
F* L Ko(R,S) = G(M|S™'M =0) = 7
is just the usual m-adic valuation on F*.

The following example generalizes the previous one, but is a bit more interesting.

Example 7.19. Let D be a Dedekind domain—a regular ring of dimension one.
In such a ring all nonzero primes are maximal ideals. Let S = D — {0} and let
F = S7!'D be the quotient field. Our localization sequence looks like

Ki(D) — F* — Ko(D,S) — Ko(D) — Z.
Just as in the previous example, the image of K7(D) in F* is just D*. The map
Ky(D) — Z is just the usual rank map, so its kernel is Ky(D). So we get a short
exact sequence

0— F*/D* -4 Ko(D, S) — Ko(D) — 0.
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We know Ko(D,S) = G(M|S™'M = 0). The condition S™'M = 0 just says that
M is a torsion module. Consider the evident map

j: @ GD/P)— GM|S'M =0)
P#0

where the direct sum is over all nonzero prime ideals and where the map just forgets
that a module is defined over D /P and instead regards it as a D-module. This map
is clearly surjective: a torsion D-module M will have a prime filtration in which the
primes appearing are all maximal, and [M] will be the sum of the corresponding
[D/P]’s by the usual argument (see Theorem and its proof).

Note that each D/P is a field, and so G(D/P) =2 Z. If M is a torsion D-module
then Mp is a torsion Dp-module. Since Dp is a discrete valuation ring, this means
that Mp has finite length. Define

x: G(M|S™'M =0) — € Go(R/P)
P#0

by sending [M] to the tuple of integers £, (Mp), as P runs over all maximal ideals
of D (the only ones that give nonzero lengths are the ones containing Ann M, and
there are only finitely-many of these since they are precisely the minimal primes
of Ann M). Tt is easy to check that x o j = id; since j was already known to be
surjective this means they are inverse isomorphisms. So we can rewrite our short
exact sequence as

0— F*/D* % P 7 — Ko(D) — 0.

P#£0

It will be convenient to write ep for the basis element of the free abelian group in
the middle corresponding to the maximal ideal P. Note that these basis elements
correspond to the closed points of Spec D, and so we are looking at a group of
0-cycles.

It remains to analyze the map 9. By Proposition if r € D — {0} then
d(r) = [D - D] € Kyo(D,S). Under the isomorphisms described above this
corresponds to the tuple of integers ¢p,(Dp/rDp). This is usually called the
divisor class of r, and written

div(r) = > Lp,(Dp/rDp)ep.

It should be thought of as listing all the zeros of the “function” r, together with
their orders of vanishing (see below for an example). For a general element x € F*
we would just write z = r/s for r,s € D — {0}, and then 0(z) = div(r) — div(s);
this gives the zeros and poles of z, with multiplicities.

The quotient of @ p £0 Z by the classes div(z) is called the divisor class group
of D; it is isomorphic to the ideal class group from algebraic number theory. Our
short exact sequence shows that IN(O(D) is also isomorphic to this group.

To demonstrate the geometric intuition behind div(r), consider the case D = F[t]
where F' is algebraically closed. If » = p(t) then the maximal ideals containing r
are the ones (t — a;) where q; is a root of p(t). If we write r = [[(¢ — a;)™ and
we localize at P = (¢t — a;), then r becomes a unit multiple of (¢t — a;)™ and the
number £p,(Dp/rDp) is precisely m;. So

div(r) = Z M * €(t—a,)s



A GEOMETRIC INTRODUCTION TO K-THEORY 49

as expected. Note that the divisor class group is not very interesting in this case:
clearly div is surjective, and so the group is zero. We already knew this for another
reason, because Ky(D) = 0 whenever D is a PID.

Remark 7.20. The localization sequence of Theorem [7.17can be extended further
to the left, by definining K-groups K, (R) and K, (R,S) for all n > 1. This is the
subject of higher algebraic K-theory.
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Part 2. K-theory in topology

Finite-dimensional linear algebra is a subject that mathematicians understand
very well. There aren’t that many isomorphism types of objects (one for each
dimension), and we have a pretty good understanding of the maps between them.
Our next goal in these notes is to explore the idea of doing linear algebra locally
over a fixed base space X. To be slightly more precise, our objects of interest will
be maps of spaces F — X where the fibers carry the structure of vector spaces;
a map from £ — X to B/ — X is a continuous map F': E — E’, commuting
with the maps down to X, such that F is a linear transformation on each fiber. It
turns out that much of linear algebra carries over easily to this enhanced setting.
But there are more isomorphism types of objects here, because the topology of X
allows for some twisting in the vector space structure of the fibers. The surprise
is that studying these ‘twisted vector spaces’ over a base space X quickly leads to
interesting homotopy invariants of X! Topological K-theory is a cohomology theory
for topological spaces that arises out of this study of fibrewise linear algebra.

8. VECTOR BUNDLES

A (real) vector space is a set V together with operations +: V x V — V and
-t RxV — V satisfying a familiar (but long) list of properties. If X is a topological
space, a family of vector spaces over X will be a continuous map p: £ — X
together with extra data making each fiber p~!(x) into a vector space, with the
operations varying in a continuous manner. The easiest way to say this is as follows:

Definition 8.1. A family of (real) vector spaces is a map p: E — X together
with operations +: E xx F — FE and -: R X E — E making the two diagrams

EXXE—>E Rx E———F

~ ~N S

commute, and such that the operations make each fiber p_l(:r) into a real vector
space over X.

One could write down the above definition completely category-theoretically, in
terms of maps and commutative diagrams. Essentially one is defining a “vector
space object” in the category of spaces over X.

The space X is called the base of the family. If z € X we will usually write
E, for the fiber p~!(x) regarded with its vector space structure. The dimension of
E, is called the rank of the family at =, and denoted rank, (E). The rank of F is
defined to be

rank(F) = sup{rank,(F) |z € X},
where we include the possibility rank(E) = co (although we will never need this).

We leave it to the reader to define a map between families of vector spaces, an
isomorphism between families of vector spaces, a “subspace” of a family of vector
spaces, and so on. All of the definitions from linear algebra can easily be adapted.



A GEOMETRIC INTRODUCTION TO K-THEORY 51

Example 8.2.

(a) The simplest example is £ = X x R"™, with the projection map X x R” — X.
This is called the trivial family of rank n, and it is often denoted simply by
n (with the space X understood).

(b) Let E = {(z,v) |z € R?,v € R.(x)}, and let p: E — R? be projection onto the
first coordinate. Define (z,v) + (z,v") = (z,v+v’) and r.(z,v) = (z,rv). This
makes E — R? into a family of vector spaces. Note that the fiber p~!(z) is
one-dimensional for x # 0, but 0-dimensional when xz = 0.

(c) Let X = R. Let e1, ez be the standard basis for R, Let E C X x R? be the
union of {(z,re;) |z € Q,r € R} and {(z,re2) |z € X\Q,r € R}. Recall from
(a) that X x R? — X is a family of vector spaces, and note that E becomes a
sub-family of vector spaces under the same operations.

The family of vector spaces from Example (c) perhaps makes it clear that this
notion is too wild to be of much use: there are too many ‘crazy’ families of vector
spaces like this one. One fixes this by adding a condition that forces the fibers to
vary continuously, in a certain sense. This is done as follows:

Definition 8.3. A wvector bundle is a family of vector spaces p: E — X such
that for each x € X there is a neighborhood x € U C X, an n € Z>o, and an
isomorphism of families of vector spaces

p~H(U) N/XR”
\U

Usually one simply says that a vector bundle is a family of vector spaces that is
locally trivial. The isomorphism in the above diagram is called a “local trivializa-
tion”.

Remark 8.4. Note that the n appearing in Definition [8.3] depends on the point z.
It is called the rank of the vector bundle at z, and denoted rank, (E). It is easy to
prove that the rank is constant on the connected components of X. Vector bundles

of rank 1 are often called line bundles, and bundles of rank 2 are called plane
bundles.

Notation 8.5. If p: £ — X is a family of vector spaces and A <— X is a subspace,
then p~1(A) — A is also a family of vector spaces. We will usually write this
restriction as E|4. Note that if E is a vector bundle then so is E|4, by a simple
argument. The construction E|4 is a special case of a pullback bundle, which we
will discuss in Section 8.9l

Of the families of vector spaces we considered in Example only the trivial
family from (a) is a vector bundle. Before discussing more interesting examples, it
will be useful to have a mechanism for deciding when a family of vector spaces is
trivial. If p: E — X is a family of vector spaces, a section of p is a map s: X — F
such that ps = id. The set of sections is denoted I'(E), and this becomes a vector
space using pointwise addition and multiplication in the fibers of E. A collection
of sections sy, ..., s, is linearly independent if the vectors s1(x), s2(x), ..., s(2)
are linearly independent in E, for every z € X.
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Proposition 8.6. Let E — X be a family of vector spaces of constant rank n.
Then the family is trivial if and only if there is a linearly independent collection of
sections S1,52, ..., 8n.

Proof. We mostly leave this to the reader. The map X x R™ — FE given by
(yt1, ..y tn) — t1s1(x) + -+ - + tpsp () gives the desired trivialization. O

Example 8.7.

(a)

Let ¢: R™ — R™ be a vector space isomorphism. Let £/ = [0,1] x R” and let E
be the quotient of E’ by the relation (0,v) ~ (1,¢(v)). Identifying S with the
quotient of [0,1] by 0 ~ 1, we obtain a map E — S! that is clearly a family of
vector spaces. We claim this is a vector bundle. If « € (0, 1) then it is evident
that E is locally trivial at 2, so the only point of concern is z = 0 =1 € S'.
Let ey,...,e, be the standard basis for R", and let s;: [0, ﬂ — FE’ be the
constant section whose value is e;. Likewise, let s;: (2,1] — E’ be the constant
section whose value is ¢(e;). Projecting into E we obtain s;(0) = s;(1), and
so the sections s; and s; patch together to give a section S;: U — E, where
U =10, i) U (%, 1]. The sections Sy, ..., S, are independent and therefore give
a local trivialization of E over U.

When n = 1 and ¢(x) = —x the resulting bundle is the Mdébius bundle M,

depicted below:

|

We further discuss the case of general n and ¢ in Example below.
Let X = RP", and let L C X x R**! be the set

L={{,v)|leRP",z €l}.

Then L is a subfamily of the trivial family, and we claim that it is a line bundle
over X. To see this, for any | € X we must produce a local trivialization. By
symmetry it suffices to do this when | = (e;). Let U C RP" be the set of lines
whose orthogonal projection to {(e1) is nonzero. Such a line contains a unique
vector of the form e; + u where e; - uw = 0. Define s: U — L by sending [ to
(I,e1 + u) where e; + u is the unique point on ! described above. This section
is clearly nonzero everywhere, so it gives a trivialization of L|y;. Thus, we have
proven that L is locally trivial and hence a vector bundle.

The bundle L is called the tautological line bundle over RP™. Do not
confuse this with the canonical line bundle over RP™ that we will define shortly
(they are duals of each other). Note that when n = 1 the bundle L is isomorphic
to the M&bius bundle on St.

One may generalize the previous example as follows. Let V be a vector space
and fix an integer k > 0. Consider the Grassmannian Grg (V') of k-planes in V.
Let

n={W,x)|W € Gry(V),x € W}.
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Projection to the first coordinate 7: n — Gri (V) makes 7 into a rank k vector
bundle, called the tautological bundle over Gry (V). To see that it is indeed
a bundle, let W € Gry (V) be an arbitrary k-plane. By choosing an appropriate
basis for V' we can just assume W = (ey,...,er). Equip V with the standard
dot product with respect to the e-basis, and let U C Grg (V') be the collection
of all k-planes whose orthogonal projection onto W is surjective (equivalently,
an isomorphism). One readily checks that this is an open set of W. For each
J e Ulet s1(J),...,sk(J) be the unique vectors in J that orthogonally project
onto ey, ...,ex. One checks that these are continuous sections of 5|y, and of
course they are clearly independent and hence give a local trivialization.

(d) Let M be a smooth manifold, and let TM — M be its tangent bundle. So the
fiber over each x € M is the tangent space at x. Let x € M and let U be a

local coordinate patch about x. Let z1,...,x, be local coordinate in U, and
let O1,...,0, be the associated vector fields (giving the tangent vectors to the
coordinate curves in this system). Then 0, ..., d, are independent sections of

TM, and hence give a local trivialization.

Definition 8.8. A map of vector bundles is just a map of the underlying families
of vector spaces.

Note that if f: EF — F' is a map of vector bundles over X then neither ker f nor
coker f will necessarily be a vector bundle. For an example, let X = [—1,1] and
let E = 1. Define f: E — E by letting it be multiplication-by-t on the fiber over
teX.

8.9. Pullback of vector bundles. Suppose that p: F — X is a family of vector
spaces and f: Y — X is a map. One may form the pullback Y Xx E, more
commonly denoted f*FE in bundle theory:

ffE=——Y xxE——>E

L

Y —X.

A point in f*F is a pair (y,e) such that f(y) = p(e), and one defines addition and
scalar multiplication on f*E by (y,e) + (y,€') = (y,e +¢€') and r - (y,e) = (y,re).
This makes f* — Y into a family of vector spaces, called the pullback family.
If y € Y then there is an evident map of vector spaces (f*E), — Ey(,) which one
readily checks is an isomorphism.

It is easy to see that if E' is a vector bundle then so is f*F; in this case f*F is
called the pullback bundle.

Example 8.10.

(a) If f is an inclusion Y — X then f*F is just the restriction F|y that we have
discussed before.

(b) Pullback bundles can be slightly non-intuitive. Let M — S! be the Mobius
bundle, and let f: S' — S! be the map z — 2z2. We claim that f*M =2 1. This
is easiest to see if one uses the following model for M:

M= {(ew,rei%) ‘9 € [0,2n],r € R}.
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The bundle map is projection onto the first coordinate 7: M — S'. Then
f*M = {(e",re?) |6 € [0,27],7 € R}. This is clearly isomorphic to S* x R,
via the map (e, r) — (e, re').

We can also demonstrate the isomorphism f*M 2 1 by the following picture:

L

Here f is the evident map that wraps the circle around itself twice, so that f~!(z) =
{a,b}. We see that f*M can be thought of as two copies of M that are cut open
and then sewn together as shown, thereby producing a cylinder.

Remark 8.11. Given composable maps Z Ly 4, X, there is an evident natu-
ral isomorphism (fg)*E = ¢*(f*E). For each topological space X and each integer
k > 0, let Vecty(X) denote the set of isomorphism classes of vector bundles of
rank k& on X. The pullback construction then makes Vect,(—) into a contravariant
functor from Top into Set.

8.12. Comnstructing vector bundles out of old ones. Let p: E — X and
p': E' — X be two vector bundles, say of constant ranks k and [, respectively.
We may form a new bundle E @ E’, whose underlying topological space is just the
pullback E xx E’. So a point in E @ F is a pair (e, e’) where p(e) = p(¢/). The
rules for vector addition and scalar multiplication are the evident ones. Note that
the fiber of E & E’ over a point z is simply E, @ E..

More generally, any canonical construction one can apply to vector spaces may
be extended to apply to vector bundles. So one can talk about the bundles £ ® E',
the dual bundle E*, the hom-bundle Hom(E, E’), the exterior product bundle \'FE,
and so on. We will only carefully define F ® E’, and leave the other definitions to
the reader.

Set-theoretically define

EQFE ={(z,v)|z e X,ve E, ® E.}.

This is clear enough, and it is clear how to define addition and scalar multiplication
in the fibers. The only thing that takes thought is how to define the topology
on F® E’, and to check that the operations are continuous. But it is enough to
define the topology locally, and to check continuity locally. If x € X, let U be a
neighborhood of z over with both E and E’ are trivializable. Choose isomorphisms
¢: U x RF — E|y and ¢/: U x Rl — E'|y. Then one gets a bijection of sets
Ux (RF@R!) — (E® E")|yy which is a linear isomorphism on each fiber: one sends
(u, v @w) to (u, p(u,v) ® ¢'(u, w)) and then extends linearly. Finally, one uses this
bijection to transplant the topology from U x (R* @ R!) to (E ® E')|yy. We leave
the reader to fill in all the details here.
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Remark 8.13 (External sums and products). Let F — X and F — Y be two
vector bundles, but this time over possibly different base spaces. One may construct
an external direct sum EGF — X x Y whose fiber over (z,y) is B, @ F,. The
underlying topological space of E&F is just Ex F, and it has the evident operations.
Note that EGF can also be constructed as 7} (E) @73 (F), where 71 and 75 are the
projections from X x Y onto the two factors.

In the case X =Y we can construct the (internal) direct sum from the external
one: namely E@® F = A*(EQF) where A: X — X x X is the diagonal map. Thus,
the internal and external direct sums determine each other.

One can tell a similar story about external tensor products, or external hom-
bundles.

8.14. Constructing vector bundles by patching. Let X be a space and let
A and B be subspaces such that AU B = X. Recall that if f4: A — Y and
fB: B — Y are continuous maps that agree on A N B then we may patch these
together to get a continuous map f: X — Y provided that either (i) A and B are
both closed, or (ii) A and B are both open. This is a basic fact about topological
spaces. The analogous facts for vector bundles are very similar in the case of an
open cover, but more subtle for closed covers.

Proposition 8.15. Let E — X be a family of vector spaces.

(a) If {Uy} is an open cover of X and each E|y, is a vector bundle, then E is a
vector bundle.

(b) Suppose {A, B} is a cover of X by closed subspaces, and that for every x € ANB
and every open neighborhood x € U C X there exists a neighborhood x € V.C U
such that VN AN B — VN B has a retraction. Then if E|a and E|p are both
vector bundles, so is E.

Proof. Part (a) is trivial, so we focus on (b). Let z € X, with the goal of producing
a local trivialization around x. There are three cases: t € X — A, x € X — B, and
x€ ANDB. If x € X — B then z € A, and since E|4 is a vector bundle there exists
an open subset U of X such that E|4 is trivializable over UNA. If V =UN(X —B)
then V is an open neighborhood of x in X and V C U N A, so FE is trivializable on
V. A similar argument works if x € X — A.

Finally, we analyze the case x € AN B. The fact that F|4 is a vector bundle
implies that there exists an open set x € U C X such that E is trivializable over
U N A. So there exist independent sections si,...,s, defined on U N A. By our
assumption there exists a neighborhood x € U’ C U such that UUNANB — U'NB
has a retraction. Pre-composing the maps s;|y'nanp with this retraction, we obtain

maps s},...,s,: U N B — FE that are everywhere linearly independent.

r n
Now patch the section s;|yna together with s|pnp (these agree on the intersec-
tion by construction) to form a section t;: U’ — E. These sections are everywhere

independent, and so give a local trivialization of E on U’. (]

Remark 8.16. A good example of Proposition [8.15(b) is the covering of a sphere
S™ by its upper and lower hemispheres.

Corollary 8.17 (Patching vector bundles). Let {A, B} be a cover of the space X.
Suppose given vector bundles E4 — A and Ep — B, together with a vector bundle
isomorphism ¢: Exlang — Eplanp. Then there exists a vector bundle E — X
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such that E| s is isomorphic to Ea and E|g is isomorphic to Ep provided that one
of the following conditions holds:

(i) A and B are both open, or
(i) A and B is a closed cover satisfying the hypotheses in part (b) of Proposi-
tion [8. 15,

Proof. Define E to be the pushout of the following diagram:

[}
Eslane — EBlanp>—> Ep

|

The maps F4 — X and Egp — X yield a map F — X, and one readily checks
that this inherits the structure of a family of vector spaces. It is also evident that
E|s 2 E4 and E|p = Ep. It only remains to verify that F is a vector bundle, and
this is a direct application of Proposition [8.15 ([l

Corollary admits a generalization to arbitrary open coverings. Suppose {U, }
is an open cover of X, and assume given a collection of vector bundles E, — U,,.
For each « and 3 further assume given an isomorphism

$8,0: Ealvanvs — Eslu.nu,-
Let E be the quotient of II,FE, by the equivalence relation generated by saying
(@, va) ~ (B, 9p,a(va)) for every o, B, and vy € Eulu,nu,. Here we are writing
(av, vo) for the element v, in I, E., that lies in the summand indexed by c.

It is easy to see that in this generality F is a family of vector spaces. It is not
necessarily the case, however, that F|y, = E,. If this were true for all a then of
course F would be a vector bundle and we would be done. Here is the trouble,
though. Suppose aq,az,...,q, are a sequence of indices such that ag = a,, =
a. If v € E, then we identify v with ¢4, o, (v), which is in turn identified with
a1 (Pay.a0(v)), and so forth—so that v ends up being identified with

(8'18) ((ba'ruanfl © ¢an717an72 0---0 (bal,ao) (U)

Note that, like v, this expression is an element of . So identifications are possibly
being made within individual summands of 11, F,, rather than just between differ-
ent summands. The fibers of E|y_ are quotients of those in E,,, but they might not
be identical. To prohibit this from happening we impose some extra conditions: for
any indices «, 3, v we require that

(i) (ba,a = id,

(i) The two isomorphisms ¢~ o and ¢, 30 ¢g. agree on their common domain of

definition, which is Eq|v,nvsnu, -
We leave it to the reader to check that these conditions force any expression as
in , with ap = vy, to just be equal to v (in particular, note that they force
Pa,p = QSBL) So the fibers of E coincide with the fibers of the E,’s, we get
isomorphisms E|y, & E,, and hence E is a vector bundle.
Condition (ii) above is usually called the cocycle condition. To see why, con-

sider the case where all of the F,’s are trivial bundles of rank n. Then the data
in the ¢, g maps is really just the data of a map g, g: Uy NUs — GL,(R). These
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go,3 maps are called transition functions. Condition (ii) is the requirement that
the transition functions assemble to give a Cech 1-cocycle with values in the group
GL,(R). Condition (i) is just a normalization condition, so that we are deal-
ing with ‘normalized’ Cech 1-cocycles. Elements of the Cech cohomology group
Hl(U.; GL,(R)) can be seen to be in bijective correspondence with isomorphism
classes of vector bundles on X that are trivializable over the U,’s; if we take the
direct limit over all open coverings then we obtain a bijection between isomor-
phism classes of vector bundles on X and elements of the Cech cohomology group
H'(X;GL,(R)). But we are getting ahead of ourselves here; see Section for

more discussion.

8.19. Dual bundles. Let ¥ — X be a vector bundle of rank n. Using the
method of Section [B:12] we can define the dual bundle E*, which set-theoretically
is {(z,v) |2z € X,v € EX}. One can examine this construction in terms of patching
trivial bundles. Choose an open cover {U,} of X with respect to which F is triv-
ializable; a choice of trivialization over each U, then yields a collection of gluing
maps ¢q,3. We think of E as being built from the trivial bundles E, = U, x R"
via these gluing maps. Then the dual bundle E* is built from the trivial bundles
U, x (R™)* via the duals of the gluing maps: that is, (QSE*)[;,Q = ( aEﬁ)*

We will see in a moment (Corollary that for real vector bundles over para-
compact Hausdorff spaces one always has E = E*, although the isomorphism is
not canonical. This is not true for complex or quaternionic bundles, however.

Let L — CP™ be the tautological complex line bundle over CP". Its (complex)
dual L* is called the canonical line bundle over CP"™. Whereas from a topological
standpoint neither L nor L* holds a preferential position over the other, in algebraic
geometry there is an important difference between the two. The difference comes
from the fact that L* has certain “naturally defined” sections, whereas L does not.
For a point z = [z : -+ : 2,] € CP", L, is the complex line in C"*! spanned
by (z0,...,2,). Given only z € CP" there is no evident way of writing down a
point on L., without making some kind of arbitrary choice; said differently, the
bundle L does not have any easily-described sections. In contrast, it is much easier
to write down a functional on L,. For example, let ¢; be the unique functional
on L, that sends the point (zq,..., 2,) to z;. Notice that this description depends
only on z € CP", not the point (zo,...,2,) € C**! that represents it; that is, the
functional sending (Azg,...,Az,) to Az; is the same as ¢;. In this way we obtain
an entire C"T1’s worth of sections for L*, by taking linear combinations of the ¢;’s.

To be clear, it is important to realize that L has plenty of sections—it is just that
one cannot describe them by simple formulas. The slogan to remember is that the
bundle L* has algebraic sections, whereas L does not. In algebraic geometry the
bundle L* is usually denoted O(1), whereas L is denoted O(—1). More generally,
O(n) denotes (L*)®™ when n > 0 (so that O(0) is the trivial line bundle), and
denotes L= when n < 0.

8.20. Inner products on bundles. It is nearly possible to develop everything
we need from bundle theory without using inner products, and in the rest of the
text we do try to minimize our use of them. But for some results the use of inner
products does provide significant simplifications of proofs, and so it is good to know
about them.
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Definition 8.21. Let E — X be a real vector bundle. An inner product on E
is a map of vector bundles E ® E — 1 that induces a positive-definite, symmetric,
bilinear form on each fiber E,. A wvector bundle with an inner product is usually
called an orthogonal vector bundle.

There is a similar notion for Hermitian inner products on complex vector bun-
dles, but here we cannot phrase things in terms of the tensor product because of
conjugate-linearity in one variable. So perhaps the simplest thing is just to say that
if F — X is a complex bundle then a Hermitian inner product isamap Exx E — 1
(over X) which induces a Hermitian inner product on each fiber.

Proposition 8.22. Assume that X is paracompact and Hausdorff. Then any real
bundle on X admits an inner product, and any compler bundle on X admits a
Hermitian inner product.

Proof. The idea is to produce the necessary inner products locally, and then use a
partition of unity to average the results into a global inner product.

Let E — X be a real vector bundle, and let {U,} be an open cover over which
the bundle is trivial. Choose bundle isomorphisms f,: E|y, = U, x R™, for each
. Equip R™ with the standard Euclidean inner product, and let (—, —), be the
inner product on E|y, obtained by transplanting the Euclidean product across the
isomorphisms f.

Let {¢q} be a partition of unity subordinate to the cover {U,}. For z € X and
v,w € FE, define

(0, w) = ¢a(z) - (v, W)a-

It is clear that this is continuous in v and w, bilinear, symmetric, and positive-
definite—these follow from the corresponding properties of the forms (—, —),. So
this completes the construction.

The proof for Hermitian inner products on a complex bundle is basically identi-
cal. O

Corollary 8.23. Let E — X be a real vector bundle on a paracompact Hausdorff
space X. Then E is isomorphic to its dual E*.

Proof. Start by equipping F with an inner product £ ® E — 1, and note that the
fiberwise forms are nondegenerate (since they are positive-definite). The adjoint of
the above bundle map is a map F — E*, and nondegeneracy of the fiberwise forms
shows that this is a fiberwise isomorphism. O

Remark 8.24. Here is an illuminating exercise. Every complex vector space may
be equipped with a nondegenerate, symmetric bilinear form. Check that the proof
of Proposition does not generalize to show that every complex vector bundle
may be equipped with a symmetric bilinear form that is nondegenerate on the
fibers—in particular, find the point where the proof breaks down. Note that if the
proof did generalize, one could show just as in Corollary [8.23] that every complex
bundle was isomorphic to its own dual. This is false, as we will see in Example [8:20]
below. The complex version of Corollary says that if £ — X is a complex
bundle over a paracompact space then E is isomorphic to the conjugate of E* (the
bundle obtained from E* by changing the complex structure so that z € C acts as

7).
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Consider a trivial bundle X x R" — X and equip it with the standard inner
product. This bundle may be considered as trivial in two different ways: the vector
bundle structure is trivial, and the inner product structure is also trivial. It is not
clear a priori that the former property implies the latter, but in fact it does:

Proposition 8.25. Let X be a space. Every inner product on X xR"™ is isomorphic
to the ‘constant’ inner product provided by the standard Fucliden metric.

Proof. Consider R™ with its standard basis eq, ..., e,. Inner products on R™ are in
bijective correspondence with symmetric, positive-definite matrices A € M,, «,(R),
by sending an inner product (—, —) to the matrix a;; = (e;, e;). Let MY+ denote
the space of such matrices. To give an inner product on the trivial bundle X x R™
is therefore equivalent to giving a map X — MS¥™ T,

Given an isomorphism R” — R" we may transplant an inner product from the
target onto the domain; this gives rise to an action of GL,,(R) on the space of inner
products. If P € GL,(R) and A € M*¥"™7 then the action is P.A = PAPT. The
fact that every inner product on R™ has an orthonormal basis shows that My +
equals the orbit of the identity matrix I,, under this action. The stabilizer of the
identity is of course the orthogonal group O,,, and so we obtain the homeomorphism
GL,(R)/O,, = Msy™+,

Now consider the fibration sequence O,, — GL,(R) — GL,(R)/O,,. The pro-
jection map sends a matrix P to PI,PT = PPT. The inclusion O, — GL,(R)
is a homotopy equivalence by Gram-Schmidt, and so GL,(R)/O,, is weakly con-
tractible. Standard techniques show that this homogeneous space may be given the
structure of a CW-complex. The lifting diagram

GL,(R)

ro.

GLo(R)/On —%n G (R)/O,

therefore has a lift as indicated.

As we have discussed, our given inner product on X x R™ is represented by a map
X — GL,(R)/O,,. Compose with r to obtain X — GL,(R). This map specifies a
bundle isomorphism X x R" — X xR"; if we equip the domain with our given inner
product and the codomain with the standard inner product, this map preserves the
inner products and therefore proves the proposition. [l

Suppose that £ — X is a rank n real vector bundle with an inner prod-
uct. Choose a trivializing open cover {U,}, and for each « fix an inner-product-
preserving trivialization f,: E|y, — U, X R™ where the codomain has the stan-
dard inner product (this is possible by Proposition . The transition functions
9a,8: Ua NUg — GL,(R) therefore factor through O,,, as they must preserve the
inner product. This process is usually referred to as reduction of the structure
group.

We may use these ideas to give another proof of Corollary one that is
perhaps more down-to-earth. Let ' — X be a real vector bundle on a compact
space, and choose a trivializing cover {U,} with respect to which there exist local
trivializations where the transition functions are maps go,3: Uy NUg — O,,. So we
obtain I by gluing together the spaces F, = U, x R" via the maps g, 5. But then
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we obtain E* by gluing together the spaces U, x (R™)* via the maps

hg.a = 9o
Recall that in terms of matrices the dual is represented by the transpose. Since
each g, 5(z) is in O,, we can write hg o (z) = gog(z)~!, or

hap(%) = hga(2) ™" = ga,s(2).
In other words, the transition functions for £ and E* are exactly the same, and
that is why the bundles are isomorphic.
We close this section with the promised example of a complex bundle that is not
isomorphic to its dual:

Example 8.26. Let D, and D_ denote the upper and lower hemisphere of S?;
let S be the equator, which we identify with the unit complex numbers. Given a
map f: S' — GL,(C) we may construct a complex bundle on S? by taking two
trivial bundles np . and np and gluing them together using the map f: precisely,
for z € St an element v € (QD+)Z is glued to f(z)-v € (QDi)z. Here we are using
Corollary B.17(b). Let E(f) denote the resulting bundle.

Observe that giving an isomorphism E(f) — FE(g) is equivalent to giving two
maps A: Dy — GL,(R) and B: D_ — GL,(C) such that g(z) - A(z) = B(2) - f(2)
for all 2 € S1. Let us rewrite this as A(z) = g(z)"!B(2)f(z). Now, the map
Blgi: St — GL,(C) is null-homotopic because it extends over D_; so it is (un-
based) homotopic to the constant map at 1. Therefore the map z — g(z) "' B(z2)f(2)
is homotopic to g(z)~1f(z). But Alg: is also (unbased) homotopic to the constant
map at 1, because it extends over D. So we have proven that if F(f) = E(g) then
z +— g(2)71f(z) is unbased homotopic to a constant.

Next, observe that the dual of E(f) is E(f’), where f'(z) = [f(z)T}fl. So if
E(f) is isomorphic to its dual then the map z — f(2)T - f(z) is null-homotopic.

Consider the case f(z) = z. Since z +— 22 is not null-homotopic, we see that
E(f) is not isomorphic to its dual. The reader may wish to check that E(f) is the
tautological line bundle L — CP?.

9. SOME RESULTS FROM FIBERWISE LINEAR ALGEBRA

Recall that our basic goal is to learn to do linear algebra “over a base space”.
The fundamental objects in this setting are the vector bundles, and the maps are
the bundle maps. This section contains a miscellany of results that are frequently
useful. This material can be safely skipped the first time through and referred back
to as needed.

Lemma 9.1. Let X be any space, and let f: n — k be a surjective map of bundles.
Then f has a splitting.

Note that the result is not immediately obvious. Of course one can choose a
splitting in each fiber, but what guarantees that these can be chosen in a continuous
manner?

Proof. Let W = {A € My, | rank A = k}, which is the space of surjective maps
R™ — R¥ (our matrices act on the left). Let Z be the space

Z = {(A,B)| A € Myxn,B € Muyy, AB = I},
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which is the space of surjective maps with a chosen splitting. We claim that the
projection map p;: Z — W is a fiber bundle with fiber R¥("=%) but defer the proof
for just a moment. The fact that the fiber is contractible then shows that p; is
weak homotopy equivalence.
Consider the diagram
Z

P1 iw
W=—=W.
The Lie group GL, (R) x GL,(R) acts on W via change-of-basis in the domain and
range, and this action is transitive. So W is homeomorphic to a homogeneous space
(GL,(R) x GLi(R))/H for some subgroup H. From this it is not hard to see that
W can be given the structure of a CW-complex. The standard lifting theorems
now show that there is a lifting r: W — Z in the above diagram.

Our surjective bundle map f: n — k is determined by a map X — W. Com-
posing with W — Z, and then projecting to the second coordinate of Z, gives the
desired splitting for f.

It remains to prove the claim about p; being a fiber bundle. Let A € W. Since
rank(A) = k there is a k x k minor of A that is nonzero; without loss of generality let
us assume that it is minor made up of the first & columns of the matrix. Let U C W
be the subspace consisting of all matrices where this same minor is nonzero, which
is an open neighborhood of A in W. Writing matrices in block form, U consists of
matrices [X|Y] where where det(X) # 0. Then p; ' (U) consists of pairs

R

having the property that det(X) # 0 and XJ + YK = I;. We obtain an iso-
morphism U x M,,_xx(R) = 7=3(U) by sending ([X|Y],K) to axy.jx with
J=X"1I - YK). O

Note the significance of the map W — Z that is produced in the above proof.
This assigns to every surjection R — R* a splitting, and it does so in a continuous
manner. Of course there is no claim that there is a nice formula for how to do this,
and in fact there almost certainly is not—but the proof shows that there does exist
some way of doing so.

The following proposition is the generalization to arbitrary bundles:

Proposition 9.2. Let X be a paracompact space. Then any surjection of bundles
E — F has a splitting.

Proof. Briefly, we choose local splittings and then use a partition of unity to patch
them together.

Choose an open cover {U,} such that both E and F are trivializable over each
U,. Lemma @ shows that there are splittings x: Fy, — Ey,. Now choose a
partition of unity {¢.} subordinate to our open cover. Set x = >, #aXa. This
sum makes sense because the partition of unity is locally finite, and one readily
checks that it is a splitting for f. O

The next result gives a useful tool for recognizing vector bundles. The proof
follows the same pattern of the previous two results.
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Proposition 9.3. Let X be any space, and let f: E — F be a map of vector
bundles over X. If f has constant rank then ker f, coker f, and im f are vector
bundles.

Proof. We first prove the result for ker f and coker f. Let 2 € X, let n = rank, (F),
let k = rank, (F'), and let r = rank(f). It will suffice to produce a neighborhood U
of x together with n —r independent sections of ker f over U and k —r independent
sections of coker f over U. In particular, this makes it clear that we might as well
assume that E and F' are both trivial bundles; in this case f is specified by a map
X — W, where W, = {4 € My, | rank(A) =r}.
Let Z, be the space
Z, ={(A,v1,...,0n—p) | A EMgxn,rank(A) = r,
and v1,...,V,—, span the kernel of A}.

One can check that the projection Z,, — W, is a fiber bundle with fiber GL,,_,.(R),
but this is stronger than what we actually need. We only need that the map is
locally split: any point in W, has a neighborhood over which there exists a section.
Given a map X — W,., it will then follow that every point in = has a neighborhood
over which there exists a lifting into Z,., and this will give the n — r independent
local sections of ker f.

So let A be a point in W,.. Since rank(A) = r, some r x r minor of A is nonzero.
Without loss of generality we might as well assume it is the upper left r x r minor.
Since rank(A) = r, then for j > r the jth column of A is a linear combination of
the first 7 columns in a unique way; said differently, there is a unique vector of the
form

Vj = €5 — S51€1 — S2€2 — ++* — Sp€p
that is in the kernel of A. Here the s;’s are certain rational expressions in the
matrix entries of A that can be determined using Cramer’s Rule. These formulas
define sections on the neighborhood U of A consisting of all k£ x n matrices of rank
r whose upper left 7 X r minor is nonzero. This finishes the proof of our claim.

We have established that ker f is a vector bundle. The proof for coker f is entirely
similar. Finally, consider the projection F' — coker f. This map has constant rank,
and so by what has already been established its kernel is a vector bundle. Notice
that this kernel is precisely im a. (Il

The result below is an easy variation on Proposition [9.2} it will be used often,
and so it is useful to have it stated explicitly.

Corollary 9.4. Let X be a paracompact space. Then any injection of bundles
E — F has a splitting.

Proof. Let @ be the quotient, which is a vector bundle by Proposition 9.3l By
Proposition[0.2 the map F — @ has a splitting, which then induces an isomorphism
F = E® Q. The composition F =, Fo Q =5 F gives the required splitting of
E <— F. O

The next result is of a somewhat different nature:

Proposition 9.5. Suppose that X is compact and Hausdorff. Then every bundle
is a subbundle of some trivial bundle.
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Proof. Let m: E — X be a vector bundle on X. Choose a finite cover Uy, ..., Us
over which F is trivializable, which exists because of compactness. For each 7 choose

a trivialization f;: E|y, — U; x R". Write F, = mo f;.
Let {¢;} be a partition of unity subordinate to the open cover. Define a map
B:EFE— XxR"XR"x.--xR"

(where there are s copies of R™) by the formula

Blv) = (m, 61 (T0)Fy (v), . .., qﬁs(ﬁv)Fs(v)).

We have written 7o instead of 7(v) here, to avoid being overwhelmed by parenthe-
ses. Note that if v is not in E|y, then F;(v) is undefined, but in this case ¢;(mv)
equals 0 and so the formula still makes sense. It is routine to check that this formula
gives an embedding of bundles. ]

Finally, we close this section with a few useful results related to ranks and
exactness:

Lemma 9.6. Let a: E — F be a map of vector bundles over X. Then for any
n € Zxg, the set R,, = {x € X | rank(ay,) > n} is an open subset of X.

Proof. Let k = rank(F) and | = rank(F'). Let = € R,,. We can choose a neighbor-
hood V' of & over which both E and F' are trivial. The map « is then specified by
a continuous function a: V — Hom(R* R!) = My (R). Since rank(a,) > n, some
n X n minor of a(x) is nonzero. If U C M;«;(R) is the subspace of all matrices
for which the corresponding minor is nonzero, this is an open subset of Mk (R).
Then ¢~1(U) is a neighborhood of x that is completely contained in R,,. O

Lemma 9.7. Let E - F 2 G be an exact sequence of vector bundles. Then
ima (which equals ker B) is a vector bundle.

Proof. Using Proposition [9.3] it suffices to prove that « has constant rank on each
connected component of X. Without loss of generality we can assume that X is
connected. Since the question is local on X, we can assume that FE, F', and G are
all trivial bundles. Let n = rank(F).

Pick an € X and let p = rank(a,). Then rank((3,;) = n — p by exactness. Let
U={z¢€ X|rank(a,) > p} and V = {z € X | rank((,) > n —p+ 1}. Note that
exactness implies that U = X — V. But both U and V are open by Lemma
which means they are also both closed. By connectedness, U is either empty or the
whole of X. Since x € U, we must have U = X.

A similar argument proves that {z € X | rank(a,) < p} = X. So for every z € X
we have p < rank(a.) < p; that is, the rank of « is constant on X. O

If E, is a chain complex of vector bundles on X and = € X, write (E,), for the
chain complex of vector spaces formed by the fibers over z. Define the support
of E,, denoted Supp E,, to be the subspace {x € X | (E,), is not exact} C X. We
will occasionally write Supp, E, for {x € X | H;((F,).) # 0}. Note that Supp F, =
U; Supp; E..

Proposition 9.8. Let E, be a chain complex of vector bundles on X. Then for

any i € Z, the subspace Supp, E, is closed in X. If E, is a bounded chain complex
then Supp E, is closed.
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Proof. We will prove that X — Supp, E, is open, so assume x belongs to this set.
Write the maps in the chain complex as

Eiy1 = E; £, E; 1.

Let n = rank,(F;), a = rank, (o), and b = rank, (). Since the complex is exact at
z in the ith spot we have a + b = n. By Lemma [9.6] applied twice, there is an open
neighborhood U of = such that rank,(«) > a and rank,(5) > b for all y € U. Then
we can write
a < rank,(a) <n —rank,(5) <n-—">

where the middle inequality follows from the fact that (E,), is a chain complex.
Since a = n — b all the inequalities are in fact equalities, and so we have exactness
at y for all y € U. That is, U C X — Supp; E..

The final statement follows from the fact that Supp F, is a finite union of the
Supp, E. spaces. O

10. SWAN’S THEOREM

In this section we explore our first connection between topology and algebra. We
will see that vector bundles are closely related to projective modules.

When X is a space let C'(X) denote the ring of continuous functions from X to
R, where the addition and multiplication are pointwise. Recall that if £ — X is a
family of vector spaces, then I'(E) denotes the vector space of sections. In addition
to being a vector space, it is easy to see that this is actually a module over C(X):
if f € C(X) and s € I'(E) then fs is the section = — f(z)s(z). The assignment
E — T'(E) gives a functor from vector bundles to C'(X)-modules.

It is easy to check that T is a left-exact functor: if 0 - E' — F — E” — 0 is
an exact sequence of families of vector spaces then 0 — I'(E') — I'(E) — I'(E") is
exact.

If E — X is a vector bundle then of course the modules of the form I'(F) are not
just arbitrary C(X)-modules; there is something special about them. It is easiest
to say what this is under some assumptions on X:

Proposition 10.1. If X is compact and Hausdorff, and E is a vector bundle over
X, then T'(E) if a finitely-generated, projective module over C(X).

Proof. By Proposition[0.5| we can embed F into a trivial bundle N. This embedding
has constant rank, so by Proposition [9.3] the quotient @ is also a vector bundle. So
we have the exact sequence 0 — E — N — @ — 0 of vector bundles on X. Now
apply I'(—), which yields the exact sequence
0—-T(F)—-T(N) —T(Q)
of C(X)-modules. This much is for free. But by Proposition the map N — Q
has a splitting, and this splitting shows that T'(N) — I'(Q) is split-surjective. So
I'(E)eT(Q) =T(N) = C(X)".
That is, I'(E) is a direct summand of a free module; hence it is projective. (]

For the rest of this section we will assume that our base spaces are compact
and Hausdorff. Let {(Vect(X))) denote the category of vector bundles over X,
and let {(Mod —C(X))) denote the category of modules over the ring C(X). Let
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{(Proj —C(X))) denote the full subcategory of finitely-generated, projective mod-
ules. Then I' is a functor (Vect(X))) — {(Proj—C(X))). It is proven in [Sw]| that
this is actually an equivalence:

Theorem 10.2 (Swan’s Theorem). Let X be a compact, Hausdorff space. Then
I': {Vect(X))) — {(Proj—C(X))
is an equivalence of categories.

To prove this result we need to verify two things:
e Every finitely-generated projective over C'(X) is isomorphic to T'(E) for
some vector bundle FE.
e For every two vector bundles F and F, the induced map

I HomVect(X) (E, F) — HOch(X) (FE, FF)
is a bijection.
That is to say, we need to prove that I' is surjective on isomorphism classes, and is
fully faithful. Here is the first part:

Proposition 10.3. If X is paracompact Hausdorff and P is a finitely-generated
projective module over C(X), then P =2 T'(E) for some vector bundle E — X.

Proof. Choose a surjection p: C'(X)™ — P. Since P is projective, there is a splitting
X. Then e = xp satisfies e? = e, and P is isomorphic to im(e).

Since e: C'(X)™ — C(X)™ we can represent e by an n x n matrix whose elememts
are in C'(X). Denote the entries of this matrix as e;;. Note that for any z € X we
can evaluate all these functions at x to get an element e(z) € M, xn(R).

Define a map of vector bundles a: R® x X — R™ x X by the formula «a(v,z) =
e(z) - v. Then the sequence

le' -«
n—n-—-—n
is an exact sequence of vector bundles. Let E = im(«), which by Lemma is a
vector bundle on X; the proof of that lemma also shows that o has constant rank.
We claim that I'(E) = P. To see this, consider the following diagram of vector
bundles:

«
ker o n n

N

im A.

The map n — im « is split by Proposition[9.2] because X is paracompact. Applying
I" to the above diagram gives

T (ker a)>— C(X)" = cx)m™

I

I'(im ).

The sequence 0 — T'(kera) — C(X)" — I'(ima) — 0 is exact because it was
split-exact before applying I', and the identification I'(ker o) = ker(T'a) shows that
I'(ker ) is the kernel of e. It now follows that I'(im «) is isomorphic to the image
of e, which is P. O
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Our final goal is to prove that I' is fully faithful. To do this, it is useful to relate
the fibers E, of our bundle to an algebraic construction based on the module I'(E).
For each x € X consider the evaluation map ev,: C(X) — R, and let m, be the
kernel. The ideal m, C C(X) is maximal, since the quotient is a field.

Note that we have the evaluation map ev,: I'(F) — E,. This map clearly sends
the submodule m,I'(E) to zero.

Lemma 10.4. Assume that X is paracompact Hausdorff. Then for any vector
bundle E — X and any x € X, the map ev,: I'(E)/m,I'(FE) — E, is an isomor-
phism.

Proof. We first record the following important fact, which we label (*): if s is
a section of E defined on some open neighborhood U of z, then there exists a
section s’ defined on all of X such that s and s’ agree on some (potentially smaller)
neighborhood of x. To see this, first choose an open neighborhood V' of = such
that V C U (this exists because X is normal). By Urysohn’s Lemma there is a
continuous function f: X — R such that f|V = 1 and f|x_y = 0. The assignment
z — f(z) - s(z) is readily checked to be a continuous section of E that agrees with
sonV.

To prove surjectivity of ev,, let v € E,. Since F is locally trivial, one can find
a section s defined locally about x such that s(x) = v. By principle (*) there is a
section s’ defined on all of X that agrees with s near x; in particular, s'(z) = v.

For injectivity we must work a little harder. Suppose that s € I'(E) and s(z) = 0.
We must prove that s € m,I'(E). Choose independent sections ey, ..., e, defined
on U. Fact (*) says that by replacing U by a smaller neighborhood of x we can
assume that the sections are defined on all of X (but only independent on U).

Using that e1(y),...,en(y) is a basis for E, when y € U, we can write s(y) =
a1(y)e1(y) + -+ + an(y)en(y) for uniquely defined numbers aq(y),...,a,(y) € R.
The functions a; are continuous, since they may be expressed by determinantal
formulas via Cramer’s Rule. Regarding the a;’s as local sections of the trivial
bundle X x R, (*) shows we may assume the a;’s are defined on all of X (again,
we need to replace U with a smaller neighborhood here). Since s(x) = 0 note that
0=ai(z) =az(x) = = ay(z).

Let t =s—aje; — -+ —ane, € I'E. Note that ¢t vanishes throughout the neigh-
borhood U of . Again using the Urysohn Lemma, choose a continuous function
b: X — R such that b(z) = 0 and b|x_y = 1. Observe that

s(y) = b(Y)t(y) + a1(y)e1(y) + ... + an(y)en(y),

for every y € X: for if y € U then t(y) vanishes, and if y ¢ U then b(y) = 1.
So s = bt + aje; + -+ + aye,, and the expression on the right is manifestly in
m,I'(E). O

Proposition 10.5. Assume that X is paracompact Hausdorff. Then for any vector
bundles £ and F over X, the map T': Homyecee(x)(E, F) — Home(x)(TE,T'F) is
a bijection.

Proof. First of all, it is easy to check this when E and F are both trivial. A map
of vector bundles R¥ x X — R! x X is uniquely specified by a map X — M;xx(R),
and likewise a map of C(X)-modules C(X)* — C(X)! is specified by an [ x k
matrix with entries in C(X). One observes that continuous maps X — M« (R)
bijectively correspond with ! x k matrices with entries in C'(X).
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For the general case, consider the following diagram:

HomVect(X) (E7 F) L HOII’lc(X)(].—W.E7 PF)

|

[L.cx Hom(E,, F,) —> 1, cx Hom(PE/m, T E,TF/m,T'r).

The bottom horizontal map is an isomorphism by Lemma [10.4] The left vertical
arrow sends a bundle map a: E — F to the collection of its restrictions to each
fiber; surely this map is an injection. It follows at once that I' is also an injection.

It remains to show that the top horizontal map is a surjection, so let § €
Home(x)(T'E,TF). We can apply the right vertical arrow to (3, and then find
a unique preimage in [[, Hom(E,, F,) using that the bottom map is an isomor-
phism. This gives us a map of sets a: £ — F, by defining it on each of the fibers.
We need to prove that « is continuous. However, this is a local question: so it
suffices to do so in the case that E and F' are trivial, and this case has already been
verified. So we have produced a bundle map «: E — F whose restriction to each
fiber agrees with the map (. It follows that « is sent to 8 by I'. ([

Note that we have now completed the proof of Swan’s Theorem, via Proposi-

tions [[0.3] and [[0.5

10.6. Variants of Swan’s Theorem. 7777

11. HOMOTOPY INVARIANCE OF VECTOR BUNDLES

For a fixed n, let Vect,(X) denote the set of isomorphism classes of vector
bundles on X. It turns out that when X is a finite complex this set is always
countable, and often finite. It actually gives a homotopy invariant of the space X.

Write ig and 47 for the two inclusions X < X x I coming from the boundary
points of the interval. The key to homotopy invariance is the following result.

Proposition 11.1. Let X be paracompact, and let E — X x I be a vector bundle.
Then there is an isomorphism i§(E) = i (E).

Before proving this let us give the evident corollaries:

Corollary 11.2. Fiz n > 0.

(a) If f,g: X — Y are homotopic then f* and g* give the same map Vect,(Y) —
Vect, (X).

(b) If f: X — Y is a homotopy equivalence then f*: Vect,(Y) — Vect,(X) is a
bijection, for all n > 0.

(c) If X is contractible then all vector bundles on X are trivializable.

Proof. For (a),let H: X x I — Y be a homotopy and consider the diagram

7, *
Vect, (X) === Vectn (X x I) <" Vect, (V).
i
One of the compositions is f*, the other is g*, and Proposition says that the
two compositions are the same.
Parts (b) and (c¢) are simple consequences of (a). O
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Example 11.3. To give an idea how we will apply these results, let us think
about vector bundles on S!. Divide S' into an upper hemisphere D, and a lower
hemisphere D_, intersecting in two points. Each of Dy and D_ are contractible,
so any vector bundle will be trivializable when restricted to these subspaces.

Given two elements «, 3 € GL,(R), let E,(a,3) be the vector bundle on S*
obtained by taking np and np and gluing them together via o and § at the
two points on the equator. The considerations of the previous paragraph tell us
that every vector bundle on S is of this form. The following picture depicts the
construction of E,(a, B3):

Lo

1 1
g
1 1

Note that E,(id,id) = n, and Fi(id,—1) = M (the Md&bius bundle). It is easy
to check the following:
(1) En(a76) = En(idva_lﬁ)
(2) E,(d,B) = E,(id, ') if and only if 8 and 3’ are in the same path component

of GL,(R) (or equivalently, if det(3) and det(5’) have the same sign).

In (2) we have used the fact that m7o(GLy,(R)) = Z/2, with the isomorphism being
given by the sign of the determinant.

Let us explain the above facts. The isomorphism in (1) can be depicted as

T e
« I6] id a~ 1B
[T C—T
Here f and g are maps Dy — GL,(R) and D_ — GL,(R) giving the isomorphisms
on each fiber; compatibility with the gluing requires that we have g(—1)a = f(—1)
and a~13f(1) = g(1)8. This can be achieved by letting f(t) = I, and g(t) = a1,
for all ¢.

The proof of (2) is a little more subtle. To give an isomorphism E(id, 3) =
E(id, ') we must again specify maps f and g as above, but this time satisfying
g(—1) = f(-1) and B'f(1) = ¢g(1)8. If we paste D, and D_ together at —1
and identify the resulting interval with [0,1], then we are just asking for a map
h:[0,1] — GL,(R) such that 8'h(1) = h(0)5.

If 8 and @' are in the same path component then choose a path h: I — GL,(R)

such that h(0) = 8’ and h(1) = 5. Since we then have 3’h(1) = h(0)g, this yields
the desired isomorphism. Conversely, if we have a map h satisfying 3'h(1) = h(0)3

[0
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then we can rearrange this as 3’ = h(0)3h(1)~!. The term on the right is path-
connected to h(0)3h(0)~!, using the homotopy ¢ +— h(0)3h(t)~1. But h(0)Bh(0)~?
has the same determinant as (3, so these are also in the same path-component.
Hence, 8" and (3 are themselves path-connected and this proves (2).

To summarize, from (1) and (2) it follows that isomorphism types for rank n bun-
dles over S* are in bijective correspondence with the path components of GL,,(R).
We know that for n > 0 there are two such path components, which can be rep-
resented by the identity matrix and the diagonal matrix J whose diagonal entries
are —1,1,1,...,1. The corresponding bundles E, (id, 8) are n and M & (n — 1).

Most of the basics of this discussion generalize readily from S* to S*. We discuss
this in Proposition [12.2

The methods of the above example apply in much greater generality, and with
little change allow one to get control over vector bundles on any suspension. We
will return to this topic in the next section.

At this point let us now give the proof of Proposition [11.1] This proof is from
[Ha2].

Proof of Proposition[I1.1} Pick an z € X. Using the compactness of I and the
definition of vector bundle, we may find an open neighborhood U C X of x and
values 0 = ag < a1 < ... < an_1 < an, = 1 such that E is trivial over each
U x lai,a;+1]. Patching these together gives a trivialization of the vector bundle
over U x I.

Now assume for a moment that X is compact. Then we can cover X by open sets
Ui, ...,U, such that E is trivial over each U; x I. Fix trivializations of each E|y,.
Choose a partition of unity ¢1,..., ¢, subordinate to this cover, and set Gy = 0,
Bi = ¢1+ ...+ ¢;. Define X; to be the graph of §; in X x I. Observe that 5, =1
and thus X, = X x {1}, Xo = X x {0}.

There are homeomorphisms X — X; given by x — (x, §;(x)). Via these we can
think of each X; as a copy of X.

X5+

There are maps f;: X; — X;_1 defined by “pushing down until you hit the next
graph”, and each of these is a homeomorphism. We may restrict E over each X;,
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and a little effort yields diagrams

Here, the top map uses the fact X; and X;_; coincide except over the open set Uj,
and that E|y, is trivial. Each map E|x, — E|x,_, is an isomorphism on the fibers.

Via the identifications X 2 X, each E|x, is a vector bundle on X and we have
isomorphisms

~

i(E) = Elx, — Elx,_, — Elx,_, — + — Elx, — Elx, = i}(E).

This gives us what we wanted.

The paracompact case is similar, except now we only have a countable covering
rather than a finite one. One can still make sense of the countable composition
of the resulting isomorphisms, and essentially the same proof goes through. The
reader is referred to [Ha2] for complete details. O

Remark 11.4. The isomorphism ifj(E) = i} (E) is not canonical, as is clear from
the proof of the theorem.

Remark 11.5. We have seen that all bundles on contractible spaces are trivial,
and that there is a close connection between vector bundles and projective modules.
Recall that when & is a field then k[x1, ..., x,] is the algebraic analog of affine space
A™, and that projectives over this ring correspond to algebraic vector bundles. The
analogy with topology is what led Serre to conjecture that all finitely-generated
projectives over k[z1,...,x,] are free, as we discussed in Example

We have proven that if F is a vector bundle on X x I then i§(E) = if(E).
It is natural to wonder if this result has a converse, but stating such a thing is
somewhat tricky. Here is one possibility: if I and I are isomorphic vector bundles
on X, is there a vector bundle E on X x I such that i$(E) = F and i} (F) & F'?
Unfortunately, this has a trivial answer: yes, just take E = 7*(F') where 7: X xI —
X is the projection. So this phrasing of the question was not very informative.

Here is another possibility: if F' and F’ are isomorphic vector bundles on X, is
there a vector bundle E on X X I such that i (F) = F and i{(E) = F'? Note the
presence of equalities here, as opposed to isomorphisms. This question does not
have an obvious answer, but it is also the kind of question that one really doesn’t
want to be asking: saying that two abstract gadgets are equal, rather than just
isomorphic, is going to force us down a path that requires us to keep track of too
much data.

So we find ourselves in somewhat of a muddle. Perhaps there is an interesting
question here, but we don’t quite know how to ask it. One approach is to restrict to
a class of bundles where “equality” is something we can better control. For example,
one can restrict to bundles on X that sit inside of X x R*°. Here, finally, we have
an interesting question: if F and F’ are two such bundles, which are abstractly
isomorphic, is there a bundle F inside of (X x I) x R* that restricts to F' and F”
at times 0 and 1?7 The answer is yes, and we will next explain why.
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11.6. Classifying spaces. We may view a vector bundle as a family of vector
spaces indexed by the base space. In general, we may view a map X — Y as
a family of blah if each fiber is a blah. We naively hope that families of some
mathematical object over X are in bijection with maps from X to some space,
called the moduli space corresponding to that mathematical object. With this
naive idea, we would hope that families over * are in bijective correspondence with
points of our moduli space. However, this does not work since the moduli space of
R™’s is *.

If V.C W then we get an induced inclusion of Grassmannians Grg(V) —
Gry(W). Consider the standard chain of inclusions of Euclidean spaces R, and de-
fine the infinite Grassmannian Gr, (R>) to be the colimit of the induced sequence
of finite Grassmannians:

Gr,(R*®) = ckolim[Grn (RF)].

Define v, — Gr,(R*®) by v, = {(V,2) |V € R*®,dim(V) = n,z € V}. This is
the tautological vector bundle on the infinite grassmanian.
To any map f: X — Gr,(R*>) we associate the pullback bundle

i ———"n

|,

X —L > Gra(R).

The assignment f +— f*v, gives a map Hom(X, Gr,(R*>)) — Vect, (X). Observe
that if f,g: X — Gr,(R*) are homotopic maps, then f*y, = g*v, by Corol-
lary [I1.2|(a). In this way we have constructed a map ¢: [X, Gr,, (R>)] — Vect,(X).
We will show that this is an isomorphism when X is compact and Hausdorff.

Lemma 11.7. Let j¢, j°%4: R>® — R be given by j°*(x1, T2, ...) = (0,71,0, 29, ...)
and % (1, 29,...) = (21,0,29,0,...). Then j°¥ ~ j° ~ id, via homotopies H
having the property that each H; is a linear embedding.

Proof. We prove the claim for j¢¥; the proof for j° is analogous. Define a homo-

topy H: R®°xI — R by H(z,t) = tj*(x)+(1—t)z. Thisis clearly a homotopy be-
tween j°¥ and id. It remains to be shown that this is a homotopy through linear em-
beddings. Let ¢t € (0,1) and suppose that H(x,t) = 0. We need to show that x = 0.
Our assumption yields 0 = ((1 —t)z1,tz1 + (1 — t)xe, (1 — t)xs, tae + (1 — t)z4, ...).
Therefore (1 —t)a; = 0 for all odd 4; but since ¢ # 1, this means that z; = 0 for all
odd i. Likewise, observe that tx, + (1 — t)x2, = 0 for all n € N. So z,, = 0 implies
o, = 0. Since we have z; = 0 for all odd ¢ and every natural number n can be
written in the form n = 2¢4, it follows that x = 0. ([l

Theorem 11.8. The map ¢: [X, Gr,(R*>®)] — Vect,(X) is always injective, and
is bijective when X is compact and Hausdorff.

Proof. For injectivity, assume f,g: X — Gr,(R*) are such that f*(v,) = ¢*(vn)
as vector bundles over X. We will show that f is homotopic to g. Let a: f*(,) —
g*(7n) be an isomorphism. By Lemma we may replace f by j¢¥ o f and g by
j°% o g. In doing so, we are effectively assuming that f(z) C RS and g(z) C RS,
for each z € X. Now simply define H: X x I — Gr,(R*>°) by setting H(z,t) =

{tv+(1—=t)a(v)|v € f(x)}. Tt is easy to see that H(x,t) is a subspace of R>. Since
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f(x) and g(x) are disjoint one readily argues that H(z,t) is n-dimensional, for all ¢.
So we really do have a homotopy, and clearly Hy = g and H; = f. CONTINUITY
OF H? PICTURE HERE

For surjectivity, assume X is compact and Hausdorff and let E — X be a vector
bundle of rank n. Then by Proposition there exists an embedding j: F — N,
for large enough N (this is where we use the assumption on X). Note that N =
X xRN C X x R®. Now define f: X — Gr,(R>®) by f(z) = j(E,) C RYN C R>.
It is left to the reader to check that f is continuous and that f*(v,) = E. |

11.9. Stabilization of vector bundles. Here is a simple application of classifying
spaces that we will occasionally find useful. Fix a space X. If E — X is a vector
bundle of rank n, then of course F @ 1 is a vector bundle of rank n + 1. We get a
sequence of maps
Vecto(X) £l Vect(X) £l Vecta(X) LN

Are these maps injective? Surjective? Are there more and more isomorphism
classes of vector bundles as one goes up in rank, or is it the case that all “large”
rank vector bundles actually come from smaller ones via addition of a trivial bundle?
A homotopical analysis of classifying spaces allow us give some partial answers here.
We handle both the case of real and complex bundles:

Proposition 11.10. Let X be a finite-dimensional CW-complex. For real vector
bundles, Vect,(X) — Vect,41(X) is a bijection for n > dim X +1 and a surjection
for n = dim X. For complex bundles, VectS(X) — VectSH(X) is a bijection for
n > %dimX and a surjection for n > %(dimX —1).

Proof. The map Vect,(X) — Vect,1(X) is represented by a map of spaces
fi Grp(R*®) — Grp41(R*). A little thought shows this to be the map that sends
a subspace V. C R*® to R® V C R @ R* and then uses a fixed isomorphism
R ® R*® = R*® to obtain a point in Gr,4+1(R>). To establish the proposition we
must analyze when [X, Gr,, (R*>)] S, [X, Gry,41(R%)] is injective/surjective.

Now, the inclusion Gry, (R*) — Gry4+1(R*) is n-connected. This can be argued
in different ways, but one way is to examine the Schubert cell decompositions of
each space and observe that they are identical until one reaches dimension n + 1.
This connectivity result implies that [B, Gr,(R*)] — [B, Grp4+1(R*)] is bijective
for CW-complexes with dim B < n — 1, and surjective for CW-complexes with
dim B = n. We simply apply this to B = X.

For the complex case, Gr,(C>®) — Grp4+1(C*) is now (2n + 1)-connected. So
we get the analogous bijection for CW-complexes B of dimension at most 2n, and
the surjection when dim B = 2n + 1. O

12. VECTOR BUNDLES ON SPHERES

In this section we explore the set of isomorphism classes Vect,,(S*) for various
values of k and n. There are two important points. First, for a fixed k these
sets stablize for n > 0. Secondly, Bott was able to compute these stable values
completely and found an 8-fold periodicity (with respect to k) in the case of real
vector bundles, and a 2-fold periodicity in the case of complex bundles. Bott’s
periodicity theorems are of paramount importance in modern algebraic topology.
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12.1. The clutching construction. Let X be a pointed space, and let C'y and C_
be the positive and negative cones in ¥X. Fix n > 0. For amap f: X — GL,(R),
let E,(f) be the vector bundle obtained by gluing n|c, and n|c_ via the map f
(we use Corollary B.17(b) here). Precisely, if € X and v belongs to the fiber of
ne, over x then we glue v to f(z) - v in the fiber of no  over z. This procedure
for constructing vector bundles on XX is called clutching, and every bundle on ¥ X
arises in this way. By changing basis in one of the trivial bundles one sees we can
always require f(*) = I,; that is, we can require f to be a based map.

Proposition 12.2.
(a) If f,f'+ X — GL,(R) are homotopic relative to the basepoint, then E,(f) &

En(f7)-
(b) The induced map E,: [X,GL,(R)]. — Vect,(2X) is a bijection.

Proof. Note that (b) follows immediately from (a), since our discussion above
showed that F, is a surjection. To prove (a), let f,g: X — GL,(R) be based
maps with Ey =2 E;. A choice of isomorphism « amounts to giving maps
ay: Uy — GL,(R) and a—: U- — GL,(R) such that

[ (aylx) = (a-[x) - g.

Since a4 |x can be extended to Cy there is a basepoint preserving homotopy
between a4 |X and the map sending X to the basepoint of GL,,(R). The basepoint
of GL,(R) is just the identity map so we have f - (a4 |x) ~ f. The same argument
shows that a_|x ~ g and hence f ~ g. O

Let us apply the above result when X is a sphere S¥~1. We obtain a bijection
Vect,,(S*¥) ~ m,_1GL,(R). For k > 2 note that the right-hand-side is a group,
although there is no evident group structure on the left-hand-side. It will be con-
venient to replace GL,(R) with its subgroup O,. Recall that O,, — GL,(R) is
a deformation retraction, as a consequence of the Gram-Schmidt process. When
k > 2 any based map S*~! — O, must actually factor through the connected
component of the identity, which is SO,,. So we have

Vect,, (S%) = 1, 1GL,(R) 2 1,10, = 1,150,
(where the last isomorphism needs k > 2).
12.3. Vector bundles on S'. For k = 1 and n > 0 we have that Vect,, (S!) =
moGL,(R) = Z/2, and we have previously seen in Example that the two

isomorphism classes are represented by n and M @ (n — 1) where M is the M&bius
bundle.

12.4. Vector bundles on S?. Here we have Vect,(S?) = 7,50,,. Recall that
SOy = 81, and so we get Vecta(S?) = Z. We claim that for n > 2 one has
1150, = 7/2, so that we have the following:

1 ifn=1,
Proposition 12.5. Vect,,(S?) = 7,(S0,) =<{ Z if n=2,
ZJ2Z ifn > 3.

Proof. First of all SO; = {1} and SO, = S, so this takes care of n < 2. For n = 3
recall that SO5 = RP?, so that 7m1(SO3) = Z/2. To see the homeomorphism use
the model RP® 2 D3/~ where the equivalence relation has & ~ —z for z € D3,
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Map D3 — SOj3 by sending a vector v to the rotation of R with axis (v), through
|v| - 7 radians, in the direction given by a right-hand-rule with the thumb pointed
along v. Note that this makes sense even for v = 0, since the corresponding rotation
is through 0 radians. For € 9D? this map sends x and —z to the same rotation,
and so induces a map RP® — SOs. This is clearly a continuous bijection, and
therefore a homeomorphism since the spaces are compact and Hausdorff.

For n > 4 one can use the long exact sequence associated to the fibration
SO, _1 — SO, - S"! to deduce that 71(SO,,) = 71 (SO, _1). O

Definition 12.6. Let O(n) € Vect2(S?) be the vector bundle Ey, where f,: S' —
S04 is a map of degree n. Note that O(0) = 2.

The bundles O(n), n € Z, give a complete list of the rank 2 bundles on S2. To
get to rank 3 we consider the operation of adding on a trivial line bundle, and note
that we have commutative diagrams

Vect,,_1(5?) o Vect,, (S?)

ui lu

T1(SOn_1) ——= 1,(SO,)

where the bottom map is induced by the inclusion i: SO,_; — SO,. We saw
in the proof of Proposition that the bottom horizontal map (and therefore
the top one as well) is an isomorphism for n > 4. For n = 3 we need to analyze
m1(SO02) — m1(SO3), but this is readily seen to be the projection Z — Z/2 (use the
fibration sequence SOy — SOz — S?). This shows that O(j) @ 1 is trivial when j
is even, and is isomorphic to the nontrivial bundle O(1) & 1 when j is odd.

Putting all of this information together, the following table shows all the vector
bundles on S?:

n 1 2 3 4 5 6
Vect,,(S2) [[1]0(n),neZ[3,001)al|4,00)@2]5 01)®3

The operation (—) @ 1 moves us from one column of the table to the next, and is
completely clear except from column 2 to column 3; as we saw above, there it is
given by O(j) @1 =3 if j is even, and O(j) @1 = O(1) @ 1 if j is odd.

To complete our study of these bundles there is one final question that we should
answer, namely what happens when one adds two rank 2 bundles (all other sums
can be figured out once one knows how to do these):

' 4 if j +k is even,
Theorem 12.7. O(j) ® O(k) = {O(l) @2 ifj+kis odd

Proof. Let f;: S* — SO and fi: S* — SO; be the clutching functions for O(j)
and O(k), respectively. The clutching function for the bundle O(5)®O(k) is the map
[i @ fr: St — SO4, where @ is the (pointwise) block diagonal sum SOz x SOy —
S0y, given by

0 B

We can factor f; & fi, = (f; ® fo) - (fo ® frx) where - is pointwise multiplication.
It is a standard fact in topology that the group structure on [S!, SOy]. given by

(A, B) — {A O} .
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pointwise multiplication agrees with the group structure given by concatenation
of loops (this is true with SO, replaced by any topological group). Note that the
homotopy classes of fo® fir. and fr P fo are the same, since these clutching functions
give rise to isomorphic bundles. So we have

[fj & fx] = [f5 & fol + [fx & fol
where this is a statement abouts sums of homotopy classes in 71 (SOy).
But m1(S04) = Z/2. The function f; @ fy is the nontrivial element of 71,50,
precisely when j is odd, and similarly for fi & fo. It follows that the sum of these
elements is trivial/non-trivial when j + k is even/odd. O

12.8. Vector bundles on S%. Now we have to calculate 7550,,. This is trivial
for n < 2 (easy), and for n = 3 it also trivial: use SO3 = RP® and the fibration
sequence Z/2 < S® — RP3. Finally, the fibration sequences SO,,_; — SO,, —»
5"~ now show that m250,, = 0 for all n. We have proven

Proposition 12.9. Vect,,(5%) = m3(S0,,) = 0. That is, every vector bundle on S*
is trivializable.

12.10. Vector bundles on S*. Once again, we are reduced to calculating 7350,,.
Eventually one expects to get stuck here, but so far we have been getting lucky
so let’s keep trying. The group is trivial for n < 2, and for n = 3 it is Z using
S05 = RP? and 7)2 — S® — RP3. Next look at the long exact homotopy sequence
for the fibration SO3 — SO, — S3:

- 7)2 = m4(S%) = Z — 7380, — 7 — my(S03) = 0.
It follows that 73504 = Z2. Next do the same thing for SO, — SO5 — S*:
7, = 7T4SO4 — 7T3504 — 7T3SO5 — 0.
Unfortunately we cannot go further without calculating the map 7454 — 73504,
which is Z — Z2. So now we are indeed stuck, unless we can resolve this issue. Note,
however, that the fibrations SO,,_; — SO,, — 8"~ ! show that 73505 = 7350,
for n > 5, so once we've figured this one out we know everything. We will not

justify it here, but it turns out that the map Z < Z? is an inclusion. So we get
that

1 n<2

7 =3

Proposition 12.11. Vect, (S*) ~ 73(S0,,) = 72 n |
n =

Z n>0b.

With some additional work one can write down a table of all bundles on S*,
much as we did for S2, and figure out how all the direct sums behave. We won’t
bother with this.

12.12. Vector bundles on S*. Although we can not readily do the calculations
for k > 4, at this point one sees the general pattern. One must calculate 7,150,
for each n, and these groups vary for a while but eventually stabilize. In fact,
190, = m;S0p41 for © +1 < n. The calculation of these stable groups was an
important problem back in the 1950s, that was eventually solved by Bott.

Let us phrase things as follows. Consider the inclusions

01‘%02%03%"'
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A 0
0 1
called the stable orthogonal group. The homotopy groups of O are the stable
values that we encountered above. We computed the first few: 70O = Z/2, 710 =
Z/2, 90O = 0. And we stated, without proof, that 730 = Z. Bott’s calculation
showed the following:

that send a matrix A to . The colimit of this sequence is denoted O and

i [0 1 [2[3[4]5[6]7] 8 | 9 [10[11[12]13]14
mO | Z/2|Z/2[0|Z[0][0|0|Z]|Z/2[Z/2[0 [ Z]| 0|0 |Z

The pattern is 8-fold periodic: m; 180 = ;O for all i« > 0. One is supposed to
remember the pattern of groups to the tune of “Twinkle, Twinkle, Little Star”:

zee - two - zee - two - ze -T10-2zee ze - IO-Ze - IO - Ze - IO - Zee.
We will eventually have to understand Bott’s computations at a deeper level; in

particular, we will need to get our hands on explicit generators. But for now we
will just accept that the values are as given above.

12.13. Complex vector bundles on spheres. One can repeat the above analysis
for complex vector bundles on a sphere. One finds that

Vect, (S*) 2 m,_1(G L, (C)) = w1 (Un),
where U,, — GL,(C) is the unitary group. Analogously to the real case, one has

fiber bundles U,,_; — U, — S?*~!. Using that U; = S' one can again compute
Vect (S*) for small values of k. Here is what you get:

n 1] 2 3 4 5 6
Vect,, (ST [[ 0] 0 0 0 0 0
Vect,,(S2) [[Z] Z 7 7 Z Z
Vect,,(S%) [[ 0] 0 0 0 0 0
Vect,,(SH [ 0] Z 7 7 7 Z
Vect,,(S?) [[ 0| Z/2 [ 0or Z/2 [0 or Z/2 | 0 or Z/2 | 0 or Z/2

The stable value in the last row turns out to be 0, although one cannot figure this
out without computing a connecting homomorphism in the long exact homotopy
sequence.

The fiber bundles U,,_; — U,, —» S?"~! again imply that m;U,, stabilizes as n
grows. In fact, mU, = m;U,41 for n > L. We can write the stable value as mU

2
where U is the infinite unitary group defined as the colimit of

U1‘—>U2‘—>U3‘—>"'
Bott computed the homotopy groups of U to be 2-fold periodic, with
- Z 1fz ?s odd
0 if ¢ is even.

Again, for now we will just accept this result; but eventually we will have to un-
derstand the computation in more detail, and in particular we will need to get our
hands on specific generators.
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13. TOPOLOGICAL K-THEORY

For a compact and Hausdorff space X, let KO(X) denote the Grothendieck
group of real vector bundles over X. Swan’s Theorem gives that KO(X) =
Ka14(C(X)), where the latter denotes the Grothendieck group of finitely-generated
projectives. We can repeat this definition for both complex and quaternionic bun-
dles, to define groups KU(X) and KSp(X), respectively. The group KU(X) is
most commonly just written K (X) for brevity. In this section we start to develop
the general theory of these groups, mostly concentrating on KO(X) because the
story is very analogous in the three cases.

Until we explicitly mention otherwise, all spaces in this section are assumed to
be compact and Hausdorff.

13.1. Initial observations on KO. Observe that KO(—) is a contravariant func-
tor: if f: X — Y then f*: KO(Y) — KO(X) sends [E] to [f*E]. In particular,
the squash map p: X — x* yields a split-inclusion p*: KO(x) — KO(X), where the
splitting is induced by any choice of basepoint in X. One has KO(x) 2 Z, so Z is a
direct summand of KO(X). To analyze the complement we can take two different
approaches:

Definition 13.2. For 2 € X let KO(X,z) = ker[KO(X) =, KO(x)] where
i: {x} — X. Further, define KO**(X) = KO(X)/p*KO(x).

The group KO (X, z) is called the reduced KO-group of the pointed space X.
We call KO*'(X) the Grothendieck group of stable vector bundles on X.
The reason for the latter terminology will be clear momentarily. These two groups
are isomorphic; algebraically, this is coming from the split-exact sequence

0— KO(x) - KO(X) — KO®* — 0.

Ifi: {x} — X is the inclusion then i* is a splitting for the first map in the sequence.
One gets an isomorphism between KO (X) and keri* in the evident way, by
sending a class [E] to [E] — p*i*[E]. This isomorphism is used so frequently that it
is worth recording more visibly:

(13.3) KO*(X) = KO (X, ) via [E] — [E] — [rank, (E)].

Remark 13.4. Both KO*(X) and I?é(X, x) appear often in algebraic topology,
and topologists are somewhat cavalier about mixing them up. We give here one
example where this can cause confusion.

Tensor product of bundles makes KO(X) into a ring, via the formula [E]- [F] =
[E ® F] and extending linearly. Then KO (X, ) is an ideal of this ring. Therefore
KO%(X) may be given a product via the above isomorphism, but this product
is not [E] - [F] = [F ® F]. Indeed, it is clear that this definition would not be
invariant under £ — FE @& 1. The product on KO*'(X) is instead [E] - [F] =
[E ® F] — (rank E)[F] — (rank F)[E] + (rank E)(rank F).

We offer the following alternative description of KO%(X). Let Vect(X) be the
set of isomorphism classes of vector bundles on X, and impose the equivalence
relation £ ~ E @ 1 for every vector bundle E. The set of equivalence classes
is obviously a monoid under direct sum (this would be true even without taking
equivalence classes), but it is actually more than a monoid: it is a group. To see
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this, recall that if F is any vector bundle over X then there exists an embedding
E — N for sufficiently large N (Proposition. If @ is the quotient then we have
the exact sequence 0 — F — N — @ — 0, which is split by Proposition So
EdQ = N. Yet N =0 under our equivalence relation, and so F has an additive
inverse. It is easy to see that KO (X)) is precisely this set of equivalence classes.
Finally, here is a third description of KO%!(X). Consider the chain of maps

Vecto(X) o1, Vect (X) LN Vecty(X) LN

The colimit is clearly the set of equivalence classes described in the preceding para-
graph, and therefore coincides with KO*(X).
Recall that Vect,, (X) = [X, Gr,(R*)], and one easily sees that the ©1 map is
represented by the map of spaces
Gr,(R*®) — Grp41(R ® R*) = Gr,11(R™)

that sends a subspace U C R* to R® U C R @ R®. Let Groo(R™) denote the
colimit of these maps

Gr1(R™) 25 Gry(R™) 25 Grg(R™) 2L ...

(we really want the homotopy colimit, if you know what that is, but in this case
the colimit has the same homotopy type and is good enough). You might recall
that Gr,,(R>) is also called BO,,, and likewise Gro,(R*) is also called BO.

Then (for compact Hausdorff spaces X) we have a bijection

co}lim [X, Gr,(R™)] — [X, Groo (R*)].

So we have learned that KO*(X) ~ [X, BO].

If X has a basepoint then we can consider [X, BO], instead of [X, BO]. There
is the evident map [X, BO]. — [X, BO]. Typically there would be no reason for
this to be a bijection, but BO is a path-connected H-space: and in this setting the
map is a bijection. So in fact we can write

KO®(X) ~ [X, BO]..

NOTE: PROBLEM WITH X = S°.
Applying this in particular to X = S* we have that for k > 1

KO (5%) =~ KO®*(S*) = [S*, BO] = [S*, BO), = m(BO) = m_1(0).

The calculations of Bott therefore give us the values of KO (S*). For k = 0 observe
that KO(S°) = KO(x U *) 2 Z ® Z, so we have KO (S°) = Z. This lets us fill out
the table:

TABLE 13.4. Reduced K O-theory of spheres

k 0] 1 | 2 [3[4[5]6]7][8] 9 | 10 |11
KOS ||z |z/2|z/2|lo|lz|ololo|z|z/2|z/2] 0

Now let X be an arbitrary CW-complex, not necessarily compact. We define
KO(X)=[X4,Z x BO). = [X,Z x BO],

where X, denotes X with a basepoint added. For a pointed space X we define
KO(X) =[X,Z x BO]..
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As we have seen it before, Bott Periodicity shows that the homotopy groups
of Z x BO are 8-fold periodic. This is a consequence of the following stronger
statement:

Theorem 13.5 (Bott Periodicity, Strong version). There is a weak equivalence of
spaces Z x BO ~ Q8(Z x BO).

Using Bott Periodicity we can then calculate that for every pointed space X one
has

KO(3X) = [28X,Z x BO], = [X,0%(Z x BO)], = [X,Z x BO], = KO(X).

Remark 13.6. In the complex case, Bott Periodicity gives the weak equivalence

Z x BU ~ Q?(Z x BU). Consequently one obtains K (X2X) = K(X) for all pointed
spaces X.

13.7. K-theory as a cohomology theory. When X is compact and Hausdorff we
have seen that KO(X) 2 [X,Z x BO],, where X is X with a disjoint basepoint
added. The point of this isomorphism is that it immediately gives us several tools
for computing KO(X) that we didn’t have before. These are tools that work for
homotopy classes of maps in reasonable generality, so let us discuss them in that
broader context.

Let X and Z be pointed spaces. Then [X, Z], is just a pointed set, but if we
suspend the space in the domain then we get a bit more structure: [XX, 7], is a
group, where ¥ X is the reduced suspension of X. One way to see this is to collapse
the equatorial copy of X in XX, to get XX V X X; write this collapse map as

V: 23X =YX VEX.

The operation on [£X, Z], is defined by precomposing the wedge of two homotopy
classes with V. With some trouble one checks that ¥X is a cogroup object in the
homotopy category of pointed spaces, which yields that [XX, Z], is a group.

Here is another way to think about this, which relates it to something we already
know. Let F'(X, Z) be the set of functions from X to Z, equipped with the compact
open topology. We can write

[2X, Z]. = [SY, F(X,2)]. =m(F(X,Z))

where the basepoint of F'(X, Z) is the map sending all of X to the basepoint of Z.
Now just use that 71 (F(X, Z)) is a group.

When k > 2 then we have [YF X, Z], = 7, (F (X, Z)) by a similar argument, and
so [E*X, 7], is an abelian group. Alternatively, one proves that now Y*X is a
cocommutative cogroup object in the homotopy category.

Similar results are obtained by putting conditions on Z rather than X. If Z is
a loop space, say Z ~ QZy, then [X, Z]. = [X,Q71]. & [2X, Z1]., and this is a
group by the above arguments. Similarly, if Z is a k-fold loop space for k > 2, say
Z ~QFZ,, then [X, Z], = [Y*, Z1]. and this is an abelian group.

Homotopy classes of maps into a fixed space Z always give rise to exact sequences:

Proposition 13.8. Let X,Y be pointed spaces, and let f: X — Y be a pointed
map. Consider the mapping cone C'f and the natural map p: Y — Cf. For any
pointed space Z, the sequence of pointed sets [ X, Z|. «— Y, Z)x «— [Cf, Z]« is exact
in the middle.
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Proof. Let h: Y — Z and suppose ho f is homotopic to the constant map. Choose
a pointed homotopy H: X x I — Z so that H(X x {1}) = *. Then H induces a
map from CX — Z. Let g: Cf — Z be given by H on CX and h on Y. Then
clearly gop = h. O

Given f: X — Y we form the mapping cone C'f, which comes to us with an
inclusion jo: Y — Cf. Next form the mapping cone on ¢, which comes with an
inclusion j;: Cf — Cjy. Keep doing this forever to get the sequence of spaces
X—->Y—->Cf— Cjy— Cjp — - depicted below:

- @%@Q

Note that Cjo ~ XX and Cj; ~ XY (this is clear from the pictures). Up to sign
the map Cjy — Cj; is just X f, so that the sequence of spaces becomes periodic:

X =Y »Cf %X - 3XY - 3(Cf) - 22X — ...

This is called the Puppe sequence. Note that the composition of two subse-
quent maps is null-homotopic, and that every three successive terms form a cofiber
sequence.

Now let Z be a fixed space and apply [—, Z]. to the Puppe sequence. We obtain
the sequence of pointed sets

(X, Z]. — [V, Z]. < [Cf, Z). — |2X, Z]. — [Z2Y, Z]. — [2(C]), Z]« —

By Proposition this sequence is exact at every spot where this makes sense
(everywhere except at [X, Z].). At the left end this is just an exact sequence of
pointed sets, but as one moves to the right at some point it becomes an exact
sequence of groups (namely, at [XY, Z].). As one moves further to the right, it
becomes an exact sequence of abelian groups by the time one gets to [L2Y, Z],.

If Z ~ QZ, then we can extend the above sequence a little further to the left,
by noticing that the sequences for [—, Z1], and [—, Z]. mesh together:

[)(7 Zl]* < [Y, Zl]* ~<— [Cf, Zl]* < [ZX, Zl] EY Zl <

(X,Q21], < [Y,QZ1], < [Cf, Q2] <

~—I[CrZz

Note that the leftmost cycle of the orlgmal sequence, which we had thought con-
sisted just of pointed sets, in fact consisted of groups! If in turn we have Z; ~ Q75
then we can play this game again and extend the sequence one more cycle to the
left, and so forth. If we are really lucky then we can do this forever:
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Definition 13.9. An infinite loop space is a space Zy together with spaces
71,29, 23, ... and weak homotopy equivalences Z,, ~ Q7,1 for alln > 0.

Note that if Z is an infinite loop space then we really do get a long exact
sequence—infinite in both directions—consisting entirely of abelian groups, hav-
ing the form

T [Cf7 Z’Hrl] — [X7ZZ]* — [Y>Zl]* — [Cfa Z’L]* — [X>Zi71] A

where it is convenient to use the indexing convention Z_,, = Q"Z for n > 0.
This situation is very reminiscent of a long exact sequence in cohomology, so let
us adopt the following notation: write

[X-HZi]* i 2> Oa

EY(X)=[X4,Z]s = {[E_i(X”’ZO]* o

For an inclusion of subspaces j: A — X write

BY(X, 4) = 0}, 2] = {[C?’Z?}* =0

[X'(CY), Zol« i <O.
It is not hard to check that this is a generalized cohomology theory. So we get a
generalized cohomology theory whenever we have an infinite loop space. (You may
know that it works the other way around, too: every generalized cohomology comes
from an infinite loop space. But we won’t need that fact here.)

For us the importance of all of this is that by Bott’s theorem we have

7 x BO ~ Q*Z x BO) ~ Q'%(Z x BO) ~ ....

Thus, Z x BO is an infinite loop space and the above machinery applies. We obtain
a cohomology theory KO*. Moreover, periodicity gives us that KO*™8(X, A) =
KO (X, A), for any i.

This all works in the complex case as well. There we have Zx BU ~ Q2(Zx BU),
so Z x BU is again an infinite loop space. We get a cohomology theory K* that is
2-fold periodic.

13.10. Afterward. The point of this section was to construct the cohomology
theories KO and K, having the properties that when X is compact and Hausdorff
the groups KO°(X) and K°(X) coincide with the Grothendieck groups of real and
complex vector bundles over X. We have now accomplished this! We will spend
the rest of these notes exploring what one can do with such cohomology theories,
i.e., what they are good for. We have already said that one thing they are good
for is calculation; we close this section with an example demonstrating the benefits
and limitations here.

Let us try to compute KO(RP2?). Recall the ubiquitous decomposition
KO(RP?) = Z & I’(\é(RP% = 7 ® KO*(RP?). Next use the fact that RP?
can be built by attaching a 2-cell to RP' = S, where the attaching map wraps S*

around itself twice. That is, RP? is the mapping cone for S — S'. The Puppe
sequence for this map looks like

2 2
st =8t L RP? —S% 2,67 ...
hence we have an exact sequence

— - = KO(S') « KO(S') —« KO(RP?) — KO(S?) — KO(S?) — - --
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Note that this is just the long exact sequence for the pair (RP?, RP') in KO-
cohomology, where we are using the identification KO (S?) = KO°(S?) =
KO~(Sh).
We know KO (S*) for all k > 0, so the above sequence becomes
7)2 — 72 — KO(RP?) — 72 — 72

where both maps Z/2 «— Z/2 are multiplication by 2, i.e. the 0 map. Hence we
have a short exact sequence

(13.11) 0 —Z/2 — KO(RP?) «— Z/2 — 0,

and so either KO (RP?) = (Z/2)? or I%(RPZ) = 7Z/4. Tt remains to decide which
one.

The short exact sequence in is really
0 KO(S') <~ KO(RP?) £~ KO(8%) «— 0.
We have previously seen that the generator of I/(VOO(S b = KO®t(S') corresponds
to the Mobius bundle [M], and the generator of KO (S2) = KO (S2) is [0(1)],
the rank 2 bundle whose clutching map is the isomomorphism S — SO(2). The
image of [0(1)] in If(:ao(]RPQ) is p*O(1), where p: RP? — S? is the projection.

We happen to know one bundle on RP?, the tautological line bundle v. When
we restrict 7 to RP we get M, and so [7] is a preimage for [M] under i*. We need
to decide if 2[y] = 0 in KO*(RP?); if it is, then KO (RP?) = (Z/2)? and if it is
not then KO (RP?) = Z/4. So the question becomes: is v @ ~y stably trivial?

The answer turns out to be that v @ v is not stably trivial; this is an elemen-
tary exercise using characteristic classes (Stiefel-Whitney classes), but we have not
discussed such techniques yet—see Section below f for complete details. For
now we will just accept this fact, and conclude that KO (RP?) = Z/4. Note that
this calculation demonstrates an important principle to keep in mind: often the
machinery of cohomology theories get you a long way, but not quite to the end,
and one has to do some geometry to complete the calculation.

There is a better way to think about this calculation, and we can’t resist pointing
it out even though it won’t make complete sense yet. But it ties in to intersection
theory, which is our overarching theme in these notes. In our discussion above we
used KO®(RP?) as our model for I?(/)(RPQ), but let us change perspective and
use the model that is the kernel of KO(RP?) — KO(x), for some chosen base-
point. Recall that [E] in KO*(RP?) corresponds to [E] — rank(E) in I?é(RPz);
so the class we wrote as [y] is [y] — 1 in the shifted perspective, and we need to
decide if 2([y] = 1) = 0 in KO(RP?). The element 1 — [] should be thought of as
corresponding to a chain complex of vector bundles

0—=~v—1—0,
and thinking of it this way one finds that it plays the role of the K-theoretic
fundamental class of the submanifold RP' < RP?  Then (1 — [y])? represents
the self-intersection product of RP! inside RP?, which we know is a point by the

standard geometric argument (shown in the picture below, depicting an RP! and
a small perturbation of it)):
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In particular, the self-intersection is not empty. This translates to the statement
that (1 — [y])? # 0. But

A=hD)?*=1-20+ [l =1-2h]+1=2(1-D])
where we have used that v ® v = 1 (this is true for any real line bundle, over any
base); so this explains why 2(1 — [y]) # 0. Again, we understand this argument
doesn’t make much sense yet. We will come back to it in Section ?7?77. For the
moment just get the idea that it is the intersection theory of submanifolds in RP?
that is ultimately forcing KO (RP?) to be Z/4 rather than (Z/2)2.

Remark 13.12. It seems worth pointing out that in fact for every n one has
KO (RP™) = 7Z,/2* for a certain value k depending on n. We will return to this
calculation (and complete it) in Section

Exercise 13.13. It is a good idea for the reader to try his or her hand at similar
calculations, to see how the machinery is working. Try calculating some of the
groups below, at least for small values of n:

K(CP"™) (reasonably easy)
KO(CP"™) (a little harder)
K(RP™) (even harder)
KO(RP"™) (hardest).

Don’t worry if you can’t completely determine some of the groups; just see how far
the machinery takes you.

14. VECTOR FIELDS ON SPHERES

It is a classical problem to determine how many independent vector fields one
can construct on a given sphere S™. This problem was heavily studied throughout
the 1940s and 1950s, and then finally solved by Adams in 1962 using K-theory.
It is one of the great successes of generalized cohomology theories. In this section
we discuss some background to the vector field problem. We will not tackle the
solution until Section [33] when we have more tools at our disposal.

14.1. The vector field problem. Given a nonzero vector u = (x,y) in R?, there
is a formula for producing a (nonzero) vector that is orthogonal to u: namely,
(—y,z). However, there is no analog of this that works in R3. That is, there is
no single formula that takes a vector in R® and produces a (nonzero) orthogonal
vector. If such a formula existed then it would give a nonvanishing vector field on
52, and we know that such a thing does not exist by elementary topology.

Let us next consider what happens in R*. Given u = (x1,22,23,74), we can
produce an orthogonal vector via the formula (—zs, x1, —x4, x3). But of course this
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is not the only way to accomplish this: we can vary what pairs of coordinates we
choose to flip. In fact, if we consider

—x2 —X3 —T4

z1 Ty —T3
U1 = ) V2 = ) U3 =

—Tq T T2

T3 —X9 X1

then we find that vy, v9, and v3 are not only orthogonal to u but they are orthogonal
to each other as well. In particular, at each point of S we have given an orthogonal
basis for the tangent space.

We aim to study this problem for any R"™. What is the maximum k for which
there exist formulas for starting with © € R™ and producing k orthogonal vectors,
with u as the first of the set? The following gives a different phrasing for the same
question:

Question 14.2. On S™, how many vectors fields vi,va, ..., v, can we find so that
V1, Vs, ..., 0. are linearly independent for each x € S™?

Note that by the Gram-Schmidt process we can replace “linearly independent”
by “orthonormal.” If n is even, the answer is zero because there does not exist even
a single nonvanishing vector field on an even sphere. To start to see what happens
when n is odd, we look at a couple of more examples.

Let w € S° have the standard coordinates. We notice that the vector v; =
(—x9, 21, —x4, T3, —Tg, T5) is orthogonal to v. However, a little legwork shows that
no other pattern of switching coordinates will produce a vector that is orthogonal
to both u and v1. Of course this does not mean that there isn’t some more elaborate
formula that would do the job, but it shows the limits of what we can do using our
naive constructions.

For v € S7 we can divide the coordinates into the top four and the bottom four.
Take the construction that worked for S? and repeat it simultaneously in the top
and bottom coordinates—this yields a set of three orthonormal vector fields on S7,
given by the formulas

(14.2) (—x9,21, —T4, T3, —Tg, T5, — T8, T7),
(=3, 24,71, —To, —T7, T8, T5, —T¢),
(—.2?4, —r3,—r2,T1, —xg, —T7,Tg, 1‘5).
This idea generalizes at once to prove the following:

Proposition 14.3. If there exist r (independent) vector fields on S™~!, then there
also exist r vector fields on S~ for all k.

For example, since there is one vector field on S' we also know that there is at
least one vector field on S?*~1 for every k. Likewise, since there are three vector
fields on S% we know that there are at least three vector fields on S**~! for every
k.

We have constructed three vector fields on S7, but one can actually make seven
of them. This can be done via trial-and-error attempts at extending the patterns in
, but there is a slicker way to accomplish this as well. Recall that S is a Lie
group, being the unit quaternions inside of H. We can choose an orthonormal frame
at the origin and then use the group structure to push this around to any point,
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thereby obtaining three independent vector fields; in other words, for any point
x € S2 use the derivative of right-multiplication-by-z to transport our vectors in
T153 to T, S3. The space S is not quite a Lie group, but it still has a multiplication
coming from being the set of unit octonions. The multiplication is not associative,
but this is of no matter—the same argument works to construct 7 vector fields on
S7. Note that this immediately gives us 7 vectors fields on S1°, §23, etc.

Based on the data so far, one would naturally guess that if n = 2" then there
are n — 1 vector fields on S™~!. However, this guess turns out to fail already when
n = 16 (and thereafter). To give a sense of how the numbers grow, we give a chart
showing the maximum number of vector fields known to exist on low-dimensional
spheres:

n 214168101214 16|18 20|22 |24 |26|28 30|32
n—1 1135719 (111315171921 |23|25|27|29]31
vion S 131713181 [3[1][7][1]3]1]9

Notice that we have explained how to construct the requisite number of vector
fields until we get to S'®—there we know how to make seven of them, but the
claim is that one can make one more. Once we know how to make eight on S*° we
automatically know how to make eight on S, but the claim is again that one can
construct one more.

Okay. Now that we have a basic sense of the problem let us explain the numerol-
ogy behind the answer.

Definition 14.4. If n = m - 2974 where m is odd, then the Hurwitz-Radon
number for n is p(n) = 2%+ 8b — 1.

Theorem 14.5 (Hurwitz-Radon). There exist at least p(n) independent vector
fields on S™ 1.

Consider n = 32 = 25 = 21%%1  Using the definition, a = b = 1. Then
p(32) = 28 +8(1) — 1 = 9. That is, there are at least 9 vector fields on S3!.
If n = 1024 = 219 = 2242 then p(n) = 224+ 8-2 — 1 = 19; one can make 19
independent vector fields on S'°23. One should of course notice that these number
are not going up very quickly.

We will prove the Hurwitz-Radon theorem by a slick, modern method using
Clifford algebras. But it is worth pointing out that the theorem can be proven
through very naive methods, too (it was proven in the 1920s). All of the Hurwitz-
Radon vector fields follow the general patterns that we have seen, of switching
pairs of coordinates and changing signs—one only has to find a way to organize the
bookkeeping behind these patterns.

14.6. Sums-of-squares formulas. Hurwitz and Radon were not actually thinking
about vector fields on spheres. They were instead considering an algebraic question
about the existence of certain kinds of “composition formulas” for quadratic forms.
For example, the following identity is easily checked:

(2% +23) - (1 +3) = (@191 — 2y2)” + (2192 + 2231)”
Hurwitz and Radon were looking for more formulas such as this one, for larger
numbers of variables:
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Definition 14.7. A sum-of-squares formulas of type [r,s,n| is an identity
@i+ 4P+ 3+ ) =224+ 2

in the polynomial ring R[xy, ..., 2y, Y1, ...,Ys|, where each z; is a bilinear expression
mnx’s and y’s.

We will often just refer to an “[r, s, n]-formula”, for brevity. For what values of r,
s, and n does such a formula exist? This is currently an open question. There are
three formulas that are easily produced, coming from the normed algebras C, H,
and 0. The multiplication is a bilinear pairing, and the identity |zy|?> = |z|?|y|? is
the required sums-of-squares formula. These algebras give formulas of type [2, 2, 2],
[4,4,4], and [8,8,8]. In a theorem from 1898 Hurwitz proved that these are the
only normed algebras over the reals, and in doing so ruled out the existence of
[n, n,n]-formulas for n ¢ {1,2,4,8}. The question remained (and remains) about
other types of formulas. See 77?7 for a detailed history of this problem.

Perhaps surprisingly, most of what is known about the non-existence of sums-
of-squares formulas comes from topology. To phrase the question differently, we
are looking for a function ¢: R” ® R® — R™ such that |¢(z,y)|> = |z|* - |y|? for all
xz € R" and y € R®. The bilinear expressions zi, ..., z, are just the coordinates of
o(x,y).

Write z = ¢(z,y) = > x;A;y, where the A;’s are n x s matrices. The sum of
squares formula says that 27z = (2T2) - (yTy). But 272 = Z(yTA;‘-ij)(xiAiy),

i,j
hence

yT ZmixjAjTAi y:yT((xTx)I)y
,J

for all y. These quadratic forms in y are equal only if inxjA]TAi = (zT2)I =
i,j
Z 221, and this must hold for all 2. Equating coefficients of the monomials in z,
we find that
o ATA; =1 (that is, A; € O,,) for every i, and
. AJTAi + AT A; = 0 for every i # j.
The case s = n turns out to be significantly simpler to address than the general
case. If s =n we may set B; = Ai_lAi. Then the conditions to satisfy become
° BiT =-B;
e B?2=—-1J,
e B;B; = —B;B,; for all i # j.
Note that the first two conditions imply B; € O,,, and the first and third con-
ditions imply BjTBi + BI'B; = 0. So by replacing the A’s with the B’s we have
proven the following:

Corollary 14.8. If an [r,n,n]-formula exists, then one exists where Ay = I and
AT = -4,

In the setting of the corollary, the necessary conditions on the matrices
Ay, Az, ..., A, become that A? =—1I and A;A; = —A;A;.

Corollary 14.9. If an [r,n,n]-formula exists, then there exist r — 1 independent
vector fields on S™ 1.
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Proof. If y € S™~1 then ¢(e;,y) € S~ for i = 1,2,...,r: this follows from the
identity |¢(e;, y)|? = |e:|? - |y|>. We also have that ¢(eq,y) = y since A; = I. We
claim that ¢(e;,y) L ¢(e;,y) if i # j. To see this, note that by the norm formula
|dei + e, y)I” = lei + 5 - [yl* = 2Jy[°.

On the other hand,

plei + e, 9)|* = o(eiy) + (ej, )
- |¢(€1,y)|2 + |¢(6J7y)‘2+2¢(elay) '¢(€j,y)
2|y|2 + ¢)(ei7y) : ¢(ej7y)'
We conclude ¢(e;,y) - ¢(e;,y) = 0. Therefore we have established that ¢(eq, —),
o(e3, =), ..., d(eq, —) are orthonormal vector fields on S™~1. O

14.10. Clifford algebras. We have seen that we get r — 1 independent vector
fields on S™~! if we have a sums-of-squares formula of type [r,n,n]. Having such
a formula amounts to producing matrices As, Az, ..., A, € O, such that A7 = —1
and A;A; + A;A; = 0 for i # j. If we disregard the condition that the matrices
be orthogonal, we can encoded the latter two conditions by saying that we have a
representation of a certain algebra:

Definition 14.11. The Clifford algebra Cly is defined to be the quotient of the
tensor algebra R(eq, ..., ex) by the relations e? = —1 and eiej +eje; = 0 for all
17 7.

The first few Clifford algebras are familiar: Cly = R, Cl; = C, and Cl; = H.
After this things become less familiar: for example, it turns out that Cls = H x H
(we will see why in just a moment). It is somewhat of a miracle that it is possible
to write down a precise description of all of the Clifford algebras, and all of their
modules. Before doing this, let us be clear about why we are doing it:

Theorem 14.12. An [r,n,n]-formula exists if and only if there exists a Cl,_1-
module structure on R™. Consequently, if there is a Cl._1-module structure on R™
then there are r — 1 independent vector fields on S™~ 1.

Before giving the proof, we need one simple fact. The collection of monomials
€ e, for 1 <y <ig < --- < i, <k give a vector space basis for Cli, which
has size 2¥ (note that we include the empty monomial, corresponding to 1, in the
basis). This is an easy exercise.

Proof of Theorem[I{.12 The forward direction is trivial: Given an [r,n,n]-
formula, Corollary gives us such a formula with A; = I. Then define a Cl,._;-
module structure on R™ by letting e; act as multiplication by A;4, for 1 <¢ <r—1.

Conversely, assume that Cl,._; acts on R". We can almost reverse the proce-
dure of the previous paragraph, except that there is no guarantee that the e;’s act
orthogonally on R”—and we need A4; € O,, to get an [r, n, n]-formula.

Equip R™ with a positive-definite inner product, denoted z,y +— z -y. This
inner product probably has no compatibility with the Clifford-module structure.
So define a new inner product on R™ by

(v, w) = > (erv) - (ew),

1<i) <ig < <ij<r—1
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where e; = e;,€;, -+ -¢;; and the sum runs over all 271 elements of the standard
basis for Cl,_;. Basically we are averaging out the dot product. Our inner product
(v,w) is a symmetric bilinear form, and it is positive definite because the dot
product is positive definite. It also has the property that it is invariant under the
Clifford algebra: (e;v, e;w) = (v, w) for all i.

Now let vq,...,v, be an orthonormal basis for R"™ with respect to our new inner
product. Let A; be the matrix for e; with respect to this basis. Then the A;’s
are orthogonal matrices, and the relations A? = —I and A;A; + A;A; = 0 are
automatic because they are satisfied in Cl,._;. In this way we obtain the desired
[r, n, n]-formula. O

Remark 14.13. Most modern treatments of vector fields on spheres go straight
to Clifford algebras and their modules, without ever talking about sums-of-squares
formulas. It seems to us that the sums-of-squares material is an interesting part of
this whole story, both for historical reasons and for its own sake.

From now on we can focus on the following question: For what values of n do we
have a Cl,_i-module structure on R™? This is the neatest part of the story, because
on the face of things it doesn’t seem like we have accomplished anything by shifting
our perspective onto Clifford algebras. We have, after all, just rephrased the basic
question. But a miracle now occurs, in that we can analyze all the Clifford algebras
by a simple trick.

To do this part of the argument, we need a slight variant on our Clifford algebras.
Given a real vector space V and a quadratic form ¢: V' — R, define

CUV,q) = Ta(V)/(v & v = qv) - 1[v E V).
For R* with q(z1,...,2x) = —(2% + --- + z}) this recovers the algebra Cl,. For
q(x1,...,m,) = ¥ + - + 2% this gives a new algebra we will call Cl;. It will be
convenient to temporarily rename Cly, as Cl;. Of course there are other quadratic
forms on R*, but these will be the only two we need for our present purposes.
The discussion that follows is based on the one by Haynes Miller that is given

in [M]. This is by far the best treatment of Clifford algebras that I have found in
the literature.

Proposition 14.14. There are isomorphisms of algebras Clf = Clf @g CIT_,.

Proof. One possible isomorphism sends e; — €3 ® 1, e — e2 ® 1, and for i > 2 we
send e; — e1es ® e;_o. We leave it as an exercise to check that this works.. O

In the analysis that follows we will write A(n) for the algebra M, x,(A), whenever
A is an algebra. The following table gives a list of the first ten Clifford algebras:

We will now explain how to obtain the entries of this table.

Step 1: Rows 0-2.

We have already remarked that ClJ = R, Clf 2 C, and Cl = H. Tt is just as easy
to see that Cl; = R and Cl; = R xR. Finally, with a little more work we also have
Cly; 2 R(2). To get this last isomorphism, note that Cl; is generated by e; and
es subject to the relations e? = —1, €3 = —1, and ejea = —egeq. The conditions
e? = —1 might make you think of reflections, and we can realize the second relation
by using two reflections through lines ¢; and /5 of R? that have a 45 degree angle
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TABLE 14.15. Clifford algebras

r CIt ClL.

0 R R

1 C R xR

2 H R(2)

3 H x H C(2)

4 H(2) H(2)

5 C4) H(2) x H(2)
6 R(8) H(4)

7 | R(8) x R(8) C(8)

8 R(16) R(16)

9| C@16) | R(16) x R(16)
10| H(16) R(32)

between them. We get an algebra homomorphism Cl; — R(2) by sending e; to the
matrix for reflection in ¢;. As both the domain and codomain are four dimensional
over R, it is not hard to prove that the map is surjective and therefore gives an
isomorphism.

Step 2: Rows 3—4.
Now using Proposition [14.14] we find

Cli 2Clf @ Cl] 2H®g (R xR)=H x H

and

Clf = Clf @ Cl;, =~ Heg R(2) = H(2).
We also get

Cly = Cl; ®r Clf 2 R(2) ®@r C = C(2),
and

Cl; = Cl; ®r Clf = R(2) @r H = H(2).

The reader will note that this is fairly easy. Miller [M] describes this process as like
the one of lacing up a shoe.
Step 3: Rows 5—6.
Continuing via the same methods, we now get

Cli = Clf @r Cly; 2 H®g C(2) = (H g C)(2).
Here we need to know something new, namely that HorC = C(2) (see Lemma[14.16]
below). So then

Clf = C(2)(2) = C(4).

Likewise, we have

Clf = Clj ®r Cl; 2 Heg H(2) = (Heg H)(2)

and we again need to know a new fact: this time, that H®@g H = R(4) (once again,
see Lemma |14.16| below). Hence

Clf = R(8).
On the other side, we have
Cly = Cl; ®r ClF = R(2) @ (H x H) = H(2) x H(2),
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and
Cly = Cl; ®r Clf = R(2) @ H(2) = H(4).

Step 4: Rows 7-8.
Although this may be getting tedious, let’s do it yet again. We have
Clf = Clf ®r Cly @ Heg (H(2) x H(2)) = (H e H)(2) x (Hog H)(2)
>~ R(8) x R(8),

and
Cly = Clf ®r Cly = H e H(4) = (Hog H)(4) = R(4)(4) = R(16).
Also,
Cl; = Cl; ®r ClF 2 R(2) ®r C(4) = C(8)
and

Clgy = Cl; ®r Clf = R(2) @r R(8) = R(16).

Step 5: The rest of the table.
We are almost ready to stop. Notice that at row eight the two columns of the table
come back into juxtaposition: this is a magical fact! We next see that

Cly = Clf ®r Cl; = H®g C(8) = C(16)

and
Clfy = Clf @p Cly = H @p R(16) 2 H(16).
Also,
Cly = Cl; ®r CIF 2 R(2) ®r (R(8) x R(8)) = R(16) x R(16)
and

Clj, = Cl;, ®g Clf =2 R(2) @ R(16) = R(32).
It is completely trivial to now prove by induction that
Cli,s = Clf(16) and  Cl 4 = Cl; (16).
So the table has a quasi-periodicity to it, repeating every eight rows but with an

extra factor of (16) everywhere. We have successfully determined all the Clifford
algebras!

The above analysis used two non-obvious isomorphisms, which we now explain
in the following lemma:

Lemma 14.16. There are isomorphisms H@g C =2 C(2) and Hor H = R(4).

Proof. Define an algebra map ¢: H®g C — Endg(H) by sending ¢ ® z to the map
v +— quz and extending linearly. One readily checks that this is a map of algebras.
Notice that the map ¢(q ® z) is actually C-linear, if we give H the right action of
C. So we actually have a map of algebras H ®g C — Endc(H) = C(2). Both the
domain and targer are four-dimensional over C, and it is not hard to prove that
the map is surjective—hence, it is an isomorphism.

The proof of the second claim is similar. Define §: H ®@g H — Endg(H) = R(4)
by sending ¢ ® u to the map v — gvu. The conjugation is needed in order to get a
map of algebras. 777 O
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14.17. Modules over Clifford algebras. Now that we know all the Clifford al-
gebras, it is actually an easy process to determine all of their finitely-generated
modules. We need three facts:

e If A is a division algebra then all modules over A are free;

e By Morita theory, the finitely-generated modules over A(n) are in bijective
correspondence with the finitely-generated modules over A. The bijection
sends an A-module M to the A(n)-module M™.

e If R and S are algebras then modules over R x S can all be written as
M x N where M is an R-module and N is an S-module.

In the following table we list each Clifford algebra CI and the dimension of its
smallest nonzero module.

TABLE 14.18. Dimensions of Clifford modules

CIF Smallest dim. of a module over CI7
R
C
H
H x H
H(2)
C4)
R(8)
R(8) x R(8)
R(16)
C(16)
H(16)

© 0D U W~ O
W= 00000000 A AN
R o

[t
o
D
>~

Note that the third column has a quasi-periodicity, where row k + 8 is obtained
from row k by multiplying by 16.

After all of this, we are ready to prove the Hurwitz-Radon theorem about con-
structing vector fields on spheres. Recall that if Cl,._; acts on R™ then there are
r — 1 independent vector fields on S”~'. Going down the rows of the above table,
we make the following deductions:

Cl; acts on R?, therefore we have 1 vector field on S*
Cly acts on R*, therefore we have 2 vector field on S°
Cl; acts on R*, therefore we have 3 vector field on S*
Cly acts on R®, therefore we have 4 vector field on S”
Cl; acts on R®, therefore we have 5 vector field on S
Clg acts on R®, therefore we have 6 vector field on S”
Cl; acts on R®, therefore we have 7 vector field on S7
Clg acts on RS, therefore we have 8 vector field on S1°.

It is not hard to deduce the general pattern here. The key is knowing where the
jumps in dimension occur, and then just doing bookkeeping. To this end, note that
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the smallest dimension of a nonzero module over Cl, is 2°(") where

or)=#{s:0<s<rand s=0,1,2, or4 mod (8)}

We know that we can construct r independent vector fields on S 271,

Proof of T heorem (Hurwitz-Radon Theorem). First note that we know much
more about Clifford modules than is indicated in Table [4.18 For each Clifford
algebra Cl,. we know the complete list of all isomorphism classes of finitely-generated
modules, and their dimensions are all multiples of the dimension listed in the table.
This is important.

Given an n > 1, our job is to determine the largest r for which Cl,. acts on R™.
We will then know that there are r vector fields on S"~1. If we write n = 2“ - (odd)
it is clear from Table and the previous paragraph that the only way Cl,. could
act on R” is if it actually acts on R2". Moreover, the quasi-periodicity in the table
shows that if we add 4 to u then the largest r goes up by 8. It follows at once
that if w = a + 4b then the formula for the largest r is 8b+777 where the missing
expression just needs to be something that works for the values a = 0,1,2,3. One
readily finds that » = 8b + 2® — 1 does the job.

So we know that there are 8b + 2% — 1 vector fields on S”~!, where n has the
form (odd) - 20+4%. O

Remark 14.19 (First connection with KO*). Return to Table and look at
the column with the smallest dimensions of the modules. As one reads down the col-
umn, consider where the jumps in dimensions occur: we have “jump-jump-nothing-
jump-nothing-nothing-nothing-jump,” which then repeats. This is strangely remi-
niscent of the periodic sequence

Zo7Zo0Z0O0OO0OZ...

This is quite the coincidence, and must have been a source of much excitement
when it was first noticed. We will eventually see, following [ABS], that there is
a very direct connection between the groups KO* and the module theory of the
Clifford algebras. For now we leave it as an intriguing coincidence.

14.20. Adams’s Theorem. So far we have done all this work just to construct
collections of independent vector fields on spheres. The Hurwitz-Radon lower bound
is classical, and was probably well-known in the 1940’s. The natural question is,
can one do any better? Is there a different construction that would yield more
vector fields than we have managed to produce? People were actively working on
this problem throughout the 1950’s. Adams finally proved in 1962 [Ad2] that the
Hurwitz-Radon bound was maximal, and he did this by using K-theory:

Theorem 14.21 (Adams). There do not exist p(n) + 1 independent vector fields
on S"1.

This is a difficult theorem, and it will be a long while before we are able to prove
it. We are introducing it here largely to whet the reader’s appetite. Note that it is
far from being immediately clear how a cohomology theory would help one prove
the result. There are several reductions one must make in the problem, but the
first one we can explain without much effort:
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Proposition 14.22. If there are r — 1 vector fields on S™~! then the projection
RPU L /RPUTTTL o RPUTH/RPYYTZ = Sun—l has o section in the homotopy

category, for every u > 2’2—:2

The existence of a section in the homotopy category is something that can per-
haps be contradicted by applying a suitable cohomology theory E*(—). See Exer-
cise below for a simple example.

We close this section by sketching the proof of Proposition [I4:22] Define

Vi (R™) = {(u1,...,ux)|u; € R™ and uq,...,uy are orthonormal}.

This is called the Stiefel manifold of k-frames in R™. Consider the map
p1: Vi(R") — S™~! which sends (u1,...,u,) — u;. There exist r vector fields
on S"~1 if and only if there is a section of p;: V.41 (R™) — S™~L.

We need a fact from basic topology, namely that there is a cell structure on
Vi (R™) where the cells look like

e x - x el
withn —k <i; <is <---<is <n—1and s is arbitrary. We will not prove this
here: see Hatcher [Hal, Section 3.D] or Mosher-Tangora [MT) 777].
The cell structure looks like
[en—k U en—k+1 U---U en—l] U [(en—k-&-l % en—k) U (en—k+2 % en—k) U-- ] U---

Ifn—1<(n—k+1)+4 (n—k) (these are the dimensions of the last cell in the first
group and the first cell in the second group) then the (n — 1)-skeleton just consists
of the cells e~ through e”~!. This looks like the top part of the cell structure for
RP" !, and indeed it is:

Proposition 14.23. If n 4+ 2 > 2k then the n-skeleton of our cell structure on
Vi(R™) is homeomorphic to RP"™ /RP™"F~1,

Proof. See [MT), 7?7]. O

Proof of Proposition[14.29 If there exist r — 1 vector fields on S™~1 there also
exist r — 1 vector fields on S“"~! for any u (see Proposition [14.3). Then
p1: Vi (R¥) — S¥n~1 has a section s. By the cellular approximation theorem the
map s is homotopic to a cellular map s’. So s’ factors through the (un —1)-skeleton

have

Sun—l 5_/7 RPun—l/RPun—r—l L) RPun—l/RPun—Q ~ Sun—l.
The composition is p;s’, which is homotopic to p1s = id. ([l
Exercise 14.24. Use singular cohomology to prove that RP"~*/RP" ™% — §n—1

does not have a section when n is odd. Deduce that an even sphere does not have
a non-vanishing vector field (which you already knew).
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Part 3. K-theory and geometry 1

At this point we have seen that there exist cohomology theories K*(—) and
KO*(—). We have not proven their existence, but we have seen that their existence
falls out as a consequence of the Bott periodicity theorems Q2(Z x BU) ~ Z x BU
and Q3(Z x BO) ~ Z x BO. If the only cohomology theory you have even seen is
singular cohomology, this will seem like an amazing thing: suddenly you know three
times as many cohomology theories as you used to. But a deeper study reveals that
cohomology theories are actually quite common—to be a little poetic about it, that
they are as plentiful as grains of sand on the beach. What is rare, however, is to
have cohomology theories with a close connection to geometry: and both K and
KO belong to this (vaguely-defined) class. In the following sections we will begin
to explore what this means.

To some extent we have a “geometric” understanding of K°(—) and KO%(—) in
terms of Grothendieck groups of vector bundles. We also know that any K" (—) (or
KO™(—)) group can be shifted to a K°(—) group using the suspension isomorphism
and Bott periodicity. One often hears a slogan like “The geometry behind K-theory
lies in vector bundles”. This slogan, however, doesn’t really say very much; our aim
will be to do better.

One way to encode geometry into a cohomology theory is via Thom classes for
vector bundles. Such classes give rise to fundamental classes for submanifolds and
a robust connection wth intersection theory. In the next section we begin our story
by recalling how all of this works for singular cohomology.

15. THE THOM ISOMORPHISM FOR SINGULAR COHOMOLOGY

The theory of Thom classes begins with the cohomological approach to orienta-
tions. Recall that

~ Z 'f =
H*(R™,R" — 0) = H*(D",§" ) = (s =" "=
0 otherwise.

Moreover, an orientation on R™ determines a generator for H"(R",R" — 0) = Z.
(For a review of how this correspondence works, see the proof of Lemma in
the next section).

Now consider a vector bundle p: E — B of rank n. Let (: B — F be the zero
section, and write E —0 as shorthand for E—im((). For any z € B let F, = p~!(z).
Then H™(F,,F, — 0) = Z, and an orientation of the fiber gives a generator. We
wish to consider the problem of giving compatible orientations for all the fibers at
once; this can be addressed through the cohomology of the pair (E, E — 0).

For a neighborhood V of z, let By = E|y = p~}(V). If Ey is trivial, then
there is an isomorphism Ey = V x R™, and (Ey — 0) 2 V x (R™ — 0). Hence,
H*(Ey,Ey —0) 2 H*(V xR™",V x (R" —0)). If V is contractible, this gives that

Z if x =
H*(By,By —0) = H*R"R" —0)={"~ "*=™
0 otherwise.

Pick a generator Uy € H"(Ey,Ey — 0) = Z. For all z € V the inclusion
Jo: (Fyp, Fr—0) — (BEv, Ey —0) gives amap ji: H*(Ey, By —0) - H*(F,, F,—0).
Since we are assuming that V is contractible, j7 is an isomorphism. So Uy gives
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rise to generators in H"(F,, F,, — 0) for all x € V. We think of Uy as orienting all
of the fibers simultaneously.

Even when V is not contractible the conclusions of the last paragraph still hold.
One has that H*(V xR™, V x (R"—0)) = H*(V)® H*(R™,R™ —0) by the Kiinneth
Theorem, and so

1—n M -
0 if v < n.
Let Uy € H"(Ey, By —0) be an element that corresponds to 1 € HY(V) under the
above isomorphism. Then one checks that 5% (Uy ) is a generator for H"(F,, F; —0)
for every z € V.

Next suppose that we have two open sets VW C B, together with classes
Uy € H"(Ey,Ey —0) and Uy € H"(Ew, Ew — 0) that restrict to generators
(orientations) on the fibers F, for every x € V and every © € W, respectively.
We would like to require that these orientations match: so we require that the
images of Uy and Uy in H"(Eyvaw, Evaw — 0) coincide. Consider the (relative)
Mayer-Vietoris sequence:

H" Y Evaw, Evaw —0)

H™(Ey,Ey —0)
H"(Evaw, Evaw — 0) =— ) <~—— H"(Evuw, Evuw — 0)
H"(EW,EW —0)

Under our requirement of compatibility between Uy and Uy, the class Uy & Uy
maps to zero; so it is the image of a class Uyuw. Since H" ™ (Eyvrw, Evaw —0) = 0,
the class Uy uw is unique. Note that the Mayer-Vietories sequence also shows that
H*(Evuw, Evuw —0) = 0 for x < n, which leaves us poised to inductively continue
this argument. In other words, the argument shows that we may patch more and
more U-classes together, provided that they agree on the regions of overlap. This
is the kind of behavior one would expect for orientation classes.
The above discussion suggests the following definition:

Definition 15.1. Given a rank n bundle E — B, a Thom class for E is an
element Ug € H"(E,E — 0) such that for all x € B, ji(Ug) is a generator in
H™(F,,F, —0). (Here j,: F, — E is the inclusion of the fiber).

There is no guarantee that a bundle has a Thom class. Indeed, consider the
following example:

Example 15.2. Let M — S! be the M&bius bundle. Take two contractible open
subsets V and W of S!, where VU W = S!. We can choose a Thom class for
M|y, and one for M|y, but the orientations won’t line up correctly to give us a
Thom class for M. In fact, notice that by homotopy invariance H*(M, M — 0) is
the cohomology of the Mobius band relative to its boundary. But collapsing the
boundary of the band gives an RP?
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Mobius band

\/\ RP2

and we know H'(RP?) = 0. So a Thom class cannot exist in this case.

If a bundle £ — B has a Thom class then the bundle is called orientable. Said
differently, an orientation on a vector bundle £ — B is simply a choice of Thom
class in H"(E,E — 0;Z). One can readily prove that this notion of orientability
agrees with other notions one may have encountered, and we leave this to the reader.

One can also talk about Thom classes with respect to the cohomology theories
H*(—; R) for any ring R. Typically one only needs R = Z and R = Z/2, however.
In the latter case, note that any n-dimensional real vector space V has a canonical
orientation in H™(V,V — 0;Z/2). It follows that local Thom classes always patch
together to give global Thom classes, and so every vector bundle has a Thom class
in H*(—;Z/2).

Finally, note that we can repeat all that we have done for complex vector spaces
and complex vector bundles. However, a complex vector space V' of dimension n
has a canonical orientation on its underlying real vector space, and therefore a
canonical generator in H?"(V,V — 0). Just as in the last paragraph, this implies
that local Thom classes always patch together to give global Thom classes; so every
complex vector bundle has a Thom class.

The following theorem summarizes what we have just learned:

Theorem 15.3.

(a) Every complex bundle E — B of rank n has a Thom class in H*"(E,E — 0).
(b) Every real bundle E — B of rank n has a Thom class in H"(E,E — 0;Z/2).

The Mayer-Vietoris argument preceding Definition shows that if p: £ — B
is a rank n orientable real vector bundle then H*(E, E — 0) vanishes for * < n and
equals Z for * = n. A careful look at the argument reveals that it also gives a
complete determination of the cohomology groups for * > n.

For any z € H*(B), we may first apply p* to obtain an element p*(z) € H*(E).
We may then multiply by the Thom class Ug to obtain an element p*(z) UUg €
H**"(E,E — 0). This gives a map H*(B) — H*(E,E — 0) that increases degrees
by n.

Theorem 15.4 (Thom Isomorphism Theorem). Suppose that p: E — B has a
Thom class Ug € H*(E, E —0). Then the map H*(B) — H*(E, E —0) given by
z—p*(2) UlUg

is an isomorphism of graded abelian groups that increases degrees by n.

Proof. If the bundle is trivial, then £ = B x R"®, and E — 0 = B x (R™ —0). Here
one just uses the suspension and Kiinneth isomorphisms to get

H*(BxR",Bx (R"—-0)) = H*"(B).
One readily checks that the map from the statement of the theorem gives the
isomorphism.
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For the case of a general bundle one uses Mayer-Vietoris and the Five Lemma to
reduce to the case of trivial bundles. The argument is easy, but one can also look
it up in [MS]. O

15.5. Thom spaces. The relative groups H*(E, E — 0) coincide with the reduced
cohomology groups of the mapping cone of the inclusion £ —0 — E. This mapping
cone is sometimes called the Thom space of the bundle £ — B, although that
name is more commonly applied to more geometric models that we will introduce
next (the various models are all homotopy equivalent). For the most common model
we require that the bundle have an inner product (see Section .

Definition 15.6. Suppose that E — B is a bundle with an inner product. Define
the disk bundle of E as D(E) = {v € E|(v,v) < 1}, and the sphere bundle of
E as S(E)={ve E|(v,v) =1}

If E has rank n over each component of B, note that D(F) — B and S(E) — B
are fiber bundles with fibers D™ and S™ !, respectively. Note also that we have
the following diagram:

E—-0p——>F

~ ~

This diagram shows that E — 0 — E and S(F) — D(E) have weakly equivalent
mapping cones. Unlike E—0 — E, however, the map S(E) — D(FE) is a cofibration
(under the mild condition that X is cofibrant, say): so the mapping cone is weakly
equivalent to the quotient D(FE)/S(E). This quotient is what is most commonly
meant by the term ‘Thom space’:

Definition 15.7. For a bundle E — B with inner product, the Thom space of £
is ThE = D(E)/S(E).

Remark 15.8. The notation B is also commonly used in the literature to denote
the Thom space, although we will not use it in these notes.

Note that if B is compact then Th E is homeomorphic to the one-point com-
pactification of the space E. To see this it is useful to first compactify all the fibers
separately, which amounts to forming the pushout of B «— S(F) — D(FE). The
inclusion from B into the pushout P is the ‘section at infinity’, and the quotient
P/B is readily seen to be the one-point compactification of E. But clearly the
quotients P/B and D(FE)/S(E) are homeomorphic.

Example 15.9. We will show that Th(nL — RPF) = RP"*k/RP"~! where L is
the tautological line bundle. First, we define an isomorphism

RPnJrk _ RPnfl i> nL*

|

RP*.
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Consider RP" ™! < RP"* a5 embedded via the last n coordinates. Take a point
C=lxg: - :1Tp:yr:- - :Yn) € RPHE RP"™ !, and note that at least one z; is
nonzero. The map 7: RP"™* —RP"~! — RP¥ is defined to send £ to [zq : - - - : x].

Regard ¢ as a line in R"™*+1 and 7(¢) as a line in R¥*!.  The formula
(o, ...,2x) — y1 specifies a unique functional w(£) — R (obtained by extending
linearly). Likewise, we obtain n functionals on 7(¢) via the formulas

(oy -y TE) — Y1, cor (Toye -ty TR) — Yn.
Note also that these functionals are independent of the choice of the homogeneous
coordinates for ¢: multiplying all the z;’s and y;’s by A gives rise to the same
functionals. We have therefore described a continuous map RP"F—RP" =1 — nL*
and this is readily checked to be a homeomorphism.
Since the Thom space is the one-point compactification, we get that

Th(nL* — RP*) = (nL*) = (RP™F — RP" 1) = RP"TF /R,

We know by Corollary that any real vector bundle over a paracompact space
is isomorphic to its dual. So nL* 2 nL, and we have shown that Th(nL — RP") =
an+k/RP7L—1 .

Remark 15.10. Note the case n = 1 in the above example: Th(L — RP"’) =
R.Pk+1.

Remark 15.11. A similar analysis to above shows that Th(nL* — CP¥)
CP""* /CP™!, but note that unlike the real case the dual is important here.

Il

There is another approach to Thom spaces that does not require a metric for
the bundle. If E — B is any vector bundle, let P(E) — B be the corresponding
bundle of projective spaces: the fiber of P(E) — B over a point b is P(E}). Another
definition of Thom space is then

ThE =P(E®1)/P(E).

Note that this definition does not require a metric on the bundle.

To see that our definitions are equivalent, note that if V' is a vector space then
there is a canonical inclusion V < P(V & R) given by v — (v & 1). A little thought
shows that we get a diagram

V——>P(V a&R)

N

v —=P(VaR)/P(V)

where the bottom map is a homeomorphism. Extending this to the bundle setting,
it is clear that the pushout of B «— P(E) — P(E @ 1) is the fiberwise one-point
compactification of E. Then P(E & 1)/P(F) is obtained by taking this fiberwise
one-point compactification and collapsing the section at infinity: this clearly agrees
with the other descriptions we have given of the Thom space.

It is sometimes useful to be able to connect the pairs (P(E @ 1),P(E)) and
(E,E —0) in a way that doesn’t make use of any metric. To do so, observe that
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every vector space V gives rise to a commutative diagram

V—O>—>P(VEBR)—* P(V)

| |

1% P(V & R) =——=P(V & R).

Here x € P(V@R) is the line formed by the distinguished copy of R, and V — P(V &
R) is the map v — (v & 1); all the other maps are the evident inclusions. Taking
homotopy cofibers of the three columns, one gets a zig-zag of weak equivalences
between the homotopy cofiber of V' — 0 < V and the homotopy cofiber of P(V &
R)/P(V). The latter is weakly equivalent to its cofiber, because P(V) — P(V @ R)
is a cofibration.

Now consider a fiberwise version of the above diagram. If £ — B is a real bundle
then we have maps

~

~

E-0——>PE®1)-B P(E)

] |

E P(E® 1) ———=PEa1).

The only difference worth noting is that B < P(E®1) is the evident section that in
each fiber selects out the distinguished line determined by the trivial bundle 1. The
left square is again a homotopy pushout square, and so taking homotopy cofibers
of the columns gives a zig-zag of weak equivalences between the homotopy cofibers
of E—0— E and P(F) - P(E®1).

15.12. Thom spaces for virtual bundles. Thom spaces behave in a very simple
way in relation to adding on trivial bundles:

Proposition 15.13. For any real bundle E — X one has Th(E ®n) = X" Th(E).
For a complex bundle E — X one has Th(E @ n) = %" Th(E).

Proof. We only prove the statement for real bundles, as the case of complex bundles
works the same (and is even a consequence of the real case). Also, we will give
the proof assuming the bundle has a metric, although the result is true in more
generality. Note the isomorphisms

D(E®n) = D(E)x D", S(E®n) = (S(E) x D")g(gyxsr1 (D(E) x $"1).
From this one readily sees that
D(E®n)/S(E®n) = [D(E)/S(E)]A[D"/S™ '] = Th(E) A S™.
O

Proposition allows one to make sense of Thom spaces for virtual bundles,
provided that we use spectra. This material will only be needed briefly in the rest
of the notes, but we include it here because these Thom spectra play a large role
in modern algebraic topology.

Assume that X is compact and let £ — X be a bundle. Then E embeds in some
trivial bundle N; let @ denote the quotient, so that we have E®Q = N. Assuming
that Th(—FE) had some meaning then we would expect

Th(Q) = Th(N — E) = ¥ Th(—E).
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This suggests the definition
Th(—E) = ¥~V Th(Q),

where the negative suspension must of course be interpreted as taking place in a
suitable category of spectra.

Our definition seems to depend on the choice of embedding F — N. To see that
this dependence is an illusion, let £ < N’ be another embedding and let Q' be
the quotient. Then N' Q= Q' ® E® Q = Q' ® N. On Thom spaces this gives
SN Th(Q) = BN Th(Q'), or ¥~V Th(Q) ~ =N Th(Q").

The above discussion can be extended to cover any element v € KO(X). Write
a = E — F for vector bundles E and F', and choose an embedding F' — N. Let
@ denote the quotient N/F. Note that «a + N =(FE - F)+ (F+Q)=FE+ Q. If
Th(a) makes sense then we would expect X (Tha) ~ Th(a + N) ~ Th(E + Q),
and so this suggests the definition

Th(a) = 2"V Th(E @ Q).

Again, one readily checks that this does not depend on the choice of F, F', N, or
the embedding F' — N.

15.14. An application to stunted projective spaces. To demonstrate the use-
fulness of Thom spaces we give an application to periodicities amongst stunted
projective spaces. This material will be needed later, in the solution of the vector
fields on spheres problem.

Consider the space RPOH? JRP®. This has a cell structure with exactly b cells
(not including the zero cell), in dimensions a + 1 through a + b. The space
RP*F*7 /RP**" has a similar cell structure, although here the cells are in di-
mensions a + 1 + r through a + b + r. The natural question arises: fixing a and b,
what values of r (if any) satisfy

ET[RPa+b/RPa] ~ Rpa+b+r/RPa+r.

One can use singular cohomology and Steenrod operations to produce some neces-
sary conditions here. For example, integral singular homology easily yields that if
if b > 2 then r must be even. Use of Steenrod operations produces more stringent
conditions (we leave this for the reader to think about).

We will use Thom spaces to provide some sufficient conditions for a stable ho-
motopy equivalence between stunted projective spaces. We begin with a simple
lemma:

Lemma 15.15. The element A = [L] — 1 € KO(RP") satisfies A2 = —2\ and
A"l = 0. Consequently, 2"\ = 0.

Proof. L? is the trivial bundle, and this immediately yields A2 = —2\. The second
statement follows from the fact that RP™ may be covered by m + 1 contractible
sets Up,...,U,. (If homogeneous coordinates are used on RP", one may take
U; to be the open set z; # 0). The element A € KO(RP",«) lifts to a class
i € KO(RP",U;), and therefore A" *! is the image of AgA; - - - A, under the natural
map
KO(RP”, UgU---U Un) — KO(RP”)

But since U;U; = RP", the domain of the above map is zero; hence A\"*! = 0.

Finally, since A2 = —2)\ it follows that \¢ = (—2)¢~!\ for all e. In particular,
(=2)"\ = A"t = 0. O
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Proposition 15.16. Let r be any positive integer such that r([L] — 1) = 0 in
KO(RPbil). Then there is a stable homotopy equivalence

STRPYTY /RPY ~ RPOTOET /R PO

Proof. The assumption that r([L] — 1) = 0 implies that rL & s & r & s for some
s > 0. We have

(a+1)L (a+1)L@r+q
RP“™/RP*~Th| | |~X7""*Th

RPV-1 ]RP" 1
(a+1+r )L®s
~Y¥"""°Th
Pb 1

(a+1+4r)L
~Y"Th( |
RPYP—1
~ T [RPOTTT/RPOTT).

The first and last steps use the identification of stunted projective spaces with a
corresponding Thom space—see Example for this. O

Combining Lemma [15.15 and Proposition [15.16] we see that stunted projective
spaces with b cells have a periodicity of 2071

227 [RPHY/RPY) ~ RPOHH2T RPat?T
However, this is not the best result along these lines: we will get a better result by

finding the exact order of [L] — 1 in KO(RP"™). This was determined by Adams;
see Theorem [32.14]

16. THOM CLASSES AND INTERSECTION THEORY

In this section we will see how Thom classes give rise to fundamental classes for
submanifolds, and we will develop the connection between products of such classes
and intersection theory.

Let E — B be a real vector bundle of rank n. In general, £ may not have a
Thom class; and if it does have a Thom class, it actually has two Thom classes
(since H"(E,E — 0) = Z by the Thom Isomorphism Theorem). The situation is
familiar, as it matches the usual behavior of orientations. It is, of course, possible—
and necessary!—to do geometry in a way that includes keeping track of orientations
and computing signs according to whether orientations match up or not. But it is
easier if we are in a situation where we don’t have to keep track of quite so much,
and there are two situations with that property: we can work always with mod 2
coeflicients, or we can work in the setting of complex geometry. In either case we
have canonical Thom classes all the time. In this section, and for most of the rest
of these notes, we choose to work in the setting of complex bundles and complex
geometry. But it is important to note that almost everything works verbatim for
real bundles if we use Z/2 coefficients, and that many things can be made to work
for oriented real bundles if one is diligent enough about keeping track of signs.

For a rank n complex bundle £ — B we have a canonical Thom class Ug €
H?"(E,E —0). The following result gives two useful properties:

Proposition 16.1.
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(a) (Naturality) Suppose E — B is a rankn complex vector bundle, and f: A — B.
Consider the pullback

f*Ef;>E

L,

A——B.
Then f*: H*™(E,E — 0) — H™(f*E,f*E — 0) sends Ug to Us«p; that is,
f*Ug) =Usp
(b) (Multiplicativity) Suppose that E — B is a rank n vector bundle, and E' — B
is a rank k vector bundle, with Thom classes Ug € H**(E,E —0) and Ug' €
H?K(E' E' —0). Then Ug x Ug = Upggr in H*"2*(E x B/, (E x E') —0).

Proof. Recall that the Thom class of a rank n complex bundle £ — B is the unique
class in H?"(E, E — 0) that restricts to the canonical generator in H*"(F,, F,, — 0)
for every fiber F,. Part (a) follows readily from this characterization. Using the
same reasoning, part (b) is reduced to the case there B is a point; this is checked
in the lemma below. O

Lemma 16.2. Let V and W be two real vector spaces, of dimensions n and k,
respectively. Assume given orientations on V. and W, and let V @ W have the
product orientation. Let Uy € H™(V,V —0), Uy € H*(W,W —0), and Uygw €
H" (Ve W, (VeW)—0) be the corresponding orientation classes. Then Uy gw =
Uy x Uy .

Proof. Let vy,...,v, be an oriented basis for V', and let oy : A™ — V be the affine
simplex whose ordered list of vertices is 0, v1,...,v,. Let o, denote any translate
of o that contains the origin of V' in the interior. Then [0}/ is a generator for
H,(V,V —0), and any relative cocycle in Cg;, (V,V — 0) that evaluates to 1 on
ol, is a generator (in fact, the same generator) for H"(V,V — 0). This is how an
orientation of V' determines a generator of H™(V,V —0).

Now let wy,...,wy be an oriented basis for W. Let oygw: A"* — Vo W
be the affine simplex whose ordered list of vertices is 0,v1, ..., vy, w1, ..., w (note
that omitting 0 gives an oriented basis for V & W). Again, let of, ., denote a
translate of oy g that contains the origin in its interior.

Recall that Uy x Uy = (m)*(Uy) U (73)(Uw), where m: V. x W — V and
mo: V. x W — W are the two projections. The definition of the cup product gives

Uy % U )(0am) = (100 ) (0 gay 01 -]} - (=30 ) (0 guy -+ (n + B)])
=Uy(m o a{/@w[m <en]) - Uw(mg 0 U@@W[n o (n+ k).

It is clear that 7 o 0{ 4y [01---n] gives a simplex in the same homology class as
of,, and so Uy evaluates to 1 on this simplex. Similarly, 75 0 o,y [0 (n + k)]
gives a simplex in the same homology class as ol;,, and so Uy, evaluates to 1 here.
Since 1-1 =1, we see that Uy x Uy satisfies the defining property of Uy gw .

Given that a picture is worth a thousand words, here is a picture showing what
is happening in the smallest nontrivial case:



A GEOMETRIC INTRODUCTION TO K-THEORY 103

W w

_..__:\ U1 V V
0 1 K

ot ¢
Vew T10% g [01]

O

16.3. Fundamental classes. Next we use the Thom isomorphism to define fun-
damental classes for submanifolds. Let M be a complex manifold, and let Z be
a regularly embedded submanifold of complex codimension c¢. By “regularly em-
bedded” we mean that there exists a neighborhood U of Z and a homeomorphism
¢: U — N between U and the normal bundle N = Nj;,z, with the property that
¢ carries Z to the zero section of N. The neighborhood U is called a tubular
neighborhood of Z. Keep in mind the following rough picture:

In the above situation we have that H*(U,U — Z) = H*(N, N — 0). Notice that
N — Z is a complex bundle of rank ¢, with Thom class Uy € H?¢(N, N —0), and
so by the Thom Isomorphism we get H=2¢(Z) = H'(N, N — 0). Also, by excision
one has H*(M,M — Z) =2 H*(U,U — Z). So we have isomorphisms

Hi=2e(7) "2 gi(N N — 0) = H'(U,U — Z) < H'(M,M — Z).

Now consider the long exact sequence for the pair (M, M — Z), but use the above

isomorphisms to rewrite the relative groups H*(M, M — Z) and H*~2¢(Z):

< H*(M = Z)~— H*(M) <~— H*(M,M — Z) <— -+
A
|

IR
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If j: Z — M is the inclusion, then the indicated composition in the above diagram
is denoted j; and called a pushforward map or Gysin map. We can rewrite
the long exact sequence to get the Gysin sequence, also called a localization
sequence by algebraic geometers:

o~ HY(M — Z)~— H'(M) <2 H2(Z) ~—— H"Y(M — Z) =< -

Definition 16.4. Let Z be a reqularly embedded, codimension ¢ submanifold of the
complex manifold M. Let jy be the Gysin map described above, and take 1 € H(Z).
We define the fundamental class of Z to be [Z]y = j51(1) € H**(M). We also
define the relative fundamental class [Z).., € H**(M,M — Z) to be the image
of 1 under the chain of isomorphisms from H°(Z) to H**(M,M — Z). Note that
7*([Z)re) = [Z], where j* denotes the induced map in cohomology associated to the
inclusion (M,0) — (M, M — Z).

On an intuitive level one should think of [Z] as being the Poincaré Dual of the
usual fundamental class of Z in H,(M). The point, however, is that we don’t need
to think through the hairiness of the Poincaré duality isomorphism; this has been
replaced with the machinery of vector bundles and Thom classes.

One must of course prove a collection of basic results showing that the classes
[Z] really do behave as one would expect fundamental classes to behave, and have
the expected ties with geometry. We will do a little of this, just enough to give the
reader the idea that it is not hard. Before tackling this let us do the most trivial
example:

Example 16.5.

(a) Check that the relative fundamental class of the origin in C¢ is the canonical
generator: i.e., [0].; € H?(C? C% — 0) is the canonical generator provided by
the complex orientation on C?.

(b) Let M be a d-dimensional complex manifold. If a,b € M are path-connected,
verify that [a] = [b]. Hint: Reduce to the case where a and b belong to a
common chart U of M, with U = C?. Let I be a line joining a and b inside of
U, and consider the diagram

H*(M,M — a) — H*(M,M — I) <— H*(M, M —b)

gl gl gl

H*(U,U — a) — H*(U,U — I) ~—— H*(U,U — b).

Using an argument similar to that in the proof of Lemma show that
[a]rer,v and [b]re;, v map to the same element in H*(U,U — I).

(c) Suppose M is compact and connected. Verify that if a € M then [a] € H?¥(M)
is a generator. (Use that the map H?4(M) — H?¥(M, M —a) is an isomorphism
in this case).

The following theorem connects our fundamental classes to intersection theory.
It is far from the most general statement along these lines, but it will suffice for
our applications later in the text. The diligent reader will find that the proof
readily generalizes to tackle more complicated situations, for example where the
intersection is not discrete.
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Theorem 16.6. Let M be a connected complex manifold. Suppose that Z and W
are regularly embedded submanifolds of M that intersect transversally in d points.
Then

(a) [Z]n U [W]n = dl<|m

(b) 7*([Z]m) = dl*]w, where j: W — M.

Proof. We begin by proving (a). Suppose that dim Z = k and dim W = ¢, so that
dmM =k+/¢. Let ZNW = {p1,...,pa}, and for each i let U; be a Euclidean
neighborhood of p; such that U; NU; = @ for i # j. Consider the following diagram:

HY(M,M — Z)® H(M,M — W) — H¥(M) @ H'(M)

&m lu

HYUM, M — (ZNW)) ———— H*(M)

HF(M, M~ {p, ..

7pd})

@ H" (M, M — {p})

Since [Z] and [W] lift to relative classes [Z];e; and [W],., it will suffice to show that
if we take [Z],e;U[W ]« and take its projection to the rth factor H*+/(M, M —{p,})
of the summand then we get [p,]re;- From this it will follow from the diagram that
[Z)U[W] = [p1]+. ..+ [pa] in H*H(M). Since we have already seen in Exercise[16.5]
that [p;] = [p;] for any ¢ and j, this will complete the proof of (a).

Next, fix an index r and consider the second diagram

H*U,,U. - Z)® HY(U,,U, — W) <— H¥(M,M — Z) @ H' (M, M — W)

| |

Hk—H(UTaUT_{pT}) Hk+l(M7M_{p1a"'7pd})

T

HY (M, M — {p,}).

Thanks to this diagram, it is enough to replace M by U,., Z by ZNU,, and W by
W NU,, and to prove that [Z]ye; U [Wrer = [Prrer-

But now M is just C**!. By choosing our neighborhood small enough, we can
find local coordinates so that Z is just C¥ and W is just C!, intersecting transversally
at the origin. We need to compute [C*],¢ U [C],¢ € HM(CFFL CFHE — 0). By
writing CF+* = C* x C! one sees that [(Ck]rel coincides with the Thom class for
the bundle [ — C*. Likewise, [(Cl],«el coincides with the Thom class for the bundle
k — C!. These are trivial bundles, so they are pulled back from C' — x and
C* — % along the projection maps C*¥ — x and C' — , respectively. In particular,
by Proposition a) we can write

[Ck]rel U [Cl}rel =T (ul) U 77; (UQ)

IR
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where U; € H2(C!, C! —0) and Uy € H?*(Ck, CF —0) are the canonical classes and
mp: CHHl — C!, mg: CF* — CF are the projection maps. But 7 (Up) U 75 (Us) is
the external cross product U; x Uz, and so Lemma says that this is the same
as the canonical generator in H2#+2!(Ck+! CF+! — 0). This canonical generator is
[0]e1, by Exercise a). We have therefore shown that [C],; U [C!],e; = [0]yer,
and this completes the proof of (a).

The proof of (b) is very similar. One considers the diagram

Lk

J

HE (W) H* (M)

! T

@ HE(W, W = p,) —— HYW, W — {py,...,pa}) ~—— H*(M, M — 2)

! |

Hk(W NU,, (W N Ur) _pr) =~ Hk(UTvUT _pT)

where r is an arbitrary choice of index. The top square implies that it suffices
to show that the projection of j*([Z].c;) to H*(W,W — p,) equals [p,]c;, for any
choice of r. The bottom square then allows us to replace M by U, and Z and W
by ZNU, and W NU,. That is, we are again reduced to the case where M = CF+!,
Z = C¥, and W = C!. Here we are considering the map

HZ(C,C! - 0) <= H2(CF x C!, (C* x C) — (T x {0}))
and must show that the image of [C¥],; is the canonical generator in the target.
But if we identity C* x C! with the bundle [ — C* then [(Ck]rel is just the Thom

class U, and the map j* is restriction to the fiber over 0 € C*: so it becomes the
canonical generator by definition of the Thom class. O

It is important to notice that for the most part the above proof used nothing
special about singular cohomology—we only used the basic properties of Thom
classes, together with generic properties that hold in any cohomology theory. In
the proof of Lemma[16.2| we apparently used particular details about the definition
of the cup product, but in fact what we needed could have been written in a way
that doesn’t reference the peculiar definition of the cup product at all. Indeed, we
have the identifications H*(C",C" — C*F) = H*(CF x C"~* CF x (C" % —0)) =
H*(Cn~k Cn=F —0) = H*(D?* 2k 9D?"—2k) = [*(S2("=k)) (for the second iden-
tification we use the map induced by projection C*¥ x C** — C"* and for
third identification we use the induced map of any orientation-preserving em-
bedding of the disk into C"~*). Similarly, we have a canonical identification
H*(C",C™ — C"*) = H*(S?*) . Considering the commutative diagram

H*(cn7(cn _ (Ck) ® H*((Cn,(cn _ (Cn—k) 4/‘> H*((C", cr — O)
I I
I:]*(SQ(n—k)) ® f{*(st) H I_}*(S}n)

where p denotes our product, the property needed for the proof of Lemma [16.2
boils down to the requirement that

0_2(n,—k)(1) ®0_2k(1) LN O'Qn(l).
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In other words, the computation comes down to the fact that the product behaves
well with respect to the suspension isomorphism.

Example 16.7. We will be content with the usual first example. Let Z — CP"
be a codimension ¢ complex submanifold. Then [Z] € H*¢(CP™) = Z. A generator
for this group is [CP"™°], so [Z] = d[CP" ] for a unique integer d. This integer is
called the degree of the submanifold Z. A generic, c-dimensional, linear subspace
of CP"™ will intersect Z transversally in finitely many points, say e of them. The-
orem m gives that [Z] U [CP¢] = e[|, but we also have d[CP"™ ] U [CP‘] = d[¥]
since [CP"™°| U [CP¢] = [#] (again by Theorem . So d = e, and this gives
the geometric description of the degree: the number of intersection points with a
generic linear subpace of complementary dimension.

The following result is the evident generalization of Theorem [16.6

Theorem 16.8. Let M be a connected complex manifold. Suppose that Z and W
are regularly embedded submanifolds of M that intersect transversally. Then

(a) [Z]p U [W]n = [Z0W];

(b) 7*([Z)m) = [Z N W], where j: W — M.

Outline of proof. We omit the details here, since the proof is largely similar to that
of Theorem m For (a) use the relative fundamental classes [Z].¢; and [W]per,
and show that [Z],e; U [Wlpe = [Z N Wy in H*(M,M — (ZNW)). For this,
restrict to a tubular neighborhood and then show that both classes restrict to the
canonical generators on the fibers of the normal bundle. For [Z N W], this is the
definition, and for [Z],¢; U [W],¢ this is a computation with the cup product. The
proof of (b) is similar. O

16.9. Topological intersection multiplicities. We can now use our machinery
to give a topological definition of intersection multiplicity. Suppose that Z and W
are complex submanifolds of the complex manifold M, and that Z and W have an
isolated point of intersection at p. Let U be a Euclidean neighborhood of p that
contains no other points of Z N W. Consider the classes 7777

17. THOM CLASSES IN K-THEORY

In the last section we saw how Thom classes for complex vector bundles give
rise to cohomological fundamental classes for submanifolds, and we saw that these
fundamental classes have the expected connections to geometry. The discussion was
carried out in the case of singular cohomology, but very little specific information
about this cohomology theory was actually used. In fact, once we showed that
Thom classes existed everything else followed formally. So let us now generalize a
bit:

Definition 17.1. A multiplicative generalized cohomology theory is a coho-
mology theory & equipped with product maps

EP(X,A) @ EI(Y,B) — EPTIX x Y, X x BUAXY)
has requirements:

(1) natural
(2) 3 unit in E%(pt,0) = E°(pt)
(3) associative
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(4) compatibility with §, the connecting homomorphism
Let € be a multiplicative generalized cohomology theory.

Definition 17.2. Let E — B be a rank n complex vector bundle. A Thom
class for E is an element Ug € E?>"(E,E — 0) such that Vx € B, i*(Ug) €
&2n(Fy,, F, \ 0) = €27(C™,C™\ 0) = €2n(D2", 9D?) == &2n = £0(S§0) = £%(pt), and
the condition is i*(Ug) maps to 1 € E%(pt)

Definition 17.3. A complex orientation for & is a choice, for every rank n
complex bundle E — B, of a Thom class Ug € £2"(E, E — 0) such that

(1) (Naturality) Upg = f*(Ug) for every map f: A — B;

(2) (Multiplicativity) Uper = Ug - Ug/

A given cohomology theory may or may not admit a complex orientation—
most likely, it will not. The complex-orientable cohomology theories are a very
special class. Note that once a complex orientation is provided one gets the Thom
isomorphism, Gysin sequences, and fundamental classes for complex submanifolds
just as before—as well as the same connections to intersection theory.

Our goal in this section is the following;:

Theorem 17.4. Complex K-theory admits a complex orientation.

We will spend a long time exploring the geometric consequences of this, but let us
go ahead and give one example right away. Let Z — CP™ be a complex submanifold
of codimension ¢. The above theorem implies that we have a fundamental class [Z] €
K?2¢(CP"), just as we did in the case of singular cohomology. Whereas H?¢(CP") =
Z and only resulted in one integral invariant, we will find that K?2¢(CP™) = Z"*!.
This is a much larger group, and so there is suddenly the potential for detecting
more information: the K-theoretic fundamental class [Z] is an (n + 1)-tuple of
integers rather than just a single integer. Of course it might end up that all of these
new invariants are just zero, or some algebraic function of the invariant we already
had—we will have to do some computations to find out. But this demonstrates
the general situation: K-theory has an inherent ability to detect more information
than singular cohomology did.

To prove Theorem we need to give a construction, for every rank n complex
vector bundle E — B, of a Thom class in K*"(E, E —0). By Bott periodicity this
group is the same as K°(E, E —0). Our first step will be to develop some tools for
producing elements in relative K-groups.

17.5. Relative K-theory. Let A — X be an inclusion of topological spaces.
When we talked about algebraic K-theory back in Part 1, we defined the relative
K-group K°(X, A) using quasi-isomorphism classes of chain complexes that were
exact on A (Section [5.10)). We will make a similar construction in the topological
case, with some important differences.

Definition 17.6. Let F(X, A) be the free abelian group on isomorphism classes of
bounded chain complezes of vector bundles E, on X that are exact on A (meaning
that for every x € X the complex of vector spaces (E,), is exact). Define X(X, A)
to be the quotient of F(X, A) by the following relations:

(1) [E. & F\] = [E)] + [F.];

(2) [E,] = 0 whenever E, is exact on all of X;
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(3) If &, is a boundex complex of vector bundles on X x I that is exact on A x I
then [€]xxo] = [E]lxx1]-

Note that pullback of vector bundles makes K(X, A) into a contravariant functor.

Relations (1) and (2) are familiar, although the reader might be surprised that
(1) only deals with direct sums and not short exact sequences. We will say more
about this in a moment. Let us first make some remarks on relation (3), since we
have not dealt with relations of this type before.

If d: E — F is a map of vector bundles over X there is a clear, intuitive notion
of deformation of d. One way to make this rigorous is to consider the subspace
VB(E, F) C Jop(E, F) consisting of the vector bundle maps; then a deformation of
d is just a continuous map I — VB(E, F') that sends 0 to d. If m: X x I — X is the
projection, a little thought shows that the above notion of deformation is the same
as a map of vector bundles 7*E — 7n*F over X x I that restricts to d on X x {0}.

Likewise, a deformation of a chain complex F, over X can be thought of in two
ways. One way involves a collection of deformations for all the maps of E,, having
the property that at any given time ¢ the maps in the deformation assemble into a
chain complex. The other way is simply as a chain complex structure on the set of
vector bundles {7*E;}. These notions are equivalent.

The point here is that if (F,,d) is a given chain complex and d’ is a deformation
of the differential on d, then relation (3) implies that [(E,,d)] = [(E.,,d’)]. (To be
precise, there is an exactness condition required for the deformation, namely that
at every time ¢ the differential d; is exact on A). Moreover, if X is paracompact
Hausdorff then by Corollary (b) every bundle on X X [ is isomorphic to the
pullback of a bundle from X; it follows that every relation from (3) can be recast
in this form. That is to say, for paracompact Hausdorff spaces it is equivalent to
replace (3) by
(3) [(E,,d)] = [(E,,d)] for any bounded chain complex (F,,d) and any deforma-

tion d’ of d.

The following important lemma will help give a feel for the idea of deforming a
chain complex:

Lemma 17.7. Let E, be a bounded complex of vector bundles on X that is exact
on A. Then [E,] = —[3E,] in X(X, A), where XE, is the shifted complex having
FE; in degree i + 1.

Proof. First note that if V, and W, are exact complexes of vector spaces and
f:V, — W, is any map, then the mapping cone Cf is still exact. This follows
by the long exact sequence on homology. Consequently, if £, — F, is a map be-
tween complexes of vector bundles on X, each of which is exact on A, then the
mapping cone is also exact on A.

Let C' denote the mapping cone of the identity id: F, — FE,. We depict this

complex as follows:
/ / // //
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The arrows depict the various components of the differentials in the mapping cone;
recall that d(a,b) = (da+1id(b), —db) for (a,b) € E,, ® E,,_1, where we have written
id(b) just to indicate the role of the original chain map.

Consider the deformation of C' obtained by putting a ¢ in front of all the diagonal
arrows and letting ¢t — 0. That is, C; is the mapping cone for t(id): E, — E,.
Then C is exact on A for every ¢, and when ¢ = 0 we have Cy = F, ® X E,. So
C] = [C1] = [Co) = [E.] + [SE.] in K(X, A).

But C is exact on all of X, being the mapping cone of an identity map. So
[C] =0in X(X, A), and hence [E,] = —[XE,]. O

Remark 17.8. The ideas used in the above proof immediately also give the fol-
lowing. Let E, and F, be complexes of vector bundles on X that are exact on
A and let f: F, — F, be any map, with C'f denoting the mapping cone. Then
[Cf] = [F.] = [E.] in K(X, A).

Our next task is to analyze exact complexes, and see that just as in homological
algebra they split up into basic pieces.

Definition 17.9. An elementary complex is one of the form

where E is a vector bundle on X and the E’s occur in some dimensions i and i+ 1.
Denote this complez as D;(E).

Proposition 17.10. Let X be a paracompact Hausdorff space. If E, is a bounded
complex of vector bundles on X that is exact, then E, is a direct sum of elementary
complezes.

Proof. The proof is really the same as in homological algebra. Assume without
loss of generality that F; = 0 for ¢ < 0. Then F; — Ej is a surjection, so the
kernel K3 is a vector bundle by Proposition [9.3] By Proposition the sequence
0 — K; — E; — Ey — 0 is split-exact, and a choice of splitting allows us to write
FE1 =2 K; @& @1 where the composite ()1 — FE; — FEjy is an isomorphism. Noting
that Fs — FE; has image contained in K7, the complex FE, splits as the direct sum
of Do(Ep) and a complex that is zero in dimensions smaller than 1. Now continue
inductively, replacing F, with this smaller factor, until the nonzero degrees of E,
have been exhausted. O

Remark 17.11. Observe now that relation (2) of Definition could be replaced
with the relation that [D;(E)] = 0 for any vector bundle F on X and any i € Z.
This fact is sometimes useful.

The next result explains why we were able to forego short exact sequences in
relation (1) from Definition [I7.6]

Proposition 17.12. Let X be paracompact and Hausdorff. Assume given a short
exact sequence 0 — E! — E, — E! — 0 of complezes of vector bundles, where each
complex is exact on A. Then [E,] = [El] + [E)] in K(X, A).

Proof. Let C, be the mapping cone of E! — E,, and recall that there is a natural
map C, - E!. Let K, be the kernel, which is a chain complex of vector bundles
by Proposition Elementary homological algebra (applied in each fiber) shows
that K, is exact on X. By Lemma [I7.13] below the inclusion K, — C, is split, and
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soC,2K,®FE! So[C,]=[K.]+[F!/]=[E!] in X(X,A). Yet Remark gives
Lemma 17.13. Let X be a paracompact Hausdorff space. Let j: K, — C, be an

inclusion between bounded complexes of vector bundles on X, and assume that K,
is exact. Then the map j admits a splitting x: C, — K,.

Proof. Without loss of generality assume that K; = 0 = C; for ¢ < 0. We start by
writing K = @ ,D(A;) for some vector bundles Ay,..., Ay on X. The inclusion
j looks as follows:

\l/id \L
A2 2] A1 Co
ia |

A1 €3] AO —C

fa

Ay ——=Cy

Starting at the bottom, choose a splitting xqo for the inclusion Ag — Cjy, using
Corollary Likewise, choose a splitting a; for the inclusions A; — C1/4y (note
that C7/Ag is a vector bundle by Proposition . Define y1: C1 — A1 ® Ap to be
the sum of Cy — Cy/Ag 2L Ay and O — Cy X% Ap. Tt s readily checked that
X1 is a splitting for j; and that dy; = xod. Continue inductively to define x at all
levels. [l

The groups KX (X, A) are readily seen to be homotopy invariant constructions:

Proposition 17.14. For any pair (X, A) the map 7*: K(X,A) - K(X x [, Ax1I)
is an isomorphism.

Proof. If jo,j1: (X, A) — (X x I, A x I) are the evident inclusions then it is clear
that j3 = ji. It then follows by category theory that homotopic maps (X, A) —
(Y, B) induce the same map upon applying K(—, —). Consequently, if f: (X, A) —
(Y, B) is part of a relative homotopy equivalence then it induces an isomorphism
on K-groups. Now just apply this to 7. (|

Before finishing with our basic exploration of the group X (X, A), let us note the
following simple result:

Proposition 17.15. For any compact Hausdor[f space X there is an isomorphism
K(X,0) — K°(X) given by the formula [E)] — > ,(—1)"[E;].

Proof. 1t is immediate that the indicated formula gives a group homomorphism
x: K(X,0) — K9(X); the only nontrivial part is verifying relation (3), but here
one uses that if F is a vector bundle on X x I then F|xxo = F|xx1-

There is also the evident map j: K°(X) — X(X,0) sending a vector bundle F
to the chain complex E[0] consisting of E in degree 0 and zeros in all other degrees.
Certainly x o j = id.

If E, is any chain complex of vector bundles on X then we may deform E, to
the complex with zero differentials, by putting a ¢ in front of all the d maps and
letting ¢ — 0. So [E,] = [(E.,d = 0)] = >_,[¥'E;] in K(X,0). But by Lemmam
we know [X/FE;] = (—1)"[E;]. This proves that j o xy = id. O
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Let E, and F, be bounded chain complexes of vector bundles on X. Let F, ® F,
denote the usual tensor product of chain complexes, giving another complex of
vector bundles on X. In contrast to this, there is also an external tensor product.
If G, is a complex of vector bundles on a space Y, define

E,®G, =i (E,) ® 75 (G.)
where m1: X XY — X and m3: X XY — Y are the two projections. Note that if
A: X — X x X is the diagonal map then E, ® F, = A*(E,®F,).
The internal and external tensor products induce pairings on the K-groups de-
fined above, taking the form

®: K(X,A)K(X,B) — X(X,AUB)
and
&: K(X,A)@K(Y,B) - K(X xY,(AxY)U (X x B)).
The main point is that if V, and W, are bounded exact sequences of vector spaces
and V, is exact, then V, ® W, is exact. It follows that if E, is exact on A and F, is
exact on B, then E, ® F, is exact on AU B, with a similar analysis for the external

case. Note again that the internal and external tensor products are connected by
the formula

[E.]® [F.] = A™([E®([F]).
The following theorem is essentially due to Atiyah, Bott and Shapiro [ABS].

Theorem 17.16. On the category of homotopically compact pairs, there is a unique
natural transformation of functors x: K(X,A) — K°(X, A) such that when A =
0 one has x(E,) = Z(—l)l[Ez] In fact, x is a natural isomorphism and is

compatible with (external and internal) products in the sense that x(E, ® F,) =
X(E.) - x(F.).

The proof of Theorem [17.16]involves some technicalities that would be a distrac-
tion at this particular moment, so we postpone the proof until Section [I9] below.
See, in particular, Section [19.21] for the final proof.

17.17. Koszul complexes. Now that we know how to produce classes in relative
K-theory, we will put this knowledge to good use.

Let V be a complex vector space of dimension n. For any v € V consider the
chain complex

A— A— A— A—
0 AOV v AIV v PN v Anflv v A"V 0.

Denote this chain complex by Jy,. It is easy to see that this is exact when v # 0:

indeed, pick a basis ey, ..., e, for V where e; = v, then use the usual induced basis

for the exterior products. It is clear that if e; A w = 0 then all the basis elements
appearing in w have an e; in them.

Exercise 17.18. Check that Jy,, ® Jww = Jvew,wew, and the isomorphism is
canonical.

For various reasons we will need to consider the dual of Jy ,, which has the form
0 — AmV* Loy An—lyr oy Doy ALys Doy pOpe g

We denote this by Jy; ., and this is called a Koszul complex. Here is a description
of the differential:
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Proposition 17.19. Let e1,--- ,e, be a basis for V and write v = > v;e;. Let
€y, ... e, be the dual basis for V*. Then the differential in Jy, ,, is given by

10 1)

k
dy(ej, N Nef) = (=1vi e} Ao Nef Aeee A
§=0

where the hat indicates that that term is omitted from the wedge.
Proof. Left to the reader. O

Example 17.20. Prove that Jy, and Jy,, are isomorphic as chain complexes.
(The isomorphism is not canonical, however.)

Recall that K-theory is largely about ‘doing linear algebra fiberwise over a base
space’. Anything canonical that we can do for vector spaces can be done for vector
bundles as well. So let E — B be a rank n complex vector bundle, and let s: B — F
be a section. We get a chain complex of vector bundles

0 AOE SA— AlE SA— SA— A”flE SA— A"E 0
which we will denote Jg 5. For € B this chain complex is exact over z provided
that s(z) # 0. Thus it determines an element in K°(B, B — s~1(0)). We can
just as well consider the dual complex, which also determines an element [/ (] €
K°(B, B — s71(0)).

Now let V' be a complex vector space of dimension n. Consider the vector bundle
m: V xV — V, with section given by the diagonal map A: V — V x V. Our
Koszul complex Jy; 1, o is exact on V' — 0, and so defines an element

BV) = [Ty xval € K°(V,V —0).
Example 17.21. One readily checks that 8(C) is the complex

l————1

NS

C

where the fiber over z € C is the chain complex 0 — C — C — 0 (multiplication
by z). The Koszul complex 3(C?) has the form

1-4.9_ 8.1

N

where over a point (z,w) € C? we have

)

A:[_ﬂ and B=[z w].

Finally we look at 3(C?), which has the form

A B C

1

3 3 1
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where the fiber over (z,w,u) € C3 has

U —w —u 0
A= |-w|, B=]| z 0 —uf, C’:[z w u]
z 0 z w

Let us return to our element 3(V) € K°(V,V —0). If we pick a basis for V then
we get isomorphisms

K°(V,V —0) = K°(C",C" — 0) = K°(D*,0D*") = K°(5%")
= K72(S%) = K=" (pt).

Moreover, one checks that any two choices of basis for V give rise to the same
isomorphism (essentially because a C-linear automorphism of C" is orientation-
preserving). So we may regard 8(V) as giving us an element of K ~2"(pt). Using
Exercise we have (Vo W) =p(V) - B(W).

When we first learned about K-theory as a cohomology theory, we set ourselves
the goal of having explicit generators for K*(pt). We can now at least state the
basic result:

Theorem 17.22.
(a) K°(C",C" —0) = K2"(pt) 2 7Z and 3(C") = (B(C))" is a generator.
(b) K*(pt) = Z[B, "], where 3 = B(C) € K~*(pt).

The element 3 = 3(C) € K~2(pt) is often called the Bott element, although
sometimes this name is applied to 3~! € K?(pt) instead. This theorem is best
regarded as part of Bott periodicity. And just as for the periodicity theorem, we
again postpone the proof in favor of moving forward and seeing how to use it.

Let p: E — B be a rank n complex vector bundle. Consider the pullback p*FE,
which is 71 : ExpgFE — E. This bundle has an evident section given by the diagonal
map A: EF — FE xpg FE, and we may consider the Koszul complex with respect to
this section. Since A is nonzero away from the zero-section of E, this gives us an
element in K°(E, E — 0): we define

Up =[J}.pa]l € K°(E,E - 0).

Note that if z € B and j,: F, — FE is the inclusion of the fiber, it is completely
obvious that j*(Ug) = B(F,) € K°(F,, F, —0).

The element Ug is not quite our desired Thom class, since the Thom class is
supposed to lie in K?*(E, E —0) rather than K°(E, E —0). Of course these groups
are the same because of Bott periodicity. To be completely precise, we should
define our Thom class to be Ug = 7" - [J). p A]. However, it is common practice
to leave off the factors of 3 and just do constructions in K°. We will often follow
this practice, but sometimes we will put the factors of 3 back into the equations in
order to emphasize a point. Hopefully this won’t be too confusing.

17.23. Koszul complexes in algebra. Now that we have seen Koszul complexes
in geometry it seems worthwhile to also see how they appear in algebra. They turn
out to be very important tools in homological algebra.
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Let R be a commutative ring, and let x1, - - - , x, € R. Define the Koszul complex

K(z1, -+ ,x,; R) to be the complex
d d d d d
04>Aan4>An71Rn4>...4>A2Rn4>A1R7L4>A0Rn4>07
where the differential d is given by
k
d(eig A Neiy) = (1w (eig A NEi, Ao Aeyy).

§=0
Note that d is the unique derivation such that d(e;) = z;. Define the Koszul
homology groups as H.(z1, - ,Zn; R) = H (K(21, - ,2n; R)). We will often
abbreviate the sequence x1, ..., z, to just z, and write K(z; R) and so forth. It is
easy to see that Ho(z; R) = R/(x1,...,Zn).

In some cases the Koszul complex K(z;R) is actually a resolution of
R/(z1,...,zy,), and this is perhaps the main reason it is useful. To explain when
this occurs we need a new definition. The sequence z1,...,x, is said to be a reg-
ular sequence if x; is a non-zero-divisor in R/(x1,...,2z;—1) for every 1 <i < n
(in partcular, x; is a non-zero-divisor in R). For example, in the polynomial ring
Clz,. .., 2zn] the indeterminates z1, ..., 2z, are a regular sequence.

Theorem 17.24. Let x4,...,2, € R.

(a) If x1,...,x, is a reqular sequence, then H;(x; R) =0 for all i > 1.

(b) Suppose R is local Noetherian and 1, -+ ,x, € m, where m is the maximal
ideal. Then x1,...,x, is a reqular sequence if and only if H;(z; R) =0 for all
i>1.

Proof. The subalgebra of A*R™ generated by ej,...,e,_1 is a subcomplex of
K(z1,...,2,; R), and is isomorphic to K(x1,...,2,—1; R). The quotient complex
has a free basis consisting of wedge products that contain e,; and in fact the pro-
cess of ‘wedging with e, gives an isomorphism between K(z1,...,2,-1;R) and
this quotient complex that shifts degrees by one. We can summarize this by saying
that there is a short exact sequence of chain complexes

0—>K((E1,"' 7mn71;R) ‘—>K(IE1,"' ,.’L’n,R) _»EK(mla 7xn71;R) _>0

Denote the sequence z1,...,z, by z and z1,...,z,_1 by z’.
Our short exact sequence induces a long exact sequence in homology groups:

-— H;(2;R) — H;(z; R) — H;_1(2'; R) < i—1(z’sR) —» Hi—1(z; R) — -+~

and one easily checks that the connecting homomorphism is multiplication by +z,,
(we leave this as an exercise).

Our proof of part (a) now proceeds by induction on the length of the sequence
Ty

n. When n = 1 the Koszul complex is 0 R R 0,s0 Hi(z; R) =
Anng 21 = 0 since z; is a nonzerodivisor.

Now assume that we know part (a) for all regular sequences of length n — 1. By
the induction hypothesis and the above long exact sequence, it is easy to see that
H;(z;R) = 0 for i« > 2. So we only need to worry about Hi(z;R), for which we
have

Hy(2'; R) — Hy(x; R) — Ho(z'; R) =3 Ho(2'; R) — Ho(z; R) — 0
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By induction H;(z'; R) = 0, and we know Hy(z'; R) = R/(x1,...,Zpn—1). Since x,
is a nonzerodivisor in this ring, the kernel of the map labelled +x,, is zero—hence
Hi(z; R) = 0 as well. This completes the proof of (a).

For (b), the point is that the above argument is almost reversible. For n = 1 the
other direction works without any assumptions on R, because H;(x; R) = Ann(z).
So assume by induction that the result holds for sequences of length n — 1. It
follows from the long exact sequence we saw in part (a) that there are short exact
sequences

0— H;(z'; R)/xnH;(2'; R) — H;(z; R) — AnnHiil(L/;R)(xn) — 0.

The assumption that H;(z; R) = 0 implies that z,H;(z’; R) = H;(z’; R). But
x, € m, so by Nakayama’s Lemma this yields H;(z’; R) = 0. This holds for all
i > 1, so induction gives that 2’ is a regular sequence. The assumption H;(z; R) =0
also yields that xz,, is a nonzerodivisor on Anng, , (z’; R); so for ¢ = 1 this says that
Zp 18 a nonzerodivisor on R/(x1,...,x,—1). Hence, z is a regular sequence. O

We can use our knowledge of Koszul complexes to prove the Hilbert Syzygy
Theorem:

Theorem 17.25 (Hilbert Syzygy Theorem). Let L be a field. Then every finite-
generated module over L{z1,...,x,] has a finite, projective resolution.

Proof. We first prove the result in the graded case. Let R = L[xy, - ,x,], and
grade R by setting deg(x;) = 1. Assume that M is a finitely-generated, graded R-
module. We construct the so-called “minimal resolution” of M: Start by picking a
minimal set of homogeneous generators wy, ..., wy for M. Define Fy = RF, graded
so that the ith generator has degree equal to deg(w;). Let do: Fy — M be the
map sending e; to w;, and let K be the kernel. Then dy preserves degrees, so K
is again a graded module. Repeat this process to construct F} — Ky, let K; be
the kernel, repeat to get F» — K, and so forth. This constructs a free resolution
F, — M of the form

=R - R S R - M —0

We claim that the matrix for each differential has entries in the ideal (z1,...,2,):
this follows from the fact that at each stage we chose a minimal set of generators.

Next, form the complex F, ®g R/(z1,...,z,) and take homology. Tensoring
with R/(x1,...,x,) kills all the entries of the matrices and changes every R to an
L; so we have

LY = Hy(F, ®r R/(x1,...,2,)) = Tor;(M, R/(x1,...,z,)).

Now we use the fact that we can also compute Tor by resolving R/(x1,...,zy) and
tensoring with M. Yet R/(z1,...,x,) is resolved by the Koszul complex, which has
length n: so this immediately yields that Tor;(M, R/(z1,...,2,)) =0 for i > n. It
follows that b; = 0 for ¢ > n, which says that F, was actually a finite resolution.

Now we prove the general case, for modules that are not necessarily graded.
Choose a presentation of the module

Rbl *A> Rbo — M

where A is a matrix with entries in R. Now introduce a new variable zo and

homogenize A to A: that is, multiply factors of xy onto the monomials ap-
pearing in the entries of A so that all the entries have the same degree. Put
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S = Llzg, - ,2n] = Rzo], and let M be the cokernel of A:
Sb1 A Sbo M 0 .
Note that M is a graded module over S, and M @ S/(1 — z0) = M.

What we have already proven in the graded case guarantees a finite S—free
resolution /'y — M — 0. Let F, = F, ® (S/(1 — 20)). This is an R-free chain
complex, and Hy(F,) = M. Note that H,(F) = Tor? (M, S/(1 — x0)), and the Tor-
module can again also be computed by resolving S/(1 —xg). We use the resolution
0— S =% S — 0 and immediately find that H;(F) =0ifi > 2. We also have that
H,(F) = Anng; (1 — ), but such an annihilator is zero for any finitely-generated,
graded module. So F, — M is a finite free resolution over R. O

Remark 17.26. In the above proof, the deduction of the general case from the
graded case was taken from [E, Corollary 19.8].

18. THE DENOUEMENT: CONNECTING ALGEBRA, TOPOLOGY, AND GEOMETRY

Although we are far from the end of these notes, we have reached the point where
we can finally explain Serre’s definition of intersection multiplicities.

18.1. The local index. Suppose that F, is a bounded chain complex of vector
bundles on C" that is exact on C" —0. Then we get a class [E,] € K°(C",C"—0) =
K~27(pt). But the Bott calculations say that this group is cyclic, generated by 3".
Thus [E,] = d - " for a unique integer d. We call this integer the local index of
the complex E,, and we will denote it indg(F,). The natural question is: how do
we compute this invariant from the data in F,?

I don’t know a simple answer to this question, but the question becomes more
manageable if we assume that the complex F, is algebraic: that is, if we assume
that each F; is an algebraic vector bundle and the maps F; — F;_; are algebraic.

Theorem 18.2. If E, is a bounded complex of algebraic vector bundles on C™ that
is exact on C™ — 0, then the local index is given by

indo(E.) = 3 (~1)! dime Hi(P.)
where P, is a complex of finitely-generated, projective Clxq,...,x,]-modules such
that P,(C) 2 E,.

For the above statement, recall that P +— P(C) is the functor that associates
to every projective Clz1,. .., z,]-module the corresponding vector bundle over C";
see Section

The proof of Theorem comes down to a comparison between algebraic and
topological K-theory groups. Once the machinery for this comparison is in place,
the theorem follows by a simple computation. To set up this machinery we need to
recall some ideas from Part 1 of these notes.

Let R = Clzy,...,2,]/Q where @ is a prime ideal, and let X = Spec R be the
corresponding algebraic variety. Let Z C Spec R be a Zariski closed set. We use
the term “algebraic vector bundle on X” synonymously with “finitely-generated
projective over R”. If P, is a complex of algebraic vector bundles on X and p is a
point of X, we will say that P, is exact at p if the localization (P,), is exact as a
complex of Rp,-modules (where p is regarded as a prime ideal in R). This notion of
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exactness at first seems a bit different than what we used in the topological case:
here we are considering exactness on germs of sections, whereas in the topological
case we used exactness on fibers. In the algebraic world the notions are equivalent:

Lemma 18.3. Let P, be a bounded-below complex of finitely-generated projectives
over a Noetherian ring R. Let W C Spec R be closed under specialization (i.e.,
having the property that if ¢1 € U and ¢1 C g2 then g € U). Then the following
statements are equivalent:

(1) (P.)q is exact for all primes ¢ € U;

(2) (P,)m is exact for all maximal ideals m € U;

(3) P, ®g R/m is exact for all mazimal ideals m € U.

Condition (c) is the fiberwise exactness condition, analagous to what we used in
the toplogical case. The complex P, ® g R/m is the pullback of P, along the map
Spec R/m — Spec R, and therefore represents the fiber of P, over the geometric
point Spec R/m.

Proof of Lemma[18.3 Of course (1)=(2) is trivial, and (2)=-(1) follows from the
fact that (P.), = [(P,)m}q for any maximal ideal m O ¢ (and the fact that a

localization of an exact complex is still exact).
The direction (2)=-(3) is also easy, since

(18.4) P, ®r R/m = (P,)m ®r,, Rm/mRy,.

The complex (P,), is a bounded-below exact sequence of projectives, and hence is
split-exact; so tensoring with any module still gives an exact sequence.

Finally, we must prove (3)=-(2). Using the isomorphism of it suffices to
prove that if @, is a bounded-below complex of finitely-generated projectives over a
Noetherian local ring R such that Q, ® g R/m is exact, then @, is exact. Without
loss of generality assume that Q; = 0 for ¢ < 0, and let M be the cokernel of
Q1 — Q. Since Q1 — Qo is surjective after tensoring with R/m, this implies that
M/mM = 0. Nakayama’s Lemma says that this can only happen in M=0. So
Q1 — Qo is surjective and Hy(Q) = 0. Now choose a splitting for Q; — Qo, and

use this to write @), as a direct sum of Qg d, Qo and a complex that vanishes in
degrees smaller than 1. Apply the same argument as above to this smaller complex,
and continue by induction.

To phrase the above argument slightly differently, over a local ring R one can
always decompose @, = F, ® G, where F, is split-exact and G, is a complex where
the matrices for all differentials have entries in m. The assumption that Q, ® R/m
is exact implies that G, ® R/m is exact, but this can only happen if G, = 0. So we
conclude ), = F,, and hence @, is exact. O

Define K 21 g(X , X — Z) by taking the free abelian group on bounded chain com-
plexes of algebraic vector bundles on X that are exact at every point in Z and
quotienting by the following two relations:

(1) [P]=01if P, is exact on all of X, and

(2) [P,] = [P!]+ [P!] for every short exact sequence of chain complexes 0 — P! —
P, — P/ —0.
Note that Kglg(X,X — Z) is exactly the same as the group denoted K(R)z in

Section|b.16} sometimes we will revert to that notation when we want to concentrate
on the underlying algebraic perspective.
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The assignment P — P(C) from algebraic to topological vector bundles induces
a map of abelian groups

¢: Koy (X, X — Z) — K°(X(C),X(C) — Z(C)).

Indeed we just have to note that relations (1) and (2) in the definition of
KY, 4(X, X—Z) are preserved, but this is something that we know. To avoid cumber-
some notation it will be convenient to write the target group of ¢ as Ky, (X, X — Z);

it looks much more pleasant to write

¢: KO, (X, X - Z) — K},

(X, X - 2).
Sometimes we will drop the “top” and just write K°(X, X — Z), but we will never
drop the “alg”.

If M is a finitely-generated R-module, recall that the support of M is
Supp M ={Q C R|Q is prime and Mg # 0}.
This coincides with V(Ann M), namely the set of all primes containing Ann M.
In particular, Supp M is Zariski-closed. Let G(X)z (or G(R)z) denote the
Grothendieck group of finitely-generated R-modules M such that Supp M C Z.
We have the usual Euler characteristic map x: Kolg(X, X —Z) - G(X)z that

a

sends [P,] to >_,(—1)[H;(P)]. The following result should come as no surprise:

Theorem 18.5. If R is regular, then x: Kglg(X,X —Z) — G(X)z is an isomor-
phism, for any Z C Spec R.

Proof. The inverse sends a class [M] to the class [P,] for any finite projective
resolution P, for M over R. The proof that this is well-defined, and that the maps

are inverses, is exactly the same as for Theorem [2.10) (]
Now let us restrict to the case where R = Cl[z1,...,z,], so that X is affine n-
space Ag; we will just write X = C” for convenience. Let Z = {0} = V(z1,...,x,)

be the closed set consisting only of the origin. Our aim will be to calculate the
group Kglg(X,X —-27)= Kglg((C”,(C" —0) in this case.
Let m = (x1,...,2,). It is easy to see that the following conditions on an
finitely-generated R-module M are equivalent:
(1) Supp M = {m} ;
(2) Ann M is contained in only one maximal ideal, namely m;
(3) Rad(Ann M) = m;
(4) M is killed by a power of m.

Assuming M satisfies these conditions, consider the finite filtration
M 2OmM 2m*M D .- Dm*M D mF M =o.

Then in G(R)z we have [M] = Efzo[miM/miHM]. But each quotient is a finite-
dimensional R/m-vector space, so [M] is just a multiple of [R/m]. This shows
that G(R)z is cyclic, generated by [R/m]. Moreover, each quotient m!M /m*1 M
is finite-dimensional as a C-module (where the module structure is coming from
C C R). It follows that M is also finite-dimensional as a C-module. Since dimension

is additive it gives a function
dim: G(R)z — Z,

which is clearly surjective and hence an isomorphism.
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Since G(C")qy is generated by [R/m], it follows that K,/
erated by the Koszul complex K (z1,...,2z,; R).
Now consider the following diagram:

(C™,C™ —0) is gen-

¢

(18.6) K%, (C",C" - 0) —"> KJ,,(C",C" — 0) —= - 7(8m)
gix

We know by Bott’s calculations that the target of ¢ is isomorphic to Z and is
generated by the Koszul complex. Likewise, we have just see that the domain of ¢
is isomorphic to Z and is generated by the algebraic Koszul complex. Since ¢ clearly
carries the algebraic Koszul complex to the topological one, ¢ is an isomorphism.

Proof of Theorem[18.9 Fill in diagram with the map Z{") — Z that sends
G™ to 1. The diagram then commutes, because one only has to check this on
the Koszul complex that generates K; (C™, C" — 0); and here it is obvious. The
commutativity of this diagram is exactly the statement of Theorem [18.2 ([l

18.7. Resolutions and fundamental classes. Now we’ll use these ideas to do
something a bit more sophisticated. Let Z <— C™ be a closed algebraic subvariety:
Z = V(I) for some ideal I C C[zy,...,x,]. Assume that Z is smooth of codimen-
sion ¢. Then we have a relative fundamental class [Z],.; € K2¢(C",C" — Z).

Let P, be a bounded, projective resolution of C[z1,...,x,]/I over Clzy,...,x,].
Note that if @ € Spec C™ then

QeZ <= Q21 < (R/I)g #0,
and so if Q ¢ Z then (P,)q is exact. So P, gives a class [P,] € Kglg((C",(C” - 7).
Using our natural transformation Kfl)lg((C”7 C"—-Z7)— K°(C",C" — Z), we get a
corresponding class [P,] in relative topological K-theory. We can promote this to

a class in relative K2¢ by multiplying by 87¢. It is reasonable to expect this class
to be related to [Z],q:

Theorem 18.8. In the above situation we have [Z],eg = B¢« [P,].

Note that the 87¢ could be dropped if we regarded [Z],o as a class in
K%(C",C" — Z) instead of K2¢(C",C" — Z).

Theorem [18.8| gives the main connection between K-theory and homological
algebra: projective resolutions give fundamental classes in K-theory. To prove this
theorem, recall that [Z],; is defined by choosing a tubular neighborhood U of Z in
C", together with an isomorphism between U and the normal bundle N = N¢n /.
The class [Z];.; is the unique class that restricts to the Thom class Uy . This is all
encoded in the following diagram:
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[Z] e € K?¢(C",C™ — Z) <%— K™, Ccn - 2) < Kglg(C”ﬂ” —Z)

excision i = l/

ch(U,U — Z) TKO(U,U— Z)

Uy € K2(N, N —0)

—— KO(N,N — 0) <—>— K2, (N,N —0).

Our goal is to take [P,] € Kglg((C”,(C” — Z), push it across the top row and
then down, and show that the image is Uy. But note that Uy is algebraic—it is
represented by the Koszul complex, which is entirely algebraic. So Uy lifts to a
class in ngg (N, N —0). In some sense the most natural idea for our proof would
be to stay entirely in the right-most column, and to compare both [P,] and Uy on
the algebraic side of things. Of course one immediately sees the trouble, which is
that the neighborhood U is not algebraic—and so we have a missing group in the
third column, obstructing our proof. Our goal will be to give a clever way around
this, using a technique from algebraic geometry called deformation to the normal
bundle.

Remark 18.9. Before giving the next argument we need to give a brief review of
blow-ups. Let X be a smooth variety and A <— X a closed subvariety, which for
convenience we assume to be smooth as well. The blow-up Bl4(X) of X at A is an
algebraic variety that topologically corresponds to removing A and then sewing in
a copy of the projectived normal bundle in its place. That is, let V be a tubular
neighborhood of A, with associated homeomorphism V' = Nx,4. Then there is a
homeomorphism
Bla(X) =2 (X - A) H(V—A) P(N).

Here the map V — A — P(N) is the map N — 0 — P(N) that sends any nonzero
element of a fiber F, to the corresponding line it spans, regarded as an element of
P(F,). Observe that the pushout

P(N) —= Bla(X)
|

is homeomorphic to X. If  denotes the map Bl4(X) — X, note that 71 (X —A) —
X — A is an isomorphim, whereas for any point a € A the fiber 771(a) is a projective
space CP°~! where c is the codimension of A in X. These are the main properties
of blow-ups.

We are now ready to give the proof of our result:

Proof of Theorem[18.8 Write C" = X. The argument we will give doesn’t use
anything special about C”, and actually works for any smooth variety. We begin
by considering X x Al:
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Z x {0} Z x {1}
X x At

X x {0} X x {1}

We will work with the blow-up of X x A! at the subvariety Z x {0}:
B = Blzxo(X x C).

Set N = Nx;z and N' = Nxa1/zx{0}- Note that N' = N & 1. Topologically, we
have a homeomorphism

B2 (X x A') = (Z x {0})] Hy—o) P(N')
where V' is a tubular neighborhood of Z x {0} in X x Al.

Let 7: B — X x A! be the blow-up map. Let j;: X < B be the map x — (z,1).

Let jo: P(N @ 1) — B be the inclusion into 771 (X x {0}). These can be visualized

via the following schematic picture:
Zx A

|
]

P(N®1) X

We claim that 7: B — X x A! has a section f over Z x Al. The definition of
this section is completely clear (and unique) on Z x (A! —0), the only sublety is the
definition on Z x {0}; but here we use the canonical section of P(N & 1) — Z. A
little effort shows that this gives a well-defined map Z x A! — B, and it is clearly
a section (indicated in the above picture).

Consider the following (non-commutative) diagram of pairs of spaces:

(X,X —Z) ——2* ~ (B,B—(Zx AV))

T

(U, U - Z) o

(N,N —0) ——= (P(N @ 1),P(N @ 1) — P(1))
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Here j; is the inclusion of the fiber of B — A! over 1. A little thought shows that
this diagram commutes up to homotopy. Note that all of the maps are algebraic
except for the inclusion h: N — X (we implicitly identify N with U here). Apply
K°(—) to obtain the commutative diagram

s

I

(18.10)  K°(X,X - 2) K°(B,B —(Z x A"))

B ljé
v

KO(N,N — 0) ~<— K(P(N @& 1),P(N & 1) — P(1)).

The left vertical arrow is dotted only as a reminder that it is not algebraic. There
is a similar diagram, without the dotted arrow, in which every K°(—) has been
replaced with K, > and this new diagram maps to the one above.

Let Q. be a resolution of Oz, 1 by locally free Op-modules. Then we have the

corresponding class [Q,] € K%(B, B — (Z x A')). We will show that
(1) 77(Q.) is a resolution of Oz on X, and
(2) (jooi)*(Q,) is a resolution of the structure sheaf of the zero-section on N.
From (1) it follows that there is a chain homotopy equivalence ji(Q,) =~ P,, where
P, is our chosen resolution of Oz on X. Hence ji([Q.]) = [P.] in K3 (X, X — Z).
From (2) it follows that there is a chain homotopy equivalence (jooi)*(Q.) =~ J} y A
since both gives resolutions of the structure sheaf of the zero section on N. Hence
*(J5([Q.))) = Uy in K7y, (N, N —0). Now push all of this into topological K*
and use the commutativity of to obtain that h*([P,]) = Uy. But hA* is an
isomorphism, and [Z],.; was defined to be the unique class in K°(X, X — Z) that
maps to Uy via h*. So [P.] = [Z],e-

So the proof reduces to checking the algebraic facts (1) and (2). To do so, start
with the following diagram

(18.11) By—1

L

X x{l}—= X x A!

L

{1} ———a!

where Bj is the fiber of B — A! over 1 (note that B; = X). Every square in this
diagram is a pullback, including the outer square (which is more of a rectangle).
Applying j7 to @, amounts to pulling back along {1} < A! (or algebraically,
tensoring over C[t] with C[¢]/(t — 1)). But note that B — Al is flat—a map from
a variety to a curve is flat as long as it is dominant, which this clearly is. So Op
is flat over A!, and it is trivial that the O g-module O, 41 is flat over Al. So the
complex Q, — Oz 41 — 0 is an exact sequence of sheaves that are flat over Al,
therefore the pullback to By is still exact. This proves (1).

The proof of (2) is very similar. Consider the analog of diagram built
around the inclusions By < B and {0} — A!. We argue as above that the pullback
of Q. — Ozxa1 to By is still exact. Note that By = Blz(X) lpn) P(N @ 1), with
Blz(X) a closed subscheme. So By — Blz(X) = P(N @ 1) —P(N) = N. The
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bundle N is therefore an open subscheme of By, and of course the inclusion of an
open subscheme is flat—so restricting further to N still preserves exactness. The
last thing to check is that restricting Oz 41 to By gives the structure sheaf for the
canonical section of P(N ¢ 1) (which then corresponds to the zero section of N
under N — P(N @ 1))—but this is obvious. O

Remark 18.12. The technique used in the above proof, centering around the
variety B, is called “deformation to the normal bundle”. It was used extensively
in papers by Fulton and Macpherson in the 1970s, and has a prominent role in the
book [E]. The technique gives a substitute in algebraic geometry for the role played
by tubular neighborhoods in topology.

As a consequence of Theorem [I8:8 we can now obtain Serre’s formula for inter-
section multiplicities:

Corollary 18.13. Let Z and W be smooth, closed subvarieties of C™ such that
ZNW = {0}. Then i(Z,W;0) = >.(—1)"dim Tor;(R/I,R/J), where R =
Clx1,..., 2] and I and J are the ideals of functions vanishing on Z and W, re-
spectively.

Proof. Start with the relative fundamental classes [Z],.; € K*¢(C",C" — Z) and
[Wyer € K24(C",C" — W), where ¢ and d are the codimensions of Z and W inside
of C". Note that since 0 is an isolated point of intersection we must have c+d > n
(this is an algebraic lemma, see 7777). There are in some sense two cases, depending
on whether c4+d = n or c+d > n. In the former case, multiplying our fundamental
classes together we get

[(Z] et - [W]per € K*™(C",C" — (ZNW)) = K*"(C",C" —0).

Note that K2*(C",C"—0) = Z and is generated by [0],.«;. The topological definition
of i(Z,W;0) is that it is the unique integer for which

(18.14) (Z]ver - Wlrer = i(Z,W;0) - [0] e

This definition works in any complex-oriented cohomology theory.

If c+d > n then it is clear that Z and W may be moved near 0 (in the topological
setting) so that they do not intersect at all, and therefore [Z].¢; - [W]re = 0.
Equation is still a valid definition, it just yields that ¢(Z, W;0) = 0 here.

The key to the proof is simply realizing that all of our constructions can be lifted
back into Kglg. Let P, — R/I and Q, — R/J be bounded free resolutions. Then
[Z}rel = ﬁ—c : [Po] and [W]rel = ﬂ_d . [Qo] So [Z]rel : [W]rel = ﬁ—c—d : [P ®R Q] €
K2td(Cn C" — 0). Recall that K°(C",C* — 0) = Z and is generated by the
Koszul complex J*. Recall as well that [0]..; = 87" - [J*], by definition. If we write
[P ®gr Q] = s[J*] for s € Z, then we have the formula

s B [T =i(Z,W;0)- 87 [T
If ¢+ d = n then the formula implies s = i(Z, W;0). If ¢+ d # n then the only way
the formula can be true is if both sides are zero, in which case s = 0 = i(Z, W;0).
So s =4(Z,W;0) in either case.
To conclude the proof we just note that the Local Index Theorem gives
s = .(—1)"dimc H;(P ®r Q), and H;(P ® Q) = Tor;(R/I,R/J). (]

Exercise 18.15. Suppose that Z and W are smooth algebraic subvarieties of C™
such that ZNW = {p1,...,pa}
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(a) Choose a polynomial f € Clxy,...,x,] such that f(p;) = 0 for ¢ > 1 and
f(p1) #0,andlet S = Ry. Let U = Spec Ry C C™ be the corresponding Zariski
open set. Convince yourself that it is reasonable to define the intersection
multiplicity ¢(Z, W; p1) by the formula

[Z]rel,U . [W]Tel,U = Z(Zv Wapl) : ﬂin . [pl]rel,U
where [Z],e,v is the image of [Z],¢; under K*(C",C" — Z) — K*(U,U — 2),
and similarly for (W], v and [pi1]re,v. In particular, convince yourself that

this is independent of the choice of f.
(b) Next, modify the proof of Corollary [18.13|to show that

i(2,W;p1) = »_(—1)" dimg Tor;(R/I, R/J);

where I and J are the ideals corresponding to Z and W.
(c) If M is a finitely-generated module over Ry such that SuppM = {p} (p a
maximal ideal of R), prove that M = M,. Deduce that

i(Z,W;p1) =Y _(—1)" dimc Tor;(R/I, R/.J)p,.

Corollary (and Exercise in some sense brings to a close the main
questions we raised at the beginning of these notes. We have now seen why Serre’s
alternating sum of Tor’s definition of intersection multiplicity is the ‘correct’ one,
and how this ties in to the study of K-theory.

19. MORE ABOUT RELATIVE K-THEORY

Our aim in this section is to revisit the issue of relative K-theory and give the
proof of Theorem [17.16] The ideas behind the proof are interesting and have their
own intrinsic appeal, but in fact they hardly ever resurface outside the confines
of this one argument. This section should be regarded as giving some technical
information which is not necessary for anything later in the notes.

Throughout this section (X, A) will be a finite CW-pair, unless otherwise noted.
Recall the group K (X, A) introduced in Definition made from bounded com-
plexes of vector bundles on X that are exact on A. We take several steps aimed at
analyzing these groups:

(1) Instead of studying K (X, A) directly we look instead at a certain set of equiv-
alence classes of complexes. This set is a monoid whose group completion is
K(X, A), but it has the property that the equivalence classes are a bit easier
to get our hands on.

(2) Rather than consider all bounded complexes, we consider complexes which are
concentrated in degrees between 0 and n, for some fixed n > 1. We prove
that all choices of n give rise to the same theory; so in some sense the use of
chain complexes is overkill, as it suffices to just look at complexes of length 1.
(The use of all chain complexes makes for a more natural theory, however—for
example, the tensor product of two complexes of length 1 is a complex of length
2, and can only be turned back into a complex of length 1 by a cumbersome
process).

(3) Finally, and most importantly, we replace our consideration of chain complexes
by that of a related but different construct. Namely, we consider Z-graded
collections of vector bundles {E;} together with an exact differential defined
only over the set A (that is, a differential on (E,)|4). Let us call such things
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“A-relative chain complexes”. It turns out that every A-relative chain complex
may be extended to give an ordinary chain complex (that is exact on A), and
the space of all possible extensions is contractible. So homotopically speaking
there is no real difference between the theories obtained from the two notions.
The A-relative chain complexes turn out to give a theory that is a bit easier to
manipulate, essentially because one doesn’t have to deal with extraneous data.

19.1. Relative chain complexes. Let Ch(X, A) denote the category whose ob-
jects are bounded chain complexes of vector bundles on X that are exact on A.
A map in this category is simply a map of chain complexes of vector bundles. In
contrast to this, let Ch(X, A)4 denote the category whose objects are collections
{E;} of vector bundles on X, all but finitely-many of which are zero, together with
maps d: F;11|A — E;|A making the restriction FE,| 4 into an exact chain complex of
vector bundles on A. A map F — E’ in Ch(X, A) 4 is a collection of maps E; — E}
of vector bundles on X that commute with the maps d where defined (i.e., over the
set A). An object in Ch(X, A)4 will be called an A-relative chain complex.

Note the difference between Ch(X, A) and Ch(X, A)4: in the former the differ-
entials are defined on all of X, whereas in the latter they are only defined on A.
Observe that there is an evident functor Ch(X, A) — Ch(X, A)4, which we will
denote E — E(A).

Say that two complexes E, and E. in Ch(X, A) are homotopic if there is an
object € in Ch(X x I, A x I) together with isomorphisms &|xxo = E, and &|xx1 =
E! in Ch(X, A). Write this relation as F, ~, F,. Likewise, define two complexes E,
and E! in Ch(X, A) 4 to be homotopic if there is an object € in Ch(X x I, AXI)axys
together with isomorphisms €|xxo = F, and &|xx1 = E. in Ch(X, A)4. In each
of these two settings the notion of homotopy is readily seen to be an equivalence
relation.

We will also need a second equivalence relation on chain complexes. Say that two
complexes E, and F! in Ch(X, A) are stably equivalent if there exist elementary
complexes (see Definition Py,...,P.,Q1,...,Qs in Ch(X, A) such that

EeP o 0P 2F Q193 Q,.

Write this as E, ~ E.. We define a similar equivalence relation on the objects of
Ch(X,A) 4.

Let Ch, (X, A) be the full subcategory of Ch(X, A) consisting of chain complexes
E, such that E; = 0 when ¢ ¢ [0,n], and let Ch, (X, A)4 be the analogous sub-
category of A-relative complexes. It will be convenient to allow the index n to be
oo here. Let L,(X,A) and L, (X, A)4 denote the sets of isomorphism classes of
objects in these two categories.

Write L,,(X, A)" for the equivalence classes of £,(X,A) under the homotopy
relation. Also, write £, (X, A)% for the equivalence classes of L, (X, A) under
the stable-equivalence relation. Finally, write L, (X, A)" for the equivalence
classes generated by combination of these two types of equivalence. Note that we
also have sets L, (X, A)4, £,(X, A)3, and L, (X, A)Z’St. The restriction functor
Ch,, (X, A) — Ch, (X, A) 4 clearly induces maps of sets L., (X, A)"st — L, (X, A)*
and so forth.

Note that direct sum of complexes makes £,,(X, A) into a monoid, and similarly
for L,(X, A)", L,(X,A)*, and L, (X, A)"*t. The same remark holds for the A-

relative versions.
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19.2. Comparing complexes to A-relative complexes. Our first important
result is the following:

Proposition 19.3. For any n > 1 the map L, (X, A — L,(X, A" is a
bijection.

We start with a lemma:

Lemma 19.4. The functor Ch(X, A) — Ch(X, A) 4 is surjective on objects. Addi-
tionally, if E1 and Es are objects in Ch(X, A) 4 such that E1(A) = Ey(A) then Ey
and Fo are homotopic.

Proof. Given a collection of complex vector spaces V;, i € Z, let Ch-struct(V) C
[ [, Hom(V; 41, V;) denote the collection of sequences (d;)icz satisfying d; o d;11 =0
for all i. Regard Ch-struct(V) as a topological space by giving it the subspace
topology. Note that if d € Ch-struct(V) then t - d € Ch-struct(V) for any t € C,
and letting ¢ — 0 thereby gives a contracting homotopy showing that Ch-struct(V)
is contractible.

Now suppose that {E;};cz is a collection of vector bundles on X having the
property that only finitely many are nonzero. Let Ch-struct(E) — X be the evident
map whose fiber over a point z is Ch-struct({(E;),}). The assumption that there
are only finitely many F; implies that each x has a neighborhood over which all
the bundles are trivial, and from this it readily follows that Ch-struct(F) — X is a
fiber bundle. As the fibers are contractible, it is also a weak homotopy equivalence.

Note that making {F;} into a chain complex is precisely the same as giving
a section of Ch-struct(F) — X. Likewise, equipping {F;} with a chain complex
differential over A is the same as giving a section defined over A.

Suppose given an object E in Ch(X, A) 4. Consider the diagram

(19.5) A — Ch-struct(FE)

¢~

X—X

where the top horizontal map encodes the differentials on E. Since A — X is
a cofibration and Ch-struct(F) — X is a trivial fibration, there is a lifting X —
Ch-struct(E). This lifting precisely gives a chain complex structure on { F; }, defined
on all of X, that extends the one defined over A. This proves that the functor
E — E(A) is surjective on objects.

Next observe that if f: Y — X is any map then Ch-struct(f*E) is canonically
identified with the pullback of ¥ — X « Ch-struct(E). This is an easy exercise.
Suppose that (E, s) and (E, s’) are two preimages in Ch(X, A) for the same object
E in Ch(X,A)s. Then s and s’ correspond to two liftings in the square (19.5]).
Given this data, form the new diagram

(X x0) Hiaxry (X x 1) —— Ch-struct(E)

| -

s

X x1I X

where m: X X I — X is the projection, A x I — Ch-struct(E) is the constant
homotopy, and the top horizontal map equals s and s’ on the two copies of X.
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Once again, the diagram has a lifting. The resulting map X x I — Ch-struct(FE)
corresponds to a section of Ch-struct(n*FE) — X x I, and so specifies a complex of
vector bundles on X x I. It is clear that the differentials are constant (with respect
to ‘time’) on A x I, so the complex lives in Ch(X x I, A x I). By construction it
restricts to the two liftings (F, s) and (E, s’) at times 0 and 1.

Now suppose that F and F' are objects in Ch(X, A) and that F(A) = F(A). So
there are isomorphisms f;: F; — F; of bundles over X which, when restricted to
A, commute with the differentials d. Let d; be the composite

—1
JORELNG NG RN Ll N
Note that the d’ maps give a chain complex structure on {E;}; call this new chain
complex E’. We have E' = F as objects in Ch(X, A). Observe that d'|4 = d|a4,
and so E(A) = E'(A). Tt follows by what we have already proven that F and E’
are homotopic in Ch(X, A). Since E’ and F are (trivially) homotopic, transitivity
gives that F is homotopic to F'. (Il

Remark 19.6. The above proof was written in part to demonstrate the technique
of translating a desired task into a lifting problem. This is a useful technique that
we will need again later in this section. However, it is worth pointing out that in
the particular cases from the above proof the lifting problems could be solved in
a very concrete and simple way. If (Y, B) is a CW-pair and E, is an object in
Ch(Y, B) g, we extend the differentials from B to all of Y by an induction over the
cells of Y — B. If €™ is such a cell, we assume inductively that the differentials
have been defined over the boundary. Identifying the cell with the disk D™, points
in the interior of the cell have the form tz for x € 9D™ and t € [0,1). Define
the differential over tx to be t times the differential over z. This clearly gives the
required extension.

Proof of Proposition[19.3. It remains to prove that L, (X, 4)"st — L, (X, A)Z’St is
injective. Let E and F' be two objects in Ch, (X, A). It will suffice to prove that
(1) if E(A) ~j, F(A) then E = F in L,(X, A)"* and

(2) if BE(A) ~g F(A) then E = F in L, (X, A)"st.

For suppose that F(A) and F(A) are identified in L, (X, A)Z’St. Then there is a
finite chain of objects Ey, Es, ..., E, in Ch,(X, A)4 such that E; = E(A), E, =
F(A), and for each i either E; ~p, EH_l or E; ~g Ei+1~ By Lemma there are
chain complexes E; € Ch,, (X, A) such that E;(A) = E;, for each i. We can choose
Ey, = E and E,. = F, and we do so. By iterated applications of (1) and (2) we then
know that E1, Es, ..., E, are all identified in £,,(X, A)"*¢ and in particular E and
F' are identified. This is what we needed to prove.

We turn to the proofs of (1) and (2). Suppose that E(A) ~p, F(A). Then there
exists an € € Ch(X x I, A xI)axs together with isomorphisms E\Xxo >~ F(A) and
& xx1 2 F(A). By Lemma'l_Q_%there isan & € Ch(X x I, AxI) such that &(A) = €.
So €|xxo and €| xx1 are homotopic. Moreover, we have &|xxo(A) = E(A), and so
by Lemma &|x o is homotopic to E. The same reasoning gives that &|xx is
homotopic to F. By transitivity, F is homotopic to F'.

Finally, suppose that F(A) ~g F(A). So there exist elementary complexes
Pl,. . .,PT and Ql,. . .,QS such that E’(AA)EBGBz Pz = F(A)@@] Qj' Let P = @1P7

and Q = @®;Q;, and observe that these belong to Ch, (X, A) (i.e, the differentials
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are defined over all of X). Then (E @ P)(A) = (F ® Q)(A), and so Lemma [19.4]
tells us that E@ P and F @ @ are homotopic. Consequently, F and F' are identified
in L,(X,A)st, O

19.7. Where we are headed. The group X (X, A) is readily checked to be the
group completion of the monoid £, (X, A)"* (use Proposition . By Propo-
sition this is the same as the group-completion of L, (X, A)Z’St, and we will
now focus entirely on this latter object.

Note that Lo (X, 4)%*" is the colimit of the directed system

Li(X, A — La(X, A — La(X, A — -

Our next task will be reduce the study of L (X, A)Z’St to the much more accessible
object L1(X, A)Z"St. We will show that the maps L, (X, A)Z’St — L (X, A)Z’St
are bijective for all n > 1. This will be based on a strange technique for folding the
top group of an exact complex two degrees lower down, to construct a new complex
that happens to also be exact. We pause to describe the algebra underlying this
technique.

19.8. An unusual construction from homological algebra. Let V' be an exact
complex of vector spaces and assume that V; = 0 for ¢ > n. (The complex could
actually consist of projectives over some ring, but let us stick with the simpler
setting). Since the complex is exact there exists a contracting homotopy: maps
e: V; — Vii1 such that de + ed = id. Let 'V be the following chain complex,
concentrated in degrees smaller than n and agreeing with V in degrees smaller
than n — 2:

0 anl Vn72 S Vn Vn73 Vn74

r ——> (dz, ex)
(a,b) ——da.

It is an elementary exercise to prove that I'V is exact, but this will also follow
directly from the two decompositions we produce next.

For any vector space W and any k € Z, write Dy (W) for the chain complex
consisting of W in degrees k and k + 1, where the differential is the identity.

Returning to our chain complex V' with contracting homotopy e, note that for
x € V, one has ed(x) = z. Using this, we can write down a natural chain map
V — D, _1(V,) that is the identity in degree n and the map e: V;,_1 — V;, in degree
n—1. Let TV be the desuspension of the mapping cone of this map; specifically, rv
is the following chain complex, concentrated in dimensions at most n and agreeing
with V' in dimensions smaller than n — 2:

OHVnan—l@vnﬁvn—QGBVnHVn—ZS4>Vn—44>"’

(dz, —z) (z,y)
(a,b) —— (da,ea + b)

X

dx

There is a canonical inclusion D,,_o(V},) — fV, and the quotient is V. Moreover,
this inclusion has a canonical splitting x defined by x(a,b) = ea + b for (a,b) €
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Vo1 ®Vy = (OV),_1 and x(a,b) = b for (a,b) € V,_o @ V,, = (TV),_2. This
splitting gives an isomorphism I'V 2 D,,_5(V,,) & V.

Notice as well that there is an evident map D, _1(V,,) — L'V: in degree n
this equals the identity and in degree n — 1 it equals the differential of I'V. The
cokernel of this inclusion is precisely I'V. Moreover, there is again a canonical
splitting for the inclusion: in degree m it is equal to the identity, and in degree
n — 1 it is the negation of the projection map V,,_1 ®V,, — V,,. This splitting gives
TV D, (V,)&TV.

Summarizing, we have produced two split-exact sequences

0— Dp_o(V,) =TV -V =0 and 0— D,_1(V,)) =TV =TV =0
and these induce isomorphisms
(19.9) TV ~D, oV,)®V and TV =D, (V,)®&TIV.

An important point is that the maps in these short exact sequences, their splittings,
and therefore the induced isomorphisms in are all canonical in the pair (V,e).

By the way, notice that it follows immediately from the isomorphisms in
that the homology groups of I'V and V' coincide; therefore I'V is exact.

The constructions from above depended on the choice of contracting homotopy
e. As one last remark before getting back to topology, let us consider the space of
all contracting homotopies on an arbitrary chain complex V. Denote this space as
contr-h(V') C [, Hom(V;, Viy1); an element of contr-h(V') is a collection of maps
{e;: V; = Vi41} satisfying de + ed = id. Of course this space might be empty, but
we claim that it is either empty of contractible. To see this, recall the internal Hom-
complex Hom(V, V). In dimension k this is [ [, Hom(V;, Vi1 ), and given a collection
{a;: V; — Vi } the differential is the collection of maps {doa; — (—1)*a;_jod}. A
contracting homotopy for V is just an element e € Hom(V, V) satisfying de = id,
and the space of contracting homotopies is just d=!(id). If this space is nonempty
then it is homeomorphic to the space of 1-cycles in Hom(V, V'), which is a vector
space and hence contractible.

Remark 19.10. The I'- and T'-constructions used in this section seem to have first
appeared in [Do]. Notice that very little about the contracting homotopy e was ever
used—in fact, all we really needed was the component of e in the top dimension,
the map e: V,,_1 — V,,. And all that was important about this map was that it
was a splitting for the differential d,,: V;, — V,_1. Rather than use the space of
contracting homotopies as a parameter space, we could have used the (simpler)
space of splittings for d,,. The reader can check that this is again an affine space,
homeomorphic to the vector space of all maps f: V,,_1 — V,, such that fd = 0; in
particular, this parameter space is again contractible.

We have used the space of contracting homotopies because this approach gener-
alizes a bit more easily to the situation of algebraic K-theory. See [FH] and [D3]
for the importance of these contracting homotopies.

19.11. Back to topology. Let E, be a bounded chain complex of vector bundles
on a space Z, and assume that E, is exact. One can prove by brute force that
E, has a contracting homotopy, by successively splitting off bundles starting in
the bottom degree of the complex (as in the proof of Proposition . But as
another argument, consider the map contr-h(E) — Z whose fiber is the space of
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contracting homotopies for (E,).. It is easy to see that contr-h(E) — Z is a fiber
bundle, and our remarks in the last section show that the fibers are contractible.
If Z is a CW-complex then a lift is guaranteed in the diagram

contr-h(E)

id i

Z——1Z,

and this lift precisely gives a contracting homotopy for E,. Moreover, if e and e’ are
two liftings then there is a homotopy Z x I — contr-h(E) between them because
the diagram

(Z % 0)11(Z x 1) <2< contr-h(E)

i -

Ix ] —— 7,

admits a lifting. This is all we will need, but it is worth observing that one can
say even more here: the space of all liftings, which is the space of contracting
homotopies on F,, is contractible.

If e is a chosen contracting homotopy for EF, then we can form the associated
chain complex I'E by repeating the construction from Section[I9.8 but in the bundle
setting. This is a new chain complex of vector bundles that is still exact on Z. This
construction of course depends on the choice of contracting homotopy e, and so
we should probably write ' . But since any two choices for e are homotopic, it
follows that I'E is well-defined up to homotopy.

We will use the above construction to prove the following;:

Proposition 19.12. For any n > 2 the map j: L,—1(X, A)Z’St — L (X, A)Z’slt 18
a bijection.

Proof. Let E, be a chain complex in £, (X, A)4, where n > 2. By the preceding
considerations there exists a contracting homotopy for (E,)|4. Using such a con-
traction e we can form I' F, which is an object in £,,_1(X, A) 4. Different choices
for e give rise to homotopic complexes, so we get a well-defined function

[: Lp(X, A)a — Lo (X, A
It is an elementary exercise to see that if £ ~,; E’ then 'E ~4 I'E’, and that if
E ~y E' then TE ~, TE’. So we actually get

T: L,(X, A = L, (X, At
If j denotes the map L, _1(X,A)"st — L, (X, A)Z’St induced by inclusion, it is
trivial that I'j = id. We claim that jT' = id as well, thus establishing that j is
a bijection. This claim almost follows directly from the canonical isomorphisms
(19.9), except there is an important step we must fill in. We would like to say that
these isomorphisms globalize to give
(19.13) TE~D, 5(E,)®&E and TE~D, ,(E,) ®TE.

This is certainly true if we restrict all the chain complexes to the subspace A. How-
ever, to give an isomorphism in Ch(X, A)4 we actually need to give a collection
of isomorphisms for bundles over X (they are only required to commute with the
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differentials over A, however). So we must verify that in each degree the isomor-
phisms from globalize not just to A but to X. Those isomorphisms were
obtained from split short exact sequences, so we must check that all the maps in-
volved can be extended over X. But we have formulas for all of these maps, and
most of them are inclusions of a summand or projections onto a summand—these
obviously extend to all of X. The one exception is in one of the splittings, where
we used the map x: E,—1 ® FE,, — E,, given on fibers by (a,b) — ea + b where ¢
was part of the given contracting homotopy. Since e is only defined on A, this does
not automatically make sense on all of X. However, the particular map e we are
using in this formula is a section over A of the bundle Hom(E, 1, E,) — X. The
diagram
A— M(En—la En)

id i

X—X

must have a lifting, and this gives an extension of e to a bundle map é: F,_1 — E,
defined on all of X. The formula (a,b) — éa + b then gives the desired splitting
that works on all of X. Note: it is important here that the splitting is only required
to commute with the differentials on A, since this is all we have guaranteed.

To summarize, we have indeed justified the isomorphisms in . These imply
that TFE and E represent the same class in £, (X, A)Z’St. In other words, we have
proven that joI' =id, and so I is a two-sided inverse for j. ([l

Remark 19.14 (Atiyah’s proof). Atiyah proves a version of Proposition in
[At1l Chapter 2.6]; the argument orginally comes from [ABS]. We will explain the
basic ways his proof differs from ours, and why these differences are important.
Let E, be a chain complex in Ch,(X,A)s. There is a canonical map
D, _1(FE,) — E, which in degree n equals the identity and in degree n — 1 equals
the differential E,, — E,_;. Let E! = E,®D,,_o(F,,) and consider the composition

D,_1(E,) — E, — E..

The map in degree n —1is d® 0: E,, — E,,_1 ® F,, which is defined only on A.
Atiyah shows via a lifting argument that this can be extended to a monomorphism
of bundles on X. Let @ be the quotient, and observe that by Proposition [0.2] the
sequence 0 — F,, — E/ — @ — 0 is a split-exact sequence of bundles over X. A
choice of splitting x: E!, — E,, then shows that E! is the direct sum of D,,_;(E,)
and a complex

(19.15) 0—Q—FE, c®FE,—E, 3—FE, 44—

This last complex lies in Ch,_;(X, A) 4, and it represents the same class as F in
Ln(X, A" This shows that j: £, 1(X, A)%*" — £, (X, A)"*" is surjective.

This argument does not give an inverse for j, however. The complex in
depends on a choice (the extension of a certain map to all of X), and so it is not
clear how to use this construction to make an inverse for j.

In our argument we gave a construction I'E that did not depend on choosing
any such extensions to X. Such extensions did appear, but only in the isomorphisms
showing that our I'E had the correct properties. By pushing these choices into the
maps rather than the objects, we were able to write down an explicit inverse for j.
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In Atiyah’s case he found a clever way around his problem, by instead con-
structing a map L, (X, A)Z’St — Li(X, A)Z’St that is an inverse to the appropriate
composition of j’s. This is clearly enough to deduce injectivity of all the j maps.
Atiyah’s construction proceeds by choosing Hermitian inner products on all of the
bundles F;, and then letting a: E; — E;11 be the adjoint of the differential. The
map d+ a: @, jqq Fi — D, oven Ei is seen to lie in Chy(X, A)4, and it clearly
has the desired properties. This element seems to again depend on choices, namely
the choice of inner products; but the space of all such choices is contractible, and
so one indeed gets a well-defined element of L1 (X A)Z’St. The exercises below will
give you enough information to fill in the details of this approach.

The disappointing aspect of Atiyah’s argument is that it does not work in the
related context of algebraic K-theory. In that setting one cannot play a corre-
sponding game with inner products. In contrast, our argument with contracting
homotopies does generalize. See 7777.

Exercise 19.16. Assume V is an exact chain complex of real vector spaces, and

that V; = 0 for ¢ < 0 and for ¢ > n. Choose an inner product on each V;, and let

a;: Vi — Viiq1 be the adjoint of d;y1: Vi1 — V;. That is, for each z € V; and

y € Viy1 one has (ax,y) = (z, dy).

(a) Prove that a? = 0, and so (V, ) is a cochain complex. Observe that this is
isomorphic to the dual complex V*, and therefore is exact.

(b) For each i prove that ker o; is orthogonal to im d; 11 inside of V. As a corollary,
deduce that d restricts to an isomorphism ker a; — imd;_1 and « restricts to
an isomorphism imd; _; — ker a;. Produce an example when n = 1 showing
that these isomorphisms need not be inverses.

(¢) Use a dimension count to show V; = (imd,;11) @ (ker o), for each i. The
following picture shows V' decomposing into a direct sum of length 1 complexes:
(imdi+1) (1mdl) (imdi_l) te
« « « «
(ker ;) (ker av;—1) (ker av;—2)

(d) Let Voga = @i 0aaVi and Ve = @; evenVi. Observe that d + a: Vogqg — Ve 18
an isomorphism, by the following diagram:

(imd); _ @ (kera); @& (imd); @ (kera)s &

e

d

(imd)y @ (kera)y ® (imd)y @ (kera)s @

Note: Here we have written (imd); for the component of imd contained in
degree i; i.e., (imd); = imd,;4+1, but (ker a); = ker «;.

(e) Prove an analog of these results for exact complexes of C-vector spaces, in
which one chooses Hermitian inner products on all of the V;’s.

Exercise 19.17. Let IP,, denote the space of all inner products on R™. Note
that this may be identified with the space of all positive-definite, symmetric n x n
matrices, which we topologize as a subspace of M,,«,(R). We will prove that IP,,
is contractible, for all n.

(a) Prove IP; & Ry,.
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(b) Consider the subspace R"~* C R", and let H™ denote the upper half-space
{z € R"|z, > 0}. Prove that IP,, & IP,,_y XxH", and deduce that IP,, is
contractible for all n > 1.

(¢) Use a similar line of argument to show that the space of Hermitian inner prod-
ucts on C" is contractible. The analog of H™" is the space (C" — C"~1)/St,
where S! is the group of unit complex numbers acting via scalar multiplication
on C™. As part of your argument you will have to show that this orbit space is
contractible.

19.18. Another interlude on where we are headed. Recall that we are trying
to produce a natural map of groups X(X, A) — K°(X, A). The following reductions
have been made:

e Produce a natural map of monoids L., (X, 4)"*" — K°(X, A);

e Produce a natural map of monoids L (X, A)Z’Slt — KX, A);

e Produce a collection of natural monoid maps L., (X, A)Z’St — K9%X, A)
that are compatible as n changes;

e Produce a natural map of monoids L1 (X, A)Z’St — KY(X, A).

In all of these cases we will call the natural map an Euler characteristic. In
the next section we produce an Euler characteristic on Ch; (X, A) 4 and show that
it is the unique one satisfying some evident desirable properties.

19.19. The difference bundle construction. Consider the space X 114 X to-
gether with the two evident inclusions i1,i9: X — X 114 X. We will write X; and
X for the images of X under these two maps. The inclusion of pairs (X7, A) —
(X4 X, X5) induces an excision isomorphism 4} : K(X 114 X, X3) — K°(X1, A).
The fold map X IT4 X — X shows that the long exact sequence for the pair
(X T4 X, X5) breaks up into split short exact sequences, and in particular we get

00— KX 14 X, Xp) —> KX II4 X) —2> KO(X,) — 0.

o | g%
ill

KO(X, A)

This diagram shows that we can produce elements of K°(X, A) by producing ele-
ments in the kernel of 3.

Suppose 0 — Ej 4, Ey — 0 is an object in Ch; (X, A)4. Produce a bundle
on X II4 X by taking F; — X; and Ey — Xo and gluing them together along
the isomorphism d defined over A (see Corollary [8.17)). Call this new bundle £ —
X T4 X. Likewise, by gluing two copies ¢ of Ey along the identity map we produce
a bundle Eg on X II4 X. Set a(E) = [Eo] — [E] € K°(X 114 X) and notice that
i5(ag) = [Eo] — [Eo] = 0. Let d(E) = ij(a(E)) € K°(X, A). This element is called
the difference bundle corresponding to the complex E. It is immediate from the
definition that the image of d(E) in K°(X) is [Eo] — [F1].

We must argue that if £ ~; E’ then d(E) = d(E’). But this follows from the
homotopy invariance of K-theory; to see this, suppose & € Chy(X x I, A X )4
and that there are isomorphisms &|xxo = E and &|xx; = E’. Then d(€) €
K% X xI,AxI), and it is immediate that jid(€) = d(E) and j;d(€) = d(E’) where
jo,J1: X — X x I are the inclusions of the two ends. But homotopy invariance of
K-theory gives that j§ = j7, hence d(E) = d(E").
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We must also argue that if E ~,; E’ then d(E) = d(E’). This reduces to showing
that if @ is the complex 0 — F 29, F — 0 then d(E & Q) = d(E). But there
is an isomorphism of bundles E® Q E® V*Q where V: X T4 X — X is the
projection, and also Ej ¢ Q E 0 ® V*Q. We now simply observe that

AE@Q)=[Ey®V'Q-[E®V'Q|=[Ed - [E] = a(B),

which immediately yields d(E & Q) = d(E).

We have now shown that the difference bundle construction gives a map

L1(X, A)Z’St — K9(X,A). It is clearly natural in the pair (X, A), and also

a map of monoids.
Proposition 19.20. The map x1: L1(X, A)Z’St — K%(X,A) is an isomorphism
for every finite CW -pair (X, A).
Proof. The proof proceeds in three steps.
Step 1: A = (0. This step is trivial.
Step 2: A = x. Here we consider the diagram

00— £ (X, ) =2 £y (X, 0) —s £y (5, 0)20 — 0
Xi iX iX
00— KX, %) K°(X) KO(x) 0

(note that the objects on the top row are a priori only monoids, not groups). The
bottom row is exact, and the middle and right vertical maps are isomorphisms by
Step 1. It will suffice to show that the top row is exact, since then the left vertical
map is also an isomorphism.

For the remainder of this step let z € X denote the basepoint.

Surjectivity of 3 is trivial (and also not really needed for the proof). For exactness
at the middle spot, note that Ll(*,ﬁ))g’gt ~ 7 via (Fy, Ey) — rank Ey — rank Fj.
So if E, is in the kernel of § then rank F; = rank Ey, and certainly there exists
an isomorphism (E7), = (Ep),. Such an isomorphism determines an element of
L1(X, %) that is a preimage for E,.

Finally, let F, € Ch(X, %), and assume that F, is in the kernel of o. Using
the isomorphism Ll(X,@)g’St =~ K9(X), this means that [E;] = [Fy] in K°(X). So
there exists a trivial vector bundle @ such that F10Q = Ey® Q. Adding id: Q — Q
to E, and using this isomorphism, we may assume that F, satisfies Fy = Ey. Our
isomorphism of fibers over x is then an element o € Aut((Ep),) = GL,(C) for
n = rank(Ep). As GL,(C) is connected, choose a path between o and the identity
element. Consider the lifting square

(X x0)U (z x I) — Aut(FEy)

| :

X x1 X

where the top map is the identity section on X x 0 and the chosen path from o
to the identity on {x} x I. The object Aut(Fy) — X is the fiber bundle whose
fiber over a point z is Aut((Ep).. Since the left vertical map in the square is a
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trivial cofibration, the square admits a lifting. Such a lifting is an isomorphism
¢: Eyg — FEy that restricts to o on x. The diagram

Eq i>EO

[, b

Ey —%> E,

is an isomorphism between E, and Ej i, Ey, thereby showing that E, represents
0in L1 (X, %)™,
Step 3: General case. First consider the square

L1 (X, At —* = KO(X, A)

T Tu

L1 (X/A, %) — KO(X/A, %)

induced by the map of pairs 7: (X, A) — (X/A,*). The bottom horizontal map
is an isomorphism by Step 1, and the right vertical map is an isomorphism by
excision. It follows that the map 7* is injective. If we prove «* is surjective then it
is an isomorphism, and therefore x is also an isomorphism.

Suppose given a chain complex 0 — F; — Ey — 0 in Ch(X, A)4. Since X is
compact, there is a bundle @ such that F; @ @ is trivial. By adding id: @ — Q
to the complex FE,, we may assume that F; is trivial. Choose a trivialization

¢: Eq =, X x C" and consider the following diagrams:

cn (E1)la By o (Eo)la Ey
o L
* A X * A X.

Here (E1)|a — C™ is the composite of ¢ with the projection onto C™, and (Ep)|4 —
C™ is obtained by precomposing the former map with the inverse of the given
isomorphism (F1)[a = (Ep)|a. Let Fy and Fy be the pushouts of the top rows of
the two diagrams. These come with maps F; — X/A and F, — X/A which are
readily checked to be vector bundles. Moreover, there are natural maps Fy — 7% F}
and Fy — 7*Fy, and these are isomorphisms of vector bundles.

The fibers of F; — X/A and F» — X/A over the basepoint are canonically
identified with C™, and so the identity map on these fibers yields a relative chain
complex 0 — F; — Fy — 0 in Ch(X/A, %),. It is an easy check that the diagram

(ETM — (E1)|A
(m*F1)|a — (7" Fy)|a

is commutative. So our original chain complex E, is isomorphic to 7*(F,). This
proves surjectivity of 7* in the original diagram. O]



A GEOMETRIC INTRODUCTION TO K-THEORY 137

19.21. Wrapping things up. We can now bring together all the work in this
section to prove the main results.

Proposition 19.22. Fiz 1 < n < oco. There is a unique natural transformation
Xn: Ln(X, A)Z’St — K%X, A) such that when A = 0 one has x(E.) = >,(—1)"[E;].
Moreover, the map xn is an isomorphism for every pair (X, A).

Proof. We have already established the existence of y; and seen that it is a natural
isomorphism. Define y,, via the zig-zag

Lo(X, At Lo py (X, A X4 KO(X, A).

using the fact that j is an isomorphism by Proposition [19.12] Since j is natural,
Xn is also natural.

For uniqueness, note first that a natural transformation y/, determines a corre-
sponding natural tranformation x} by precomposing with j. Since j is an isomor-
phism, it will be sufficient to prove that x} = x1. For this, first note that exactly
the same proof as for Proposition shows that x/ is a natural isomorphism.
This allows us to consider the composite n = x} o (x1) ™!, which is a natural iso-
morphism n: K°(X, A) — K°(X, A). The fact that x; and x} agree on K°(X,0)
for any X shows that 7 is the identity on these groups. Now one merely observes
the natural isomorphism 7*: K°(X/A, x) — K°(X, A) and the natural short exact
sequence

0— K°%X/A, %) — K°(X/A) — K°(x) — 0.
It follows at once that a natural isomorphism 7 that is the identity on K°(X) for
all X is also equal to the identity on K9(X, A) for all pairs (X, A). So n = id, thus
X1 = X}, and therefore x,, = x/,. O

Since the natural maps L,, (X, A)"** — £, (X, A)Z’St are isomorphisms by Propo-
sition the above proposition also gives a uniquely determined natural trans-
formation L, (X, A)"t — K9(X, A). We will also call this x,, by abuse.

Recall that K(X, A) is the group completion of L. (X, A)"t. But it follows as
a consequence of Proposition above that Lo (X, A)"*! is already a group,
hence the two are canonically identified. This proves the following:

Corollary 19.23. The evident map Loo (X, A)"3t — K(X, A) is an isomorphism.

Corollary 19.24. There is a unique natural map x: K(X, A) — K°(X, A) having
the property that for A = 0 one has x([E.]) = >_,(=1)"[E;]. The map x is a natural
isomorphism.

Proof. Immediate from the preceding results. (]

As we have observed before, if E, € Ch(X, A) and F, € Ch(Y, B) then E,&F, €
Ch(X x Y, (A XxY)U (X x B)). This is readily seen to induce pairings

w: K(X,A)@K(Y,B) - K(X XY, (AxY)U (X x B)).
Corollary 19.25. For any finite CW -pairs (X, A) and (Y, B) the diagram

m

K(X,A) @ X(Y,B) KX xY,(AxY)U (X x B))

Jxex |x

K9%X,A)® K°(Y,B) —= K°(X x Y, (A x Y)U (X x B))
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is commutative, where the bottom horizontal map is the product on K-theory.

Proof. Tt is trivial to check that the diagram commutes when A = B = (). The
general case follows formally from this one using naturality. First check that it
works for A = B = x using the diagram

KX, %) ® KO(Y,#) —> KO (X x Y, (X x #) U (* x Y)) =<— KO(X A Y, %)

ZI \I

KO(X) @ KO(Y) KO(X x V)

(and the similar one for X(—,—)). It is important that the indicated maps are
injections, but that they are so is an easy argument. Finally, deduce the general
case using the diagrams

KX, A) @ K°(Y, B) —> K°(X x Y, (A x Y) U (X x B)) =< K%(X/AAY/B, %)

B

KO(X/A,+) @ KO(Y/B, ) — K9(X/A x Y/B, X/AV Y/B).
O

Finally, we note that the above results for finite CW-pairs (X, A) automatically
extend to homotopically compact pairs. If (X, A) is homotopically compact then
choose a finite CW-pair (X', A’) and a map (X', A") — (X, A) that is a weak
homotopy equivalence on each factor. Define x: K(X,A4) — K°(X,A) via the
diagram

o

K(X', A) K(X, A)

|

KO(X', A') <g— K°(X, A).

A straightforward argument using Proposition [I7.14] and Proposition [C.3] shows
that this does not depend on the choice of (X', A’). Everything that we have
proven about X(—,—) — K%(—, —) for finite CW-pairs now immediately follows
for homotopically compact pairs as well.

Remark 19.26. Note that we have now proven Theorem [17.16] since that result

is just a compilation of Corollaries and
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Part 4. K-theory and geometry 11

In the last several sections we developed the basic connections between K-theory
and geometry. We have seen that K-theory is a complex-oriented cohomology
theory, and we understand “geometric” representatives for the Thom classes and
fundamental classes that come with such a theory; in this case “geometric” means
that we can write down explicit chain complexes of vector bundles representing the
classes. In the following sections our aim is to further explore this general area:
now that the basic picture is in place, where does it take us? The topics we cover
are somewhat of a hodgepodge, but in some sense they they all revolve around the
exploration of fundamental classes.

20. K*(CP™) AND THE K-THEORETIC ANALOG OF THE DEGREE

If Z — CP" is a complex submanifold then it has a fundamental class [Z]
in H*(CP"). Knowing this fundamental class comes down to knowing a single
integer, called the degree of Z. The geometric interpretation of the degree is that
it equals the number of points of intersection between Z and a generically chosen
linear subspace of complementary dimension. In this section we will repeat this
line of investigation but replacing H* with K*. So we must compute K*(CP")
and investigate what information is encoded in the fundamental class [Z]x. We
will find that knowing [Z]x amounts to knowing several integers (not just one);
while we can give methods for computing these, their geometric interpretation is
somewhat mysterious.

20.1. Calculation of K*(CP™). We begin with the following easy lemma:

Lemma 20.2. Let E be any multiplicative cohomology theory. If x1,...,2p41 €
E*(CP™), then 1 -+ Zp41 = 0.

Proof. The key is just that CP™ can be covered by n + 1 contractible sets. To be

explicit, let U; = {[z0:...: 2] € CP"| 2z # 0}. Then U; is open in CP" and is
homeomorphic to C™.
Choose our basepoint of CP" to be [1 : 1 : --- : 1] (or any other point in the

intersection of all the U;’s). The contractibility of U; implies that E*(CP",U;) —
E*(CP", %) is an isomorphism. So we may lift each z; to a class &; € E*(CP",U;).
It now follows that Z1Zo - - - Zp41 lifts 21 ... 2541 in the map
E*(CP", Uy U---UUpy1) — E*(CP", ).
Since Uy U---UU, 1 = CP", the domain is the zero group. So z1...2,11 =0. O

Recall that H*(CP") = Z[x]/(z""!) where z is a generator in degree 2. It is
not hard to see that we may take x = [CP™!]. This calculation works for any
complex-oriented cohomology theory:

Proposition 20.3. Let E be a complex-oriented cohomology theory. There is an
isomorphism of rings

E*(pt)[z]/(a" 1) — E*(CP")
sending x* to [CP™™"].
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Proof. Consider the reduced Gysin sequence for the submanifold CP" ™! ER CpP™:
- =<— EF(CP" —CP" ') <— E*(CP")

E

EF=2(CP" ) <= EFY(CPM —CPM ) <

Let = [CP"'] = j(1) € E*(CP™). By Lemma we know z"*1 = 0, so
we get a map E*(pt)[z]/(z"*!) — E*(CP™). We will show that this map is an
isomorphism via induction on n. The case n = 0 is trivial.
Note that #2 = [CP™?] by intersection theory, and more generally z* = [CP™ ]
The spaces CP™ — CP"™! are homeomorphic to C" and hence contractible.
So the reduced Gysin sequence considered above breaks up into a collection of
isomorphisms
ji: EF2(CcPht) = ER(CPT).
Taking all k’s together, ji is a map of E*(pt)-modules and therefore an isomorphism
of such modules. By induction E*(CP"™ ') is a free E*(pt)-module generated by
the classes 1 = [CP™™'], [CP™?], [CP™?],...,[CP"]. Since the pushforward j
sends [CP™™] to [CP™™], we conclude that E*(CP") is a free E*(pt)-module on
[CP™!),...,[CP%. If we add 1 to this collection then we get a free basis for
E*(CP™) over E*(pt). This proves that our map E*(pt)[z]/(z"*!) — E*(CP") is
an isomorphism. O

In the case of complex K-theory, we can rephrase the above result as saying
that K°(CP") = 0 and K°(CP") = Z[X]/(X"*'), where X = 3-[CP""!]. In
particular, note that additively we have K(CP™) = Z"*! with free basis consisting
of the powers of X. Ignoring powers of the Bott element at usual, we can write this
free basis as [CP"],[CP"],...,[CP"].

20.4. Fundamental classes in K*(CP™). Now let Z — CP™ be a complex,
closed submanifold of codimension ¢. Recall that if we consider fundamental classes
in singular cohomology then we have [Z] = d - [CP"™°] for a unique integer d that
is called the degree of Z. Geometrically, d is the number of points on intersection
of Z with a generically chosen copy of CP°.

We can now play this same game in the context of K-theory. We have a funda-
mental class [Z]x € KY(CP™), and we can therefore write

[Z]k =do- [CP"] +dy - [CP" ']+ -+ + d,[CP"]
=dp-1+di X +doX?+-- +d, X"
for unique integers d;. These integers are topological invariants of the embedding
7 — CP"; our goal will be to explore them further. Multiply the above equation
by X™ to obtain
doX" = [Z]k - X" = [Z]k - [CP°] = [ZNCP"

where in the last term we mean the intersection of Z with a generically chosen
copy of CP°. But as long as Z is not all of CP", this generic intersection will

be empty—so if Z is codimension at least one then dy = 0. We then repeat this
argument, but multiplying by X"~ ! instead of X": we get

X" = [Z]k - [CP'] = [ZNnCP.
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Again, if the codimension of Z is at least 2 then the CP' can be moved so that it
doesn’t intersect Z at all, hence d; = 0. Continuing this argument we find that

Ozdo:dlz'”:dc_l and dc:deg(Z)

The last equality follows because Z intersects a generic CP* in deg(Z) many points.
The situation can be summarized as follows: the first non-vanishing d; coincides
with the classical degree of Z, but there is the possibility of the higher d;’s being
nonzero. This is what we will investigate next.

Remark 20.5. Notice that what we have done so far works in any complex-oriented
cohomology theory E*. The fundamental class [Z] can be written as a linear com-
bination of the classes [CP" ] with coefficients from E*(pt). The first ¢ of these
coefficients vanish, until one gets to the coefficient of [CP" ™ “]—which must be equal
to deg(Z). After this things become interesting, in the sense that one has invariants
that are not detected in singular cohomology.

To proceed further with our analysis of the higher d;’s in K-theory, we need to
connect our fundamental classes with the vector bundle description of K-theory:

Lemma 20.6. In K°(CP") one has [CP""'] = 1 — L where L — CP" is the
tautological line bundle. Consequently, [CP™ "] = (1 — L)* for all k.

Proof. We give two explanations. For the first, consider the map of vector bundles
fi+ L — 1 defined as follows: in the fiber over x = [zo : 1 : -++ : x,] we send
(zg,...,2n) to xg. Note that this is well-defined, since multiplying all the x;’s by
a scalar A yields the same homomorphism L, — C.

The map f is exact on all fibers except those where oy = 0. The complex
0 — L — 1 — 0 is a resolution of the structure sheaf for CP™ !, and hence 1 — L
represents the associated fundamental class in K-theory by Theorem [I8:§

Our second explanation takes place entirely in the topological world. The key
fact is that the normal bundle to CP""! inside CP" is L*. Let U be a tubular
neighborhood of CP™ !, and consider the chain of isomorphisms

K°(CP",CcP" —CP" ') = K°(U,U — CP" ') = K°(N,N —0).

The relative fundamental class [CP”fl]ml is the unique class that maps to the
Thom class Uy under the above isomorphisms. But N is a line bundle, and recall
that the Thom class is then [J*] = [7*N* — 1] where 7: N — CP""'. A little
thought shows that the complex 0 — 7*N* — 1 — 0 is exactly the restriction
of 0 = L — 1 — 0 on CP™. So this latter complex represents [CP" '],.;, and
therefore 1 — L equals [CP™!]. O

Example 20.7. Note that it follows from the above lemma that (1 — L)"*! =0
in K°(CP"™). This relation comes up in many contexts, and it is useful to have a
different perspective on it. Let R = C[zy,...,x,] and consider the Koszul complex
for the regular sequence xg, ..., z,. It has the form

0= R(—n—1)— - — R(=2){("2") = R(—1)"' = R -0,
and we know this complex is exact. It therefore gives a corresponding exact se-
quence of vector bundles on CP", which tells us that

0=1-(n+ 1)L+ ("THL? - + (-1t
in K°(CP"™). Of course the expression on the right is precisely (1 — L)"*1.
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We next compute the K-theoretic fundamental classes in a couple of simple
examples:

Example 20.8. Let Z = V(f) — CP" be a smooth hypersurface of degree d. Let
R = Clxog,...,z,]. The coordinate ring of Z is R/(f), which has the short free
resolution given by
0— R(—d) -5 R — R/(f) — 0.
So [Z] =1— L% in K°(CP™). To write [Z] as a linear combination of the [CP" "]’
we need to write 1 — L? in terms of powers of 1 — L. This is easy, of course:
Z]=1-L'=1-[1-(1-L0)%"=1-(1-X)¢
=1-[1—dX + ()X -+ (-1)?X9
d d
=dX — (2)X2+ (3)X3 o
So we find that the higher d;’s for a hypersurface are all just (up to sign) binomial
coefficients of d. This is somewhat disappointing, as we are not seeing new topolog-
ical invariants—it is just the degree over and over again, encoded in different ways.

[This is not actually not a surprise: the degree is known to be the only topological
invariant for embedded hypersurfaces].

Things become more interesting in the next example:

Example 20.9. Cousider Z = V(f, g) where f, g is a regular sequence of homoge-
neous elements in R = Clzg,...,z,]. Let d = deg(g) and e = deg(g). Because f,g
is a regular sequence, R/(f,g) is resolved by the Koszul complex:

0— R(—d—e) - R(—d)® R(—e) = R— R/(f,9) — 0.

‘We can now calculate

[Z]K:{O Lite Ld@LeHIHO}
=1— (L% +L°) 4 Lt*
=1-(1-X) - (1-X)°+(1 - Xx)%e
d d d d

=[5 -G -Ox2- [ - () - ()] x*+--

=deX?+ide(2—d—e) X’ +....
The classical degree of Z is de, but our ‘higher invariants’ now see more than just
this number. In fact, knowing the expansion of [Z]x as a linear combination of the
X?¥s implies that we know de and de(2—d—e), which implies that we know d+e. But
if we know de and d+e then we know the polynomial (é —d)(£é—e) = £2—(d+e)é+de,
which means we know its roots. So knowing the expansion of [Z]k is the same as

knowing d and e. This example shows that the K-theoretic fundamental class sees
more topological information than the singular cohomology fundamental class does.

Now that we have seen these simple examples we can return to our main question.
Given Z — CP" of codimension ¢, how does one compute the d;’s in the equation

2]k = (deg Z)[CP" ™)+ dey1 [CP" 7] + dey2[CP" 2] -

And what do these d;’s mean in terms of geometry? We will soon see that one
answer is given by the Hilbert polynomial.
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20.10. Review of the Hilbert polynomial. Let R = C[xy,...,,], and regard
this as a graded ring where each x; has degree one. If M is a graded R-module
write M, for the graded piece in degree s. The Poincaré series of M is the formal

power series
o0

Py(€) = Y (dimM,)¢* € Z[[€]]

(defined if M is finitely-generated over R). Note that this is evidently an additive
invariant of finitely-generated, graded modules: if 0 - M’ — M — M"” — 0 is an
exact sequence then clearly Py (§) = Par(€) + Par(§). We may therefore regard
the Poincaré series as a map of abelian groups

P: Gyra(R) — Z[[¢]]
where Gg.q4(R) is the Grothendieck group of finitely-generated graded modules over
R.

We will calculate the Poincaré series of each R(—k), but for this we need the
following useful calculation:

Lemma 20.11. The number of monomials of degree d in the variables z1, ..., zp
18 equal to (d+3_1).

Proof. Monomials are in bijective correspondence with patterns of “dashes and
slashes” that look like
e e e

The above pattern corresponds to the monomial 23232425, and from this the general
form of the bijection should be clear. Monomials of degree d will correspond to
patterns with d dashes, and if there are n variables then there will be n — 1 slashes.
So we need to count patterns where there will be d 4+ n — 1 total symbols, of which
d are dashes: the number of these is (d+3_1). (]

It is an immediate consequence that Pr(¢) = Y.o, (*7")¢°. For R(—k) we
simply shift the coefficients and obtain -

Priiy(§) =Y (571" = " Pa(¢).
s>k
The power series {£¥ Pr(€) | k € Z} are obviously linearly independent over Q, which

shows that Gg,q(R) has infinite rank as an abelian group.

Proposition 20.12. Gg,q(R) is isomorphic to Z°°, with free basis the set of rank
one, free modules {[R(—d)|d € Z}.

Proof. The key is the Hilbert Syzygy Theorem. Consider the diagram
7>° ——= Ggrd(R)

N
(el

where the horizontal map sends the ith basis element to [R(—i)] and the diagonal
map is the composite. We have already seen that this composite is injective, because
there is no Z-linear relation amongst the images of the basis elements. So Z*° —
Ggrd(R) is injective, and it only remains to prove surjectivity. But if M is any
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finitely-generated, graded R-module then the Syzygy Theorem guarantees a finite,
graded, free resolution

O—F,—-F_1— - —FN—->F—->M-=0.

So [M] = >",(-1)'[F;], and each F; is a sum of elements [R(—k)]. This proves
surjectivity. O

The Hilbert polynomial is a variant of the Poincaré series that keeps track of
less information. At first this might seem to be a bad thing, but we will see that
what it does is give us a closer connection to geometry and topology. Here is the
main result that gets things started:

Proposition 20.13. Let M be a finitely-generated module M over R. Then there
exists a unique polynomial Hys(s) € Qls| that agrees with the function s — dim M
for s> 0. One has deg Hpr(s) < n. The polynomial Hps(s) is called the Hilbert
polynomial of M.

Proof. Consider first the case M = R. A basis for M, consists of all monomials in
o, - .., T, of degree s, which Lemma [20.11| calculates to be ("F*) = ("*). This is
a polynomial in s of degree n. Next consider M = R(—k). The function s — M,
is zero for s < k, and then for s > k it coincides with ("t"r’“). This is again a
polynomial in s of degree n.

Finally, consider the case of a general M. By the Hilbert Syzygy Theorem M
has a finite, graded, free resolution

0—-F,—-F,1— - —F—-F—-M-=—0.
It follows that
dim M, = dim(Fp)s — dim(Fy)s + - - + (=1)" dim(F}, ) s.

But each F; is a direct sum of finitely-many R(—k)’s, and so s — dim(F;)s has
been shown to agree with a polynomial in s of degree at most n, for s > 0. The
desired result follows at once. O

The following calculation was given in the above proof, but we record it below
because it comes up so often:

Corollary 20.14. When R = Clxy,...,x,] and k € Z the Hilbert polynomial for
R(—k) is (*T77F).

Example 20.15. Consider a hypersurface M = R/(f), where f € R is homoge-
neous of degree d. We then have the resolution

0 —> R(~d) —2> R—> R/(f) —>0

from which we find

HR/(f) = Hp— HR(fd) _ (s;n) _ (s+Zfd) _ (s+n)ﬁ.!.(s+1) - (s+n—d);l.!.(s—d+1).

Note that the two binomial coefficients have leading terms s™/n!, which therefore
cancel. The coefficient of s"~1 is

1 [n(nJrl) _ (n72d+1)ni| _
2 2

L d
n! — (n=1)!

Note that the degree of Hp/(s) is one less than the Krull dimension of R/(f), and
the leading coefficient is the degree of f (the geometric degree of the hypersurface)
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divided by n!. These are general facts that hold for any module: the degree of Hjy is
one less than the Krull dimension of M, and the leading coefficient times (deg Hpy)!
is always an integer—this integer is called the multiplicity of the module M.
Proofs can be found in most commutative algebra texts.

The Hilbert polynomial is an additive invariant of finitely-generated modules: if
0— M — M — M" — 0 is an exact sequence then clearly Hy/(s) = Hp(s) +
Hy(s). We may therefore regard the Hilbert polynomial as a map of abelian
groups

Hilb: Ggrq(R) — Qls].
This map is clearly not injective, however: it kills any module that is finite-
dimensional as a C-vector space. The subgroup of Ggrq(R) generated by such
modules is A = ([C(—d)]|d € Z). We may regard Hilb as a map

Hilb: Ggq(R)/A — Q]s].
The domain of this map is calculated as follows:

Proposition 20.16. The group Gg.q(R)/A is isomorphic to Z"!, with free basis
R,R(-1),R(-2),...,R(—n). The map Hilb is an injection.

Proof. Let B be the subgroup of G4,4(R)/A generated by [R], [R(—1)],..., [R(—n)].
We will show that B is equal to the whole group.

The module C is resolved by the Koszul complex K (xg,...,2,; R). This gives
the relation in Gg,q(R) of

[C] = [R] = (n+ DR + ("3 [R=2)] + - + (1" [R(=n — 1)].

In Ggra(R)/A we therefore have [R(—n — 1)] € B. For d > 0 we can tensor
the Koszul complex with R(—d) and then apply the same argument to find that
[R(—n — 1 —4d)] € ([R],[R(-1)],...,R(—n — d)]). By induction we therefore have
that [R(—k)] € B for every k > n + 1.

A similar induction works for d < 0 to show that [R(—d)] € B for all d € Z. In
other words, B = Ggq(R)/A.

Now consider the map Z"*! — G,.q(R)/A that sends the ith basis element e;
to [R(—1)] for 0 < i < n. We have just shown that this map is surjective. Consider,
then, the composite

Z' — Gyra(R)/A 22 Qls].
The images of our basis elements are the polynomials

(3 C7 O ()

Evaluating these polynomials at s = 0 gives the sequence 1,0,0,...,0. Evaluating
at s = 1 gives n + 1,1,0,0,...,0, and so forth. For s = ¢ the ith polynomial
in the list evaluates to 1 and all the subsequent polynomials evaluate to 0. This
proves that these polynomials are linearly independent over Z, hence the above
composite map is injective. So Z" ™! — Gy.q(R)/A is injective, and therefore is an
isomorphism. Moreover, Hilb is injective. (I

The reader might notice that the Z" ! in the above result is really ‘the same’ as
the group K°(CP"™). This is the basis for what we do in the next section.
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Example 20.17. We will not need this, but it is a cute fact: Prove that the image
of Hilb: G(R)/A — Qs] equals the set of polynomials f(s) € Q[s] having the
property that f(Z) C Z. That is, the image consists of all rational polynomials
that take integer values on integers.

20.18. K-theory and the Hilbert polynomial. We now explain how the Hilbert
polynomial encodes the same information as the K-theoretic fundamental class.

Given Z — CP™ a smooth subvariety of codimension ¢, recall that we have the
fundamental class [Z] € K°(CP") and that we may write

[Z] = de[CP" ] 4 dey 1 [CP" ) 4 - - - 4+ d, [CPY).
We know that d. = deg(Z), and our goal is to understand how to compute the
higher d;’s.

Recall that K°(CP™) is spanned by the classes [CP" "] = (1 — L)* for k =
0,1,...,n. Evidently one can also use the basis 1, L, L?, ..., L™. We next introduce
an algebraic analogue of K°(CP"). Let R = Clxo, ..., 2,]. Take the Grothendieck
group Kgrd(R) of finitely-generated, graded, projective R-modules (or equivalently,

chain complexes of such modules) and quotient by the subgroup A generated by all
complexes K (zg,...,Z,; R) ® R(—d) for d € Z. We obtain a diagram

(20.19) K9 4(R)/A—2~ KO(CP™)
Gg’rd(R)/A b Q[s]

where the vertical map is our usual ‘Poincaré Duality’ isomorphism and ¢ sends
[R(—d)] to L%. The map ¢ is an isomorphism by inspection: we have computed
Ggra(R)/A and K°(CP™), both are Z"™!, and ¢ clearly maps a basis to a basis.

Given Z = V(I), we know that its fundamental class [Z] € K°(CP") is repre-
sented by a finite, free resolution F, — R/I — 0. This resolution (or the alternating
sum of its terms) lifts to Kgrd(R) /A, and pushing this around the diagram into Q[s]
just gives us Hilbp,;(s). So the above diagram shows that knowing Hilbg,;(s) is
the same as knowing [Z].

To say something more specific here, consider first the case Z = CP" *. Then
R/I = R/(xo,...,xk_1), which as a graded ring is just C[xy,...,z,]. The Hilbert
polynomial is then

Hilbepn-r(s) = (*1™.5).
So pushing our basis [CP"],[CP""],...,[CP"] around diagram into Q[s]
yields the polynomials
CE 0 O Q)
If Z=V(I) — CP" is now arbitrary, then writing
Hills(5) = do("37) + a1 (577) + o (375) + -

n n

implies that [Z] = do[CP"] + dy[CP" "] + d3[CP"?] + .... In other words, one
obtains the expansion of [Z] as a linear combination of the [CP"']’s by writing
Hilbz(s) as a linear combination of the above-listed binomial functions.
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We have shown how to calculate the d;’s from the ideal I of equations defin-
ing Z: decompose the Hilbert polynomial into a sum of terms (S+Z_k), and take
the resulting coefficients. This is still not exactly a ‘geometric’ description of the
d;’s, although it is a description that takes place in the domain of algebraic ge-
ometry. We will get another perspective on this material via the Todd genus and
the Grothendieck-Riemann-Roch Theorem, studied in Section See especially
Section

21. INTERLUDE ON THE CALCULUS OF FINITE DIFFERENCES
If f € Q[t] let Af be the polynomial given by
(AN(E) = f(E+1) = f(D).
For example, A(t?) = (t+1)2—t2 =2t +1, and A(t3) = (t+1)3 -3 = 3t2 + 3t + 1.
Note that A: Q[t] — Q[t] is a linear map, and that it lowers degrees by one. We
call A the finite difference operator, and we regard it as an analog of the familiar
differentiation operator D: Q[t] — Q[t].

The opposite of differentiation is integration, and there is an analogous operator
that is the opposite of A. If f € Q[t] define Sf to be the function given by

(SHE) =FO) + M)+ FR)+--+ FE=1).

For example,

SH)=0+1+2+4--+(t—1) = (}) = L1
and

S(t2) = 02+ 12 4 - 4 (¢ — 1)? = (=D,
One should think of the formula for S(¢) has giving a finite Riemann sum, based on
intervals of width 1. It is not immediately clear that S f is always a polynomial, nor
that it raises degrees by one, but we will prove these things shortly. The following
two facts are easy, though:

AS(f)=f DJ(f)=1
SA(f) = f—f(0) JD(f) = f - f(0).

We have written each identity paired with the corresponding identity for classical
differentiation/integration. Note that, like the usual integral, Sf will always be a
polynomial that has zero as its constant term, since (Sf)(0) = 0 by definition.
Derivatives and integrals of polynomials are easy to compute because their val-
ues on the basic polynomials ¢" are very simple. In fact, the point is really that
operators D and | act very simply on the sequence of polynomials
2 3 4
Lot 5 &
Of course D carries each polynomial in the sequence to the preceding one, and f
carries each polynomial to the subsequent one. In contrast, the operators A and S
are not very well-behaved on this sequence. It is better to use the sequence

LS, s, $°(1),

so let us compute these. It is easy to see that S(1) = ¢, and we previously saw that
S2(1) = S(t) = (). It follows from the following useful lemma that S*(1) = (}),
where the binomial coefficient stands for the polynomial t(t—1)(t—2) - - - (t—k+1).
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Lemma 21.1. For any d,k € Z one has
A =GR 86 =G4

Proof. The statement about A follows from Pascal’s Identity. The statement about

S is the identity
1 t—1
(2) + (k) Tt (fk ) = (thrl)'

To prove this, imagine ¢ slots labelled 1 — —t where we are to place k£ + 1 asterisks:
ok ko kK

If the leftmost asterisk is in spot i, there are (t;l) ways to place the remaining

asterisks. Summing over i € [1,¢] yields the desired formula. ([l

The sequence of polynomials

t t t t
1= (0)7 (1)’ (2)= (3)’
is clearly a basis for Q[t], as the kth term has degree equal to k. In relation to the

A and S operators, this basis plays the role classically taken by the polynomials Z—d!.
It is now clear that S applied to a polynomial of degree d yields a polynomial of
degree d + 1: a polynomial of degree d is a linear combination of (Z), (dfl), ey (é)
with the coefficient on the first term nonzero. Applying S changes each (,tc) to
(kil), and it is clear that this yields a polynomial of degree d + 1.

For another example of the use of this binomial basis, note the following analog
of the Taylor-Maclaurin explansion for writing polynomials in this basis:

Proposition 21.2. Let f € Q[t]. Then
F=(A"N0)- ().
k=0

Proof. We know f = Eszo ag (,i) for some N and some values a; € Q. Plugging in
t = 0 immediately gives f(0) = ap. Now apply A to get Af = Zkaol Gt 1 (;;) and
again plug in ¢t = 0: this yields (Af)(0) = a;. Continue. |
Exercise 21.3. Let Q[t]int € Q[t] be the set of all polynomials f(¢) such that

f(Z) C Z. Note that Q[t];n+ is stable under A and S, and use this to prove that
Q[t]int is the Z-linear span of the polynomials (Z), k>0.

In contrast to the large number of similarities of the pair of operators (A, S)
to (D, [), there is an important difference when it comes to the product rule. Of
course we have D(fg) = (Df)g+ f(Dg), but one readily checks that this does not
work for A. The correct rule is as follows:

Lemma 21.4. For any f,g € Q[t] one has A(fg) = (Af)g+ f(Ag) + (Af)(Ag).
Proof. A simple calculation, left to the reader. O

In the present section we will not have much use for this product rule, but it
is a very important formula whose significance will become larger in subsequent
sections.
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21.5. Translating between (A, S) and (D, [). If f € Q[¢] and h is any integer
(or even better, a formal variable) we have the Taylor fomula

Ft+n) =3 FO) - B = S (DR () - B
k=0 k=0

Note that the sum is really finite, since large enough derivatives of f are all zero.
Taking h = 1 and rearranging somewhat we get

fe+1) = (X 8)f = )

k=0

Let us be clear about what this means. The expression ZZOZO Dk—f makes perfect
sense as an operator, since evaluating this at any fixed polynomial gives a well-
defined answer. It is sensible to denote this operator as e®.

Taking one more step, we can write (Af)(t) = f(t+1)— f(t) = (eP —1)f where

1 denotes the identity operator. Or even more compactly,
A=eP -1

is an identity of operators on Q[t]. This identity gives us A as a linear combination
of iterates of D.

We are next going to cook up a similar formula for the operator S, but this is
a little harder. One does not wish for a formula using higher and higher powers
of f , as these operators become more and more complicated. Instead, we say to
ourselves that S is very close to being an inverse for D (it is a right inverse, but
not a left inverse). If it were an inverse we might want to write S = —5—, but it is
difficult to make sense of the latter expression as an operator—the trouble is that
eP — 1 has no constant term, otherwise we could expand as a power series. While
this didn’t work, we can make sense of the operator

(21.6) B =2

7
By this we mean write %5 = > apzk =1— 5+ f—; —--- as a formal power series,
and set B equal to Y7 apD*. Tt follows purely formally that ABf = Df for any
polynomial f, and therefore that
Bf - (Bf)(0)=5Df

(because S(Df) will not have a constant term). Replacing f by [ f in the above
formula, we get

Sf = SD([f) = B([f) - (B[ )(0).
Note that B( f) is equal to [ f — 3f+ 5D f —---. So this is as computable as
the series % ; the coefficients of this series are related to the Bernoulli numbers
(see Appendix . We have

5= Bt
k=0

where the Bj’s are the Benoulli numbers.
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21.7. Sums of powers and Bernoulli numbers. The (A, S) pair of operators
is useful in a variety of mathematical situations. In a moment we will see an
application to determining K-theoretic fundamental classes, but let us first look at
a non-topological example. Almost every math student has seen the formulas

1424 +n="00 ang 124224 ... 4 p? = 2lotlCntl),

The proof of such formulas by mathematical induction is a common exercise in
elementary proof courses. It turns out that there are also formulas for higher
powers, of the form
1P 2F b = pp(n)

where pi(n) is a polynomial of degree k+ 1. How does one discover the appropriate
polynomials? This seems to have first been done by Jacob Bernoulli, the coefficients
in these polynomials being closely related to what are now called Bernoulli numbers.

Clearly we may rephrase the problem as that of computing S(t*), the exact
connection being S(t*) = pi,(t — 1). In the last section we developed a formula for
S in terms of the usual derivative and integral operators, and we will now use that;
but here it is easiest to use it in the form

o0

SD(f)=Bf—(Bf)(0) = (Z ?{Dj) f—(constant term of preceding expression).

=0
We obtain

%Dj(tkﬂ) — (constant term)

g
[

() = SD (47 ) =

‘H

M- 11

%(k‘ + 1)(k)(k — 1) . (k 492 _j)tk+1_j

|
&
+
—
<
Il
o

E+1\ k4+1—j

+1 J’ ( j )t ..

J

Note that the last expression is a polynomial in ¢, with all of its coefficients clearly
visible.

Finally, recalling that S(t*) = px(t — 1) we conclude that

w‘H
.Mw
sy

I
o

k
k ok E_ 1 k+1 k+1—j
P2kt gpnh = 23 B (M) ()P
j=0
Exercise 21.8. Check that the above formula gives the familiar identities in the

cases k = 1 and k£ = 2, and then see what it gives when k = 3. Compare the above
formula to (A.3)).

21.9. Back to K-theoretic fundamental classes. Let Z — CP" be a smooth
hypersurface defined by the homogeneous ideal I C Clzy,...,z,]. We saw in Sec-
tion RO.18 that the coefficients in

[Z)k = ao[CP"|k + a1[CPYk + aa[CP?|x + - --
are the same as the coefficients in

(21.10) Hilbz (t) = ao (") + a1 ("7 7Y) +ao (57 + -+

n
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The sequence of polynomials ("**), ("F7"), ("17?),... is not quite the standard
basis of binomial coefficients we used above, but it is close. Here is a small lemma,
about expanding polynomials in this basis (compare to Proposition [21.2)):

Lemma 21.11. If f € Q[t] then f =Y 3 (A*f)(—k —1)- (Hl;k)

Proof. The collection of polynomials (t‘};k) for k > 0 is clearly a basis for Q[t].
Write f=> ¢k (H,;k). Plugging in ¢t = —1 immediately gives f(—1) = ¢o. Apply A
to both sides to get Af = > ay (,ili) =a;+as (H{Q) +---. Now plugging in t = —2
makes all the expressions vanish except the first, so a; = (Af)(—2). Continue in

this way. 0
The following corollary is immediate, by applying the above lemma to (21.10)):

Corollary 21.12. We have [Z]x = 3, a;[CP']x where the coefficients are given
by a; = (A" Hilbyz)(—n +i—1).

Example 21.13. Let Z — CP" be a hypersurface of degree d, and write Z = V (f).
Then R/(f) is resolved by 0 — R(—d) — R where the map is mutiplication by f.
So

Hilbz = Hilbg — Hilbg(_g) = (") — ("7179).

But then
A" Hilbz = (, (1) = (%) = (7)) = ()
o= (7) = (71 = () + ()

where in the last step we have used the identity (7°) = (—=1)"r+s—1r. The

—S
r

and

expression (1_11) is nonzero only when i = 0, so that we get

o ifi=0
(=) F() it > 0.
This of course agrees with what we found in Example [20.8|

Just as in the last example, in practice Hilbert polynomials are often computed
by first having a free resolution of R/I. Let us look at what happens in general
here, so let the (finite) free resolution be

- @ R(—daj) — ®iR(—d1i) — ®R(—doe) — R/T — 0.
Then the Hilbert series is given by

Hllbz(t) _ Z(_l)k Z (t+n;dkj).
k=0 j
Then

oo oo

a; = (A" Hilbg)(—nti—1) = > (=D)* > (717%) = (=1)" Y (-1)* Z (47).

k=0 j k=0

Example 21.14. Let Z — CP" be a complete intersection where the degrees of
the defining equations are d and e. Then R/I is resolved by the Koszul complex,
which looks like 0 — R(—d —e) — R(—d) ® R(—e) — R — R/I — 0. We conclude
that a; = (f) +(§) - (‘“.“3).

K2 K2
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Recall that if the codimension of Z — CP" is equal to ¢ then we have a; = 0
for i < c and a. = deg(Z). So any free resolution of R/I must satisfy the identities

ok diy\ _ 0 fori<c

k F for i = c.
In this way we obtain topological conditions on what free resolutions can look like.

Example 21.15. Show that the above conditions on the free resolution are equiv-

alent to
i i 0 fori<c
zk:( 2 Zj:dkj B {deg(Z) il fori=c.
21.16. A digression on the Riemann zeta function. If Z <— CP" then the
values of the polynomial Hilby(¢) only have an a priori significance for ¢ > 0; recall
that these values represent the dimensions of the graded pieces of the coordinate ring
of Z. Yet, we saw in Corollary that the values of Hilbz(¢) at certain negative
integers (encoded as the value of a particular finite difference A? Hilbz) are equal to
some naturally-occurring topological invariants of Z. The fact that these negative
values have any significance at all is a bit surprising. This situation is somewhat
reminiscent of one involving the Riemann zeta function, that coincidentally (or not)
is also related to the story of the (A, S) operators. We are going to take a moment
and talk about this, because of the feeling that it might be related to topology in
a way that no one really understands yet.
Recall that Riemann’s ((s) is defined for Re(s) > 1 by the formula

((s)=> n""
n=1

Standard results from analysis show that this sum converges for Re(s) > 1, and
defines an analytic function in that range. It is a non-obvious fact that ((s) can
be analytically continued to the punctured plane C — {1}. The values on negative
numbers turn out to be computable and are related to the Bernoulli numbers. We
will give an entirely non-rigorous treatment of this computation; despite its failure
to actually make sense, it is nevertheless somewhat intriguing.

If f € Q[t] then we have seen that e” f makes sense and is equal to the polynomial
f(t+41). It readily follows that e"? f = f(t +n) for any integer n > 0. Now write

fOF+fFE+D)+fE+2)+--=T+eP +e2P 3P ... ]f = [ﬁ}f

Of course none of the terms in the above identities make any sense, but let us
pretend for a moment that this is not a problem. Replacing f by Df we can then
write

Dft) + Df(t+1)+--- = [I_ZD]f: —Bf
where B is the Bernoulli operator of (21.6). Evaluating at ¢ = 0 we would obtain
Df(0) + Df(1) + D*f(2) +--- = —(Bf)(0).

Let us next try to apply this fanciful formula to compute ((—n) = 1™ 4+ 2™ +

3" 44" + ..., We want Df(t) = t", and so should take f(t) = 3:11 The above
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formula then suggests that
o0
_ Tt _ By k(™! _ _ B (nt+1)! _  Bn
C(—TL) - _B(n+1 )(0) - [Z kffD (n+1 )] (0) - _(nJrJS! Thl T n++11 .
k=0
Amazingly, this is the correct answer—the same value can be deduced by rigorous

arguments from complex analysis. The challenge is to find some explanation for
why this wacky argument actually leads to something correct.

22. THE EULER CLASS

There is a general principle in algebraic topology that all rational cohomology
theories detect the same information. The information is not necessarily detected in
the same way, however, and this makes it hard to formulate the principle precisely.
But here is a nice example of it. If Z < CP™ is a complex submanifold then we
have seen that knowing [Z] € K°(CP") is the same as knowing the integers d;
for which [Z] = 3. d;[CP"]. Since K°(CP") is free abelian, there is no loss of
information in regarding this equation as taking place in K°(CP") ® Q. By the
above-mentioned principle, the numbers d; should be able to be detected in rational
singular cohomology. The Grothendieck-Riemann-Roch Theorem tells us how to
do this, and that will be our next main goal.

To understand Riemann-Roch we need to first understand characteristic classes.
I will give a very brief treatment, spread over the next two sections. For a more
in-depth treatment I suggest the book [MS].

The present section deals with the Euler class, which is in some sense the most
“primary” of characteristic classes. We discuss two versions: Euler classes in sin-
gular cohomology and Euler classes in K-theory.

22.1. The Euler class for a vector bundle. We will start with a geometric
treatment that is lacking in rigor but shows the basic ideas, and then I will give
a more rigorous treatment. Don’t worry about verifying all the details in the
following, just get the basic idea.

Start with a bundle E — B of rank k, where B is a smooth manifold of dimension
n. Let ¢ denote the zero-section. We will try to construct something like an
intersection-product ¢ - (. To do this, we let s be a section of E that is a “small-
perturbation” of (, chosen so that s and ( intersect as little as possible. A good
example to keep in mind is the M&bius bundle, shown below with two deformations
of the zero section:

The zero locus s71(0) C im(¢) may, under good conditions, be given the structure
of a cycle—part of this involves assigning multiplicities to the components in a
certain way. The “good conditions” are that the bundle must be orientable for
multiplicites in Z, whereas for any bundle one may assign multiplicities in Z/2. The
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dimension of this cycle is dim ¢ + dim ¢ — dim E, whichisn+n— (n+ k) =n — k.
This cycle clearly depends on the choice of s, but a different choice of s gives
a homologous cycle. So the associated class in homology is independent of our
choices, and is an invariant of E. We call it the homology Euler class of E: for
orientable bundles we have

en(E)=( ¢(=s""0) € H,_i(B),

whereas for arbitrary bundles we have ey (E) € Hy,_,(B;Z/2). The sections s used
here are usually referred to as “generic sections” of E.
The following are easy properties of the Euler class construction:

(1) if E has a nonvanishing section, the ey (FE) = 0, and

(2) eg(E® F) =ey(F)-ey(F) (where - is the intersection product).

(3) If Ly and Loy are line bundles on B then ey (L1 ® Lo) = ey (L1) + ey (La).
For (1) we simply note that if o is a nonvanishing section then the deformation
t — to (for ¢t € [0,1]) allows us to regard s as a deformation of the zero-section.
Taking s = eo for small €, the vanishing locus of s is the same as the vanishing
locus of o—which is the empytset. So ey (E) = 0.

For (2), if s is a generic section of F and s’ is a generic section of F' then s & s’
is a generic section of E@® F. The vanishing locus of s @ s’ is the intersection of the
vanishing loci of s and s'.

For (3), if s; and sy are generic sections of Ly and Ly then s; ® so is a generic
section of L1 ® Lo. But s1 ® sy vanishes at points in B where either s; or so vanish.
So the vanishing locus of s; ® ss is the union of the vanishing loci of s; and ss.

Example 22.2.

(a) For the Mébius bundle M — S* we have ey (M) = [¥] € Ho(S';Z/2), as is
clearly depicted in the pictures above. Note the necessity of Z/2-coefficients
here.

(b) If B is an orientable, smooth manifold of dimension d, then ey (TB) € Hy(B).
So ey (TB) is a multiple of [+, and this multiple is precisely the Euler char-
acteristic x(B): a section of T'B is just a vector field on B, and so this is the
classical statement that a generic vector field on B vanishes at precisely x(B)
points. This connection with the Euler characteristic is why ey is called the
Euler class.

(¢) Let L — RP" be the tautological line bundle, and recall that L = L*. We exam-
ine L* instead, since it is easier to write down formulas for sections. Generically
choose a tuple a = (a1, ...,a,) € R™ and consider the section s, whose value
over & = [xg : - - : Zp] is the functional sending (xq, . .., Tn) t0 agTo+- « -+ Tn.
The vanishing locus for this section is a linear subspace of RP™, and of course
we know that all such things are homotopic. So e (v) = [RP"].

(d) A similar analysis allows one to calculare ey (L*) where L — CP™ is the tau-
tological line bundle, but here one must be careful about getting the signs
correct. It is clear enough that ez (L*) = £[CP" '], but determining the sign
takes some thought. 77777

(e) Normal bundle of Z — CP"?77?

22.3. Cohomology version. Let £ — B be an orientable real bundle of rank k;
that is, a bundle with a Thom class Ug € H¥(E, E — 0). Note that B need no
longer be a manifold. Let (: B — FE denote the zero section, as usual. We may
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interpret ¢ as a map of pairs (B, 0) — (E, E—0), so that pulling back along ¢ gives
cohomology class (*(Ug) € H*(B). Define the (cohomology) Euler class of E
to be
e (E) = (" (Up).
The main properties of the Euler class are as follows:

Proposition 22.4. Let E — B be an oriented real bundle. Then

(a) If E has a nonzero section then e (E) = 0.

(b) (B @ F) = el (E)Uel (F) for any oriented bundle F — B.

(c) For any map f:Y — B one has e (f*E) = f*(e"(E)) (naturality under
pullbacks).

Proof. Properties (b) and (c) follow from the corresponding properties of Thom
classes. To see (a), let s be a nonzero section. Consider the homotopy H: IxB — E
given by H(t,b) =t - s(b). This can be regarded as a homotopy between maps of
pairs (B, 0) — (E, E—0). It follows that e/ (E) = (*(Ug) = s*(Ug). But s factors
through F — 0, and so s*(Ug) = 0. O

Note that analogs of the above properties are all true for non-orientable bundles
as long as one uses Z/2-coefficients everywhere.

Example 22.5.

(1) For the Mébius bundle M — S! we have e (M) = [+x] € H'(S';Z/2). To
prove this note that the Thom space of M is D(M)/S(M) = RP?, and the
zero section ¢: S' — Th(M) is just a typical embedding of RP! into RP?,
The Thom class Uy, € HY(Th M;7Z/2) = H'(RP?;Z/2) is the unique nonzero
class, and we know restricting along RP! < RP? sends this class to the unique
nonzero class in H'(RP*;7Z/2).

(2) Let v — RP™ be the tautological bundle. If j «— RP' < RP" is the
inclusion, then j*y = M. So naturality gives j*efl(y) = eff(M). But
§*: H (RP™;Z/2) — H'(RP';7Z/2) is an isomorphism, and so it follows from
(1) that e (7) must be the unique nonzero class in H'(RP";Z/2).

(3) Let M be a smooth, oriented manifold of dimension n. Then the tangent bundle
TM — M is a rank n oriented bundle. In this case, el (TM) € H"(M;Z) =
Z{[*]) and so the problem is to determine the integer d for which e (T M) =
d[+x]. Tt is a fact from geometric topology 77?7 that there is a vector field
s: M — TM with a finite number of vanishing points, and that when counted
with appropriate signs this number is y(M). Let A = s7%(0) = {p1,...,pr} C
M. The deformation ¢ — ts shows that s is homotopic to the zero section (,
so that we get the following diagram

HY (M) <2 H"(M,M — {py,....p,}) <>— H*(TM,TM — 0)

where the composite map is (* = s*. As is typical in these arguments, we next
use that H™(M, M —{p1,...,pr}) = ®;H"(M, M —p;) and that the orientation
of M gives canonical generators [x] € H"(M) and [p;] € H"(M, M — p;). The
map j* sends each [p;] to [#], and so it is really just a fold map Z" — Z. It
remains to see how the Thom class Uy, maps to the canonical generators in
H™(M, M — p;) under s*, but this is a local problem—by working through
the definitions one sees that Upps — d;[p;] where d; is the local index of the
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vector field at p;. We finally obtain that e (TM) = (d; + - -+ + d,.)[¥], where
dy + -+ + d, is the sum of the local indices and therefore equal to x(M).

The following property of the Euler class is also useful:

Proposition 22.6. Let M be an oriented manifold and let j: X — M be a reg-
ularly embedded, oriented submanifold. Let Ny x be the normal bundle. Then
e(Nuyx) = 7 ([X]).

Proof. Intuitively the result should make sense, since both e(Ny;/x) and j*([X])
are modelled by the intersection product of X with itself inside of M. To give
a rigorous proof, let U be a tubular neighborhood of X in M and U =2 N be a
regular homeomorphism. Note that the zero section (: X — N corresponds with
the inclusion j: X < U under this isomorphism.

Let ¢ be the codimension of X in M. Consider the commutative diagram

HO(X) —= H(N,N — 0) == H°(U,U — 0) <— H¢(M,M — X) — H°(M)

e | I V

HE(X) =———— H(X) =—— H(X).

The image of 1 across the top row is [X], with Uy being an intermediate value in
the composite. The image of Uy under ¢* is e(IN), and so the diagram immediately
yields e(N) = j*[X]. O

Example 22.7. Consider the usual embedding j: CP™ < CP" . We claim that
the normal bundle is L* — CP", the dual of the tautological line bundle. The
proof is that a linear functional ¢ on the line £ C C**! determines a “nearby” line
0 ={(z,d(x)) z € £}, as shown below:

€n+42

= (C"'H

By Proposition we find that e(L*) = j*([CP"]), and we know the latter is
[CP"™ '] by intersection theory. We have shown that e(L* — CP™) = [CP"1].

We next wish to give a formula for the Euler class of a tensor product of line
bundles. At the moment this might seem to be of limited interest, but it turns out
to be very significant. We need to be careful about what context we are working
in, however. All orientable real line bundles are trivial (one can write down an
evident nonvanishing section), and so using the integral Euler class in this context
doesn’t lead to anything interesting. So we should work with mod 2 Euler classes
and arbitrary real line bundles. Alternatively, if we use complez line bundles then
they are automatically oriented and then we can indeed use the integral Euler class
(of the underlying real plane bundle). So we really get two parallel results, one for
the real and one for the complex case:
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Proposition 22.8. If Ly and Lo are real line bundles on B then the mod 2 Fuler
class satisfies

€H(L1 (9 LQ) = eH(Ll) + GH(LQ).
Likewise, if L1 and Lo are complex line bundles on B then the integral Fuler class
satisfies the same formula.

Proof. The proofs of the two parts are basically identical; we will do the complex
case. Let L — CP* denote the tautological line bundle, and consider the bundle
7j(L) ® m5(L) — CP* x CP*, where m,m2: CP*™ x CP™ — CP™ are the two
projections. Since L is the universal example of a line bundle, 7§ (L) ® 73 (L) is the
universal example of a tensor product of line bundles. Write E = 7} (L) ® 73 (L),
for short. There is a classifying map f: CP*® x CP* — CP* for E, giving a
pullback diagram
E L

|

CP*™ x CP* ——CP*.
By naturality e” (E) = f*(ef (L)) = f*(z) where x € H?(CP*) is the canonical
generator.
If * is a chosen basepoint in CP° then observe that the diagram

CP™ x {x} i

CP™ x Cp>® —L > cpx

{x} x CP*° .

id

commutes up to homotopy. This is because fj; classifies j7(F), and this bundle is
clearly isomorphic to L; similarly for fja.

Note that H2(CP> x CP®) is the free abelian group generated by z ® 1 and
1®z. So f*(z) = k(z®1)+1(1®x) for some integers k and I. The above homotopy
commutative diagram forces k =1 = 1. So we have proven that

e(B)=e(L)®1+ 17 (D).

Now let Ly and Lo be two complex line bundles on a space B. There are maps
g1,92: B — CP® such that Ly = ¢7(L) and Ly = g5(L). Then Ly ® Ly = v*(E),
where vy is the composite

B -2 B x BY% CP™ x CP™.
We obtain
(L1 @ Ly) =7 (e (B)) = v (e (L) @ 1+ 1@ e (L)
= A*(e"(L1) ® 1+ 1® e (Lo)) = e (L1) + " (Lo).
O

Remark 22.9. One should note that the above proof is not geometric—this turns
out to be important. Rather, the proof in some sense proceeds by showing that
there is really not much choice for what e (L; ® Ls) could be, given how small
H*(CP™ x CP®) is; there is in fact only one possibility. We will shortly see
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that replacing H by other cohomology theories—ones with “more room”, so to
speak—allows for more to happen here.

Corollary 22.10. Let L — CP" be the tautological line bundle. Then e (L*) =
[CP™ ! and so

e ((L)®F) = k[CP™ '] and " (L®*) = —k[CP"].
Proof. The first statement was proven in Example 22.7] All of the other statements

follow directly from the first via Proposition m For eff (L) use that L ® L* = 1
and so 0 = efl (1) = e® (L) + " (L*). O

A nice consequence of all of the above work is that for complex line bundles the
Euler class gives a complete invariant:

Corollary 22.11. Let Ly, Ly be two complex line bundles over a space X. If
6(L1) = G(Lg) then L1 = Lg.

Proof. Let f1, fo: X — CP* be classifying maps for the two line bundles: so
fiL= Lyand ffL = Ly. Thene(L1) = ffe(L) and e(Ls) = f5(e(L)), by naturality
of the Euler class. Our assumption is therefore equivalent to fi(e(L)) = f5(e(L)).

But CP* is an Eilenberg-MacLane space K (Z,2), and so [ X, CP*] is naturally
isomorphic to H?(X) via the map f ~ f*(z) where z is a chosen generator of
H?(CP*). Corollary gives that e(L) is such a generator, so the fact that
fi(e(L)) = f5(e(L)) implies that f; is homotopic to fo. But this implies that L,
is isomorphic to Ls. O

The following easy corollary will be needed often:

Corollary 22.12. Let j: Z — CP"™ be a degree d hypersurface. Then the normal
bundle is isomorphic to j*((L*)®%).

Proof. By Proposition the Euler class of the normal bundle is e(N) = j*([Z]).

But we know [Z] = d[CP" '] = e((L*)®?), and so j*[Z] is the Euler class of
F*((L*)®4). Now use Corollary [22.11 O

22.13. Euler classes in K-theory. Let £ —— X be a C-bundle of rank k. We
have a Thom class Ug € K°(E, E—0), and so we can mimic the above construction
and define
X (E) = ¢*(Ug) € K°(X).
This is the K-theory Euler class of E.
Let us unravel the above definition a bit. First, recall that Ug is the complex

[0—= A(n"B) 2> AN (77 B) —= - — AF(r*B) —0. "

where A is the usual diagonal section as shown in the following diagram:

E=——("(n"E) —>*E ——>E
RV
X—F—=EFE—=X

Note that ¢*(7*(E)) = E because 7o ( = id. Next let us look at (*(Ug). For each
j one has ¢*(A\’(7*E)) = A\’ (E), and the restriction of A to the image of ( is just
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the zero section! So the maps in the complex (*(Ug) are all zero. In other words,
¢*(Ug) is the Koszul complex for the zero section on E. Therefore

CUp) =Tk,
= [ 00— /\OE
=Y (DIA(EY)].

We see immediately that if E has a nonzero section then e (E) = 0. Indeed,
if s is the nonzero section then we can deform ( to s, and likewise deform JE,c to

0 /\1E 0 /\kEH'O}*

J}; ;- But this latter complex is exact, and so represents zero in K°(X).

The analogs of properties (b) and (c) from Proposition also hold, as these
are simple consequences of corresponding properties of Thom classes. What about
the analog of Proposition If L — X is a complex line bundle then we have

eM(L)y=1-1L"
So e (L1 ® Ly) = 1 — LjL3, which is visibly not the same as e (L;) + e (Ls).

Indeed, one can check the following more complicated formula:

Proposition 22.14. Let Ly and Ly be complex line bundles on a space X. Then
eB (L1 ® Ly) = X (Ly) + e (Ly) — X (Ly)eX (Ly).

Proof. We simply observe that 1—L{L5 = (1-L})+(1—-L%)—(1—-L;)(1—-L%). O

Remark 22.15. The difference between how e and e®X behave on tensor products
of line bundles turns out to have much more significance than one might expect.
In some sense it ends up accounting for all of the differences between H and K, at
least in terms of how they encode geometry. See Section [27] for more discussion.

We end this section with some detailed computations of K-theoretic Euler
classes:

Example 22.16. Let T be the complex tangent bundle to CP™. Our goal will be
to compute e’ (T) from first-principles. Let L denote the tautological line bundle
over CP"™. Note that L sits inside of the trivial bundle n + 1 in the evident way
(if  is a line in C™*!, then points on [ are defacto points in C"*!). Let L+ be the
orthogonal complement to L relative to the usual Hermitian metric on C***. So
we have a short exact sequence of bundles

(22.17) 0—=L—n+1l—L"—0.

Since CP™ is compact this sequence is split, and hence L @& L+ = n + 1.
The basis of our computation is the following geometric fact:

(22.18) T = Hom(L, L")

where Hom(L, L*) is the bundle over CP"™ whose fiber over a point z is the vector
space of linear maps L, — L. To understand this isomorphism, if £ is a point in
CP"™ then think of the tangent space T, as giving “local directions” for moving to
all nearby points around ¢. The following picture shows the line ¢ in C**! together
with its orthogonal complement ¢+ and a “nearby line” ¢':
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Note that ¢ determines a linear map ¢ — ¢ as shown in the picture: a vector
v € £ is sent to the unique vector w € £+ such that v 4w € ¢/. This makes sense as
long as ¢’ is not orthogonal to ¢, which will be fine for all nearbly lines. We clearly
get a bijection between Hom(¢, /1) and a certain neighborhood of ¢ in CP", and it
is not hard to extrapolate from this to the isomorphism .

Now take the short exact sequence of and apply Hom(L, —) to get the
short exact sequence

0 — Hom(L, L) —— Hom(L,n + 1) — Hom(L, L") > 0.

(To see that this sequence is exact, just check it on fibers—there it is obvious,
because we are just dealing with vector spaces.) For any line bundle £ one has
the identity Hom(L, L) = 1: for a one-dimensional vector space V' the map C —
Hom(V, V') mapping 1 to the identity is a canonical isomorphism, so we can do this
fiberwise. Using this, together with the identification 7' = Hom(L, L), the above
short exact sequence can be written as
0—-1—-(mn+1)L*—-T—0.

Since there must be a splitting, 1 ® T = (n + 1)L*. Dualizing, we obtain 1  T*
(n+1)L

Recall that eX(T) = (=L IAY(T*)). We will compute A“(1@® T*) and then
extract formulas for [/\ (T*)].

Of course AL = A'1=1and A’1 =0 for j > 2. This allows us to calculate

NaeT)=A1e NT)e (A'1e NV7'T7)
:/\]T*@/\] 1T*.
On the other hand, A’(L& T*) = A’ ((n+1)L) = (”;.rl)(L@). So for every j we
have
N(T)] = ("THLS = [N 7H(T)]

in K-theory.
The evident recursion now gives that

[T"] = (n+ 1)[L] - [1]
IN°T*) = ("IHL®?] — (n+ 1)[L] + [1]
IN’T*] = ("3IL®%) = ("5 YL + (n+ 1)[L] - [1],
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and so on. The general formula, obtained by an easy induction, is
j

Z k+g n+1 [L®k}
k=0
This now lets us calculate

eK(Iu::(—1ylK"+U[Lrv—2(";U[Lr“4-+3("§1)zjn—2—..j

= D"+ ) [l = )T+ QT -
= ( )( —[L)"
Recall that (1 — [L])™ = [#], and so we have determined that
e™(T) = (n+1)[+].

Let us now confess that the result of this computation is not unexpected. Indeed,
we saw previously that e (T'M) = x(M)[#] for any smooth manifold M, and in
fact the same is true in any complex-oriented cohomology theory (by essentially
the same proof). The “n + 17 in our formula for e (7T) is just x(CP™). But
note that we computed this without writing down anything remotely resembling
a cell structure! In fact, the only geometry in the calculation was in the fact
T = Hom(L, L'); everything else was some simple linear algebra and then basic
algebraic manipulation. It is useful to remember the overall theme of K-theory: do
linear algebra fiberwise over a base space X, and see what this tells you about the
topology of X. Our computation of eX(Tgpn) gives an example of this.

The calculation in the above example is a little clunky. One way to streamline
it is to introduce the formal power series

E) = tA'(E)]=1+tE] + [ A\E) +--
=0

which we regard as living in the ring K (X)[[t]], where E — X was a vector bundle.
Notice that this is actually a polynomial in ¢, since the exterior powers vanish
beyond the rank of E; we consider it as a power series because in that context it
has a multiplicative inverse, which we will shortly need.

If L is a line bundle then A\(L) = 1 +#[L]. Also, the formula ANI(E®F) =
Dirjox N'(E) @ N\ (F) yields the nice relation

ME®F) = M(E) - M\(F).

This is what ultimately simplifies our calculations. Finally, notice that the K-
theoretic Euler characteristic can be written as e (E) = A\ (E*)|;=—_1.

Returning to the above calculation, the starting point for the algebra was the
bundle isomorphism 1 ® 7™ = (n 4 1)L. Applying \; we obtain

A (DA(T™) = ML T) = Ae((n + 1)L*) = (Ae(L)" .

But A\;(1) =1+t and M\ (L) = 1+ t[L], so we can write

* 1+¢[L)" T K 1+t[L)" T
NI = S o () = GHEE
(and here is where we are using that our power series have multiplicative inverses).
Our task is to expand the formula for e (T) into powers of , and then to set
t = —1. The trick is to do this in a clever way.
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We are going to ultimately want to write e (T') in terms of powers of (1 — L),
as they give our usual basis for K*(CP™). The trick is to do this before plugging
in t = —1, rather than afterwards. Regard L as a formal variable and consider
f(L) = (1+tL)"*1/(1+1t), regarded as a formal power series in two variables (but
where we are choosing not to write ¢ in the inputs of f). Let us expand this in
powers of (L — 1) via the usual Taylor series:

FL) = £+ F O =)+ @ =12 4

It is simple to compute that the coefficient of (L — 1)* is ("{')(1 +¢)"~**1¢k, and
so we obtain

n+1
AM(T*) =D (T A+ R - 1)
k=0
Notice that the substitution ¢ = —1 will make the summands vanish for k smaller

than n, and that the term k& = n + 1 vanishes because (L — 1)"*1 =0 in K(CP").
So we quickly find that

eK(T) = M(TH)]j=—1 = (":1)t”(L -)'"=m+1DA-L)" =(n+ 1)}

Example 22.19 (Euler characteristic of a hypersurface). Using the A; operators
introduced above, we will attempt a harder computation of an Euler class. Let
j: Z — CP"™ be a smooth hypersurface of degree d. Our goal is to compute the
Euler characteristic x(Z). If Tz and Nz denote the tangent and normal bundles,
respectively, then Ty @& Nz = j*Tepn. We know from Corollary 22:12] that N &
7*0(d), so we have

1T, @570(d) =10 " Tepr = (n+1)770(1).
Taking duals and applying \;, we obtain

A1) - Me(T7) - M(G* L) = Ao (L)

Let X = j*L. Then we can write

« _ (A+tx)" T
M) = T

We wish to compute the Euler class e (T') = \¢(T*)|;=_1 and then write it in the
form (?77) - [*], in which case the mystery number in parentheses will be x(Z). The
trick is again to expand in powers of (X — 1), since the powers of 1 — L are our
standard generators for K9(CP").

Consider the power series

F(X) = dpatoen = £ D)+ FOE =)+ SR -1 4

(14t)(1+tX4)
Note that (1—L)" ! is zero in K°(CP™) and therefore (1—X)"*! vanishes in K°(Z).
Even better, (1—L)" = [] in K°(CP™) and since j*[*] = 0 by intersection theory it

follows that (1—X)" = 0in K°(X). So we don’t care about any terms in the above
series beyond (X — 1)"~!. Let us also note at this point that (1 — L)"~! = [CP"]
in K°(CP"), and therefore (1 — X)"~t = j*((1 — L)"') = §7*([CPY) = d[*]; the
last equality holds by intersection theory, since a generic CP! will intersect Z in
exactly d points.
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Before tackling the general calculation let us do the first example, where n = 2.

Here f(X) = % and we only need the first two terms of the series. Clearly

f(1) =1+t and an easy calculation gives
2
£ = oy - S [37:(1 XY — (1 + tX)tdX ]
so that
f1(1) =@ —d.
Putting everything together,

fX)=0+)+@B-dt(X -1)
and so
e (Tz) = f(X)i=1 =0+ (d=3)(X = 1) = B3-d)(1 - X) = (d - 3) - d[+].

We conclude that x(Z) = d(3 — d).

For larger n here is how things are going to work. First, we will calculate the
derivatives f(k)(l) for 0 < k <n — 1, and then substitute ¢t = —1 into all of them.
It will turn out (but is far from obvious) that the resulting expressions vanish for
k <n—1, so that

e (T7) = O VW)= - (X = 1)
= fO @)= - (D" (1= X)"
= fO D))=y - (=D)L - d[H]

The conclusion will then be that
X(2) = fO (W)= - (1)

Notice that everything comes down to computing the expressions f (’“)(1)|t:,1,
which is a purely algebraic problem. Unfortunately we cannot first plug in t = —1,
since our formula for f has a 1+1¢ in the denominator; we have to first do the hard
work of writing f as a polynomial in ¢t before plugging in. At first glance this work
looks very hairy! Already the formula for f'(X) was quite complicated, and it only

gets worse for the higher derivatives. The reader might wish to carry this out by
brute force for n = 3, to get a feel for the difficulties.

We are going to sketch the completion of the calculations for the above exam-
ple, but before diving into that we need to make a confession. It is possible to
compute x(Z) by doing a similar kind of calculation using singular cohomology
instead of K-theory, and in that setting the algebra turns out to be much easier!
There is a trade-off, which is that the computation cannot be done merely with
Euler classes—one needs the complete theory of Chern classes, to be developed in
the next section. See Example for the computation of x(Z) in that context.
This situation is fairly typical of the relationship between K-theory and singular
cohomology. For calculations that can be done in either theory, usually the singular
cohomology version will involve simpler algebra, but more advanced geometric tech-
niques; the K-theory version will involve more advanced algebra, but one needs less
geometry. In some sense we saw this phenomenon already in the case of intersection
multiplicities.

The completion of our calculation will proceed via the following steps:
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Suppose that f(w) € Q[w] has degree k. Then there is an identity of formal
power series

FO) = tf () +£2f(2) = = e
for a unique polynomial u(t). Moreover, the degree of w(t) is at most k and
u(—1) is k! times the leading coefficient of f.

To justify the above claim, write Ay = >, o, (—1)* f(k)t*. Note the formula
(1+t)A; = f(0)—tAaf where A is the finite difference operator from Section
Check the claim is true when deg f = 0, and then do an induction on the degree.
(Extra credit: Find a formula for u(t) in terms of the numbers A* £(0)).

By collecting terms notice that

=1—tX 4+ 2X% ...
=1-t(X -1+ D'+ 2(X -1)+1)* — ...

=+ (X D+ (X = 2Ty + -

_1
1+tXd

where
[y = _t(Z) + 1 (de) — (Skd) +--

It follows from (a) that Ty = % where uy(t) is a polynomial such that
u(—1) = d*.
Set fr = % Notice the recursion relation

frii=0+tX)f, =1+ t(X 1)+ 1) fr =0 +t)fr + (X = Dtfr.

So if we know the expansion of f,. in terms of powers of X — 1, it is easy to
get the expansion of f,.;1. In the following table, row r shows the terms in the
expansion for f,. (starting with fo):

rx-p] -t [ o x-12 | o x-12 [

0 1 _uy Uz U3 __
(1+¢)2 (1+¢)3 (1+¢)3 (1+¢)3
1 1 uy +t ug+tuy uz+tug
1+t (1+t)2 (1+1)3 (1+1)3

9 1 wy+2t uo+2tuq +t° us+2tus+t2u;
(1+1) (1+¢)2 (1+¢)3

ug+3tu +3t° uz+3tus+2t2uy +t°
3| 1+t uy + 3t 2t S (RO
40 (1482 | Q+t)(wa+3t)+t(1+t) | ug + 4tu; + 6t

Ignoring the terrible-looking formulas, one important thing is evident from the
table: in the column for (X — 1)", after row r 4+ 2 we are getting polynomial
multiples of 1+¢. So these entries will all vanish when we specialize to t = —1,
and we see that in f,.|;—_; the first nonzero coefficient appears in the (X —1)"~2
term. Our job is to calculate this coefficient. In order to do so, notice that it
suffices to just look at all the numerators in the table; the denominators can
basically be ignored. To this end, let g.(W) be the generating function for
the numerators in row r of the table, specialized to ¢ = —1. For example,
go(W) =1+ dW +d?*W3 + ... The recursion relation for these numerators is

Gr+1=Ggr —Wg, = (1 - W)gT'
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So of course we will have
G=0=-W)go=1=-W) = =0-W)"- 1 +dW +d*W?+-..).

The number we are looking for is the coefficient of W”~2 in this power series,
and it is a simple matter to compute it. The desired coeffient is

TS ) ek (1),
(d) Now putting everything together, we have proven that
X(Zd PN (Cpn) _ (_1)n+ld|:dnfl o dn72 (n-li-l) 4ot (_1)7171 (n+1)i|

n—1

(1) [ e |

_ (=) ((n+1)d-1)
= v .

None of the above formulas are particularly pleasant to look at, and they are
difficult to remember. I like to encode the formula in a different way. Let £
denote the formal “lowering operator” that sends d® to d°~!, for each s. Then
we may write

\(Za > CP") = d- (¢ — )" (d" )
where I is the identity operator. For example,

X(Zg— CP*) =d - (0* — 40> 4602 — 40 + I)(d®) = d - (6 — 4d> + d®).
23. CHERN CLASSES

Fix a certain collection of vector bundles. A characteristic class for this collec-
tion assigns to each vector bundle F — X a cohomology class b(E) belonging to
some cohomology theory; the assignment is required to be natural. We have seen
essentially two examples so far: for the collection of oriented, rank k& vector bundles,
we have the Euler classes e and eX.

The Chern classes are characteristic classes for compler vector bundles, that
generalize the Euler class in a certain way. Like the Euler class, they have close ties
to geometry. Also like the Euler class, there are versions of Chern classes in both
singular cohomology and K-theory—indeed, there are versions in any complex-
oriented cohomology theory.

In this section we begin with a purely geometric look at the Chern classes, where
we again forego all attempts at rigor. Afterwards we will pursue a more rigorous
approach, which can even be done axiomatically.

23.1. Geometric Chern classes in homology. Let B be a complex manifold
of dimension n, and let £ — B be a complex vector bundle of rank k. If s is a
generic section of E, then the locus where s vanishes gives a cycle in B that carries
the Euler class eg(E) € Hy(,—)(B). This homology class will now be renamed as
Cr(F) and called the kth homology Chern class of E.

Now let s; and sg be two generic sections, chosen so that si(x) and so(z) are
linearly independent on as large a subset of B as possible. We can now look at the
degeneracy locus

D(s1,s2) = {b € B|s1(b) and s2(b) are linearly dependent}.
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Again, for generically chosen s; and so this gives a cycle on B whose associated
homology class is independent of any choices. The homology class lies in dimension
2(n —k — 1), and we call it the (k — 1)st homology Chern class Cj_1(E).

At this point it is clear how to continue. For each j in the range 1 < j < k, let
51,...,8; be sections generically chosen to be as maximally linearly independent as
possible. Consider the degeneracy locus

D(s1,...,s5) ={b€ B|si(b),...,s;(b) are linearly dependent},

which determines a homology class Cx—j11 € Hygn—p—j4+1)(B).

These homology classes can be thought of as the primary obstructions to splitting
off a trivial bundle. More precisely, if E contains a trivial bundle of rank s then
0 = Cx(E) = Cx—1(E) = -+ = Cr_s+1(FE). This is clear, as by working inside
the trivial subbundle we can choose our “generic sections” so that they are linearly
independent everywhere.

23.2. Chern classes in singular cohomology. We adopt an axiomatic approach.
For any complex vector bundle £ — X the Chern classes are cohomology classes
¢;(E) € H*(X;Z) for 0 < i < oo satisfying the following properties:

) co(E) =1

) ¢;(E)=0if i > rank F

) ¢i(f*E) = f*¢;(E) (naturality under pullback)

) The Whitney Formula: ¢, (E @ F) = Zf:o ¢i(B)ek—qi(F), for any k.

) ¢ (L* — CP™) = ef(L*) = [CP™ '], where L — CP" is the tautological line
bundle.

Remark 23.3. The Whitney Formula can be written in a more convenient way
using the total Chern class, namely

¢(E) =co(E) 4+ c1(E) + c2(E) 4 --- € H(X)
Then the Whitney Formula becomes ¢(E @ F) = ¢(E) - ¢(F).

Note that if E — X is a trivial bundle then ¢;(E) = 0 for ¢ > 0. Indeed, E is the
pullback of a bundle on a point: E = 7*(C"™) where 7: X — x and n = rank(FE).
One has ¢;(C" — %) = 0 for ¢ > 0 because a point has no cohomology in positive
degrees; the fact that ¢;(F) = 0 then follows from naturality.

Before showing the existence of the Chern classes, let us show that they are
uniquely characterized by the above properties:

Proposition 23.4. There is at most one collection of characteristic classes satis-
fying properties (1)—(5) above.

Proof. Let n be the tautological k-plane bundle on Gry(C*). Consider the diagram

mL)eniL)® - @mi(l)— - - - - —— -~ —1

| |

CP™ X --- x CP® —2 > Grj(C® x -+ x C®) = Grg(C®)

with the obvious maps. Note that there are k copies of CP*° and C* in the bottom
row. Also, m; : CP* x --- x CP*® — CP*° is the ith projection map.
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This diagram is a pullback diagram. Hence,
S(n) = (wiL) @ - - © (wL).
Applying cohomology to the map on the bottom row gives
H*(CP™ x -+ x CP™) < H*(Gr;(C®)) .
By the Kiinneth Theorem,
H*(CP* x -+ xCP*®)2 H*(CP®)®---® H*(CP*) = Z|z1, . .., xk]

where z; = 7} (z) with x € H?(CP>) being the canonical generator. There is
an evident action on CP* X --- x CP* by the symmetric group Xj. This action
descends in cohomology to give the statement

Yk
H*(CP™ x - x CP®)® = [H*(CP®) @ - ®H*((CP°°)}

= Z[!L'l, . ,xk]z’“
=Z|o1,...,0%]

where o; is the ith elementary symmetric function in the x;’s.

Recall that [X, Gri(C>)] ~ Vect,(X). Under this bijection, S corresponds to
the bundle £ = @;m;(L). If @ € ) then the map S o a corresponds to the
direct sum of 7 (L)’s but where the sum is taken in a different order. Since this is
isomorphic to the original bundle E, is must be that S and S o o are homotopic;
in particular, they induced the same map on cohomology. Since this holds for all
«a, it follows that S* lands inside the ¥ invariants. That is, S* can be regarded as
a map

g Sk
H*(Grp(C®)) =5 H*(@POOW] = Zoy, ..., on.

It is a theorem that the above map S* is an isomorphism. We will not take the
time to prove this, but the idea is simple enough. The Schubert cell decomposition
of Grg(C®) has all cells in even dimensions, and hence the coboundary maps are
all zero; this computes H*(Gry(C*)) additively, and one readily checks that the
groups have the same ranks as in Z[oy,...,0]. 7777

Using the Whitney Formula (iteratively), we can see that

c(miL&---@ml) = Z (1) (L)) - e1(mh) (L)) - - - ea(msy (L))

B
=D Ty (@) - Tha (@) - ()
B

where the sum ranges over strictly-increasing maps g: {1,...,i} — {1,...,k}, and
in the second sum z = ¢;(L) € H?*(CP*). But note that if we write z; = 7} ()
then the second sum is simply the elementary symmetric function o; in the x;’s.

It follows from the above that ¢;(n) is the unique element of H?!(Grj(C>)) that
maps to o; under S*.

Finally, suppose that £ — X is any complex vector bundle, say of rank k. Then
there is a map f: X — Gri(C*) and an isomorphism f*n = E. It follows that
ci(B) = f*(ci(n).

To complete the proof, assume that c, and ¢/, are two sets of characteristic classes
satisfying properties (1)—(5). Then ¢;(n) and c}(n) must agree, for they each must
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be the unique element of H?'(Grj(C*)) that maps to o;. It then follows from
naturality that ¢;(F) = ¢;(F) for all bundles E. O

By examining the above proof, one finds that we can define the Chern classes
in the following way. First, when n — Grp(C*) is the tautological bundle then
define ¢;(n) to be the unique element of H?!(Grj(C>)) that maps to o; under S*.
Second, for an arbitrary bundle £ — X let f: X — Grg(C®) be a classifying map
and define ¢;(E) = f*(¢;(n)).

Remark 23.5. For a bundle £ — X one can also define K-theoretic Chern classes
cK(B) € K°(X) (or really in K2'(X), but this is the same by periodicity). We will
not pursue this at the moment, but see 7777
Example 23.6. Consider the tangent bundle T = TCP" — CP". We saw in
Example [22.16 that 1 & T = (n + 1)L*. Then by the Whitney Formula,

e(T)=c(l)-¢(T) =c(1aT) =c(L*)"! = (1 + [CP" )"
Therefore, ‘ ‘

CZ(T) _ (n-:—l)[(cpn—z] _ (n-:l)xz
where © € H?(CP™) is the canonical generator [CP™']. Note that the BEuler
class is e(T) = ¢, (T) = (n + 1)2™ = (n + 1)[*], and so this again calculates that
X(CP™") =n+1.
Example 23.7. Consider a hypersurface j: Z < CP" of degree d. Recall from
Corollary [22.12] that the normal bundle of this inclusion is j*O(d), and we know
Ty ® Ny = 7%Tepn. Then applying total Chern classes we get
C(Tz) . C(Nz) = j*C(T(CPn).

But above we calculated that ¢(Tgpn) = (1 + 2)""1 and ¢(Nz) = ¢(5*0(d)) =
7*(c(0q)) =1+ d(5*x). Let z = j*z, so that we have

o(Tz) = ST (1 (n+ 1)z + (S22 +) - (1—de +d?22 — ).

We can compute x(Z) by finding the top Chern class (the Euler class), which in
this case is ¢,,—1(Tz). A direct computation shows that

en-1(Tz) = 2" (1) = (o) + () d* — ).

Finally, we need to remember that 2"~! = [CP'] in H*(CP™) and therefore 2"~ =
J* (2"~ 1) = d[#], since a generic line intersects Z in d distinct points. So we have

en1(Tz) =[] -d- (")) = (" D)d + ("H)d> — ),
thereby yielding
x(2) =d- () = (5)d+ () = ).

For example, a degree d hypersurface in CP? has x(Z) = d- (3 — d) and a degree d
hypersurface in CP* has x(Z) = d - (6 — 4d + d?).
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23.8. Stiefel-Whitney classes. One can repeat almost all of our above work in
the setting of real vector bundles, but using Z/2 coefficients everywhere. The
analogs of the Chern classes in this setting are called Stiefel-Whitney classes.
If E — X is a real vector bundle then the Stiefel-Whitney classes are cohomol-
ogy classes w;(E) € H (X;Z/2), 0 < i < 0o, satisfying the evident analogs of the
axioms in Section 23.2] Geometrically, these are Poincaré Duals of certain cycles
determined by degeneracy loci, just as in the complex case. In terms of our develop-
ment, most things go through verbatim but the one exception is the computation
H*(Grp(R*>);Z/2) =2 Z/2[o1,...,0%]. In the complex case this was fairly easy,
because the standard cell structure on Gry(C*) has cells only in even dimensions.
This is of course not true for Gri(R*°), and so one must work a bit harder here.
We will not give details; see [MS].

Just as for the Chern classes, we will write w(E) for the total Stiefel-Whitney
class 1 + w1 (E) + wo(E) + - -

Example 23.9. Here is an example where we can use Stiefel-Whitney classes to
solve a problem that appeared earlier in these notes. Let 7y — RP™ denote the
tautological line bundle, and recall that once upon a time we needed to know
whether v @« was stably trivial. This came up (for n = 2) in Section during
the course of trying to compute KO(RP?).

If (y®v)® N = N+ 2 then applying total Stiefel-Whitney classes gives

l=w(N+2)=whydyaN)=w(y) wly) wl)=w()

But v is a line bundle, so w;(y) = 0 for ¢ > 1 and wy(7y) is the mod 2 Euler class,
which we have previously computed to be the generator x on H'(RP™;Z/2). So
w(y) = 1+ 2 and therefore w(y)? = 1 + z2. As long as n > 2 this is not equal to
1, and hence ~ & v cannot be stably trivial.

Example 23.10. Let T be the tangent bundle of RP™. Just as in Example
there is an isomorphism 17T = (n+1)L*, where L — RP" is the tautological line
bundle. But since we are now in the case of real bundles, L = L* by Corollary [3:23}
so we will usually write 1 ® T = (n + 1)L. One of course finds that

w(T) = w(l & T) = w((n+1)L) = (L)™' = (1 + )",

similarly to the complex case.

24. COMPARING K-THEORY AND SINGULAR COHOMOLOGY

We have seen that singular cohomology and K-theory both encode geometry
in similar ways: they have Thom classes, Euler classes, fundamental classes for
submanifolds, etc. They can both be used to compute intersection multiplicities.
One might hope for a natural transformation from one to the other, that allows one
to directly compare what is happening in each theory. Our goal in this section is to
construct such a natural transformation, with some caveats which we will discover
along the way.

Let us imagine that we have a natural transformation ¢: K*(—) — H*(—),
and that this is a ring homomorphism. Note first that ¢ cannot preserve the
gradings, for 8 € K~2(pt) is a unit whereas there is no unit in H~2(pt). We can fix
this by formally adjoining a unit to H*: let H*[t,t~!] be the cohomology theory
X — H*(X)[t,t™!], where t is given degree —2. Then we can ask for a natural



170 DANIEL DUGGER

ring homomorphism ¢: K*(—) — H*(—)[t,t"!]. Restricting to * = 0 would give a
natural ring homomorphism
¢: KO(=) — H(=) = &:H*(-).
We will investigate what this map can look like.
If L — X is a complex line bundle then we have the element e (L) € K°(X), in
some sense representing the intersection of the zero-section with itself. One’s first
guess would be that ¢ should send e (L) to e (L), as the latter represents the

same ‘geometry’ inside of H*. However, this hypothesis is not compatible with ¢
being a ring homomorphism. Recall that

6K(L1 X L2) = GK(Ll) + CK(LQ) — 6K(L1)6K(L2),
whereas
GH(Ll ® LQ) = eH(Ll) + GH(LQ).
These formulas are incompatible.

So it cannot be that ¢ sends e (L) to e (L). However, it is guaranteed that
e (L) must be sent to some algebraic expression involving e (L). Indeed, this is
obviously so for the tautological bundle L — CP°, since ef (L) is a generator of
H?(CP®) and everything else in H*(CP*) is a polynomial in this generator; the
case for general line bundles then follows from naturality.

So we know that we will have ¢ send eX (L) — f(ef(L)) where f(z) € Z[[z]].
Note that when X is compact then sufficiently large powers of e (L) will be zero,
so in practice f(eff(L)) is really just a polynomial in e (L). Using a power series
allows us to treat all spaces X at once, without assuming some uniform bound on
their dimensions.

Let f(z) = ap + a1z + asx? + ... be the expansion for f. Note that if L — X is
a trivial bundle then both eX (L) and e (L) are zero, and from this it follows that
ap = 0. Next note that if ¢ is a ring homomorphism then we must have

F(L1) + e (L2)) = f(e" (L1 © Lo))

= ¢(e" (L1 ® L))

= ¢(e" (L) + €™ (L2) — e (L1)e" (o))

= f(e™(L1)) + f(e™(L2)) — f(e™ (L1)) f(e™ (L2)).
This suggests that we’re looking for f(z) € Z[[z]] such that
(24.1) fla+0b) = f(a)+ f(b) — f(a)f (D).
We can take two approaches to determine the coefficients of such an f.
Approach 1. Substitute f(z) = >, a;z’ into (24.1)) to get

LHS = ap + a1(a+b) + az(a+b)? + ...
and
RHS = g+ cya + aga® + ... + [ag + a1b + agb® +...]
— [OLQ +a1a+a2a2 —+ ...][OZO +Ot1b+0£2b2 —+ ]

By expanding and equating coefficients, we can determine the coefficients «;. The
first equation is a3 = ap, and since ap # 0 this means ag = 1. It turns out
there is no equation determining a1, but looking at the coefficient of ab” ! yields
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nay, = —10p_1, Or oy, = —E8=L So by induction a,, = (—1)"‘1%1. Note, in
particular, this last equation: it shows that f cannot have integral coefficients, as
we were orginally guessing! So we can only make things work if the target of ¢ is
Hev(_; @)

We have been led to the conclusion f(x) =1—e~ " and the reader may readily
check that this does indeed yield a power series f(x) satisfying (24.1)).

Approach 2. In case you don’t like the “equating coefficients” approach, one can
also use some basic tools from differential equations to determine f. Recall that we
want f(a+b) = f(a)+f(b)— f(a)f(b). Define functions g and h by g(a,b) = f(a+b)
and h(a,b) = f(a) + f(b) — f(a)f(b). The partial derivatives are readily computed

to be
dg

oh
% 00)= Fla+t) and Da) = fa) - f(@)f0)
If g(a,b) and h(a,b) are the same function then the above partial derivatives are
the same, so that f'(a+b) = f'(a) — f'(a) f(b). Evaluating at a = 0 gives the ODE

MOESHORESIO
Setting y = f(x), this becomes the separable ODE

dy , dy ’
Loroa-y. o L=
Integrating both sides yields

—In|1—y|= f(0)z+C, or y=1— De 'Oz

where C' and D are constants. Since f'(0) = «j, we will write this solution as
f(z) =y =1— De ® We did lose some information in the differentiation
process, so let’s make sure this works by plugging this formula back into ((24.1). We
get

1— Dem (@) = [1 — De™*%] + [1 — De=*"] — [1 — De”™*][1 — De™ ™",

which reduces to

De—al(a—i-b) — D2€—a1(a+b).
This implies D = D?,s0 D =0 or D = 1. The case D = 0 is uninteresting to us (it
corresponds to f(z) = 1, and we have already noted that the constant term must
be zero for our application). So D =1 and f(x) =1— e~ ™",

We now comment on the fact that «; seems to be able to take on any value
whatsoever. Note that the presence of the grading on H*(X) immediately gives
rise to a collection of endomorphisms on this theory. Indeed, for any n € Z write
tp: H*(X) — H*(X) for the function that multiplies each H*(X) by n’. This is
clearly a ring homomorphism, and if we are using rational coefficients then it is even
an isomorphism (provided n # 0). Note that with rational coefficients we actually
have maps 1), for any ¢ € Q.

So if we have a natural transformation ¢: K*(—) — H*(—;Q)[t,t!] we can
compose it with the natural automorphisms v, to makes lots of other natural
transformations. We see that such a ¢ is far from unique. If we had a ¢ whose
associated power series f was f(x) =1 — e~ ", then composing with ¢, gives one
with associated power series 1 — e~ 9%, This is why a; could not be explicitly
determined.
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We can turn these observations around and use them to our advantage. Since
we can always compose with a 14, we might as well do so in a way that simplifies
things as much as possible. In particular, if we have a ¢ with associated power
series f(z) = 1 — e~ " then we can compose with wa;1 to get one with power

series 1 — e~®. We might as well do this, to simplify matters.

Let us summarize what has happened so far. We knew that ¢, if it exists, must
send eX (L) to some power series in e (L), for any line bundle L — X. The different
equations for e(L; ® Lo) in K-theory versus singular cohomology then forced what
this power series must be: ¢(ef (L)) = 1 — e~ _en (1), for some a; € Q. We
then saw that we might as well assume o1 = 1, since by composing with a certain
“trivial” automorphism one can arrange for this.

So now we are looking at an imagined natural transformation ¢ that sends e (L)
to 1 — e *[,_cn(y) for any line bundle L — X. Recall that ef(L) =1-L*, and
s0 ¢(L*) = e *|,—en(r). But e(L*) = —ef(L) (use that L ® L* = 1, and so
e (L) +e"(L*) = (1) = 0). So we have ¢(L*) = €”|,_cr () = et (L") Since
this must hold for any line bundle L, we might as well just write it as

(24.2) P(L) = e+ (B,

We next claim that ¢ is completely determined by formula (24.2). Recall the
inclusion j: (CP*)*k — Gry(C®), and consider the diagram

G

K*(CP*® x -+ x CP*) <——— K%(Gr1(C*>))

X |
H(CP™ x --- x CP%;Q) <—— H®(Gry,(C>); Q).
We know that j*n = 7n{(L) & --- @ m;(L), and therefore we see that

k k k
7" (o) = ¢(i™n) = Zqﬁ(w;‘(L)) = ZWZ‘((;}(L)) — Zewﬂcl(m).

Clearly this expression is invariant under the action of ¥, and we have said pre-
viously that j* maps its domain isomorphically onto the subring of ¥j-invariants.
Thus, ¢(n) is determined by this formula.

Let 2; = m}(c1(L)). The power sum zj + - - - + 2, can be written uniquely as a
polynomial S,.(o1,...,0%) in the elementary symmetric functions of the x;’s. Here
S, is called the rth Newton polynomial; see Appendix [B] for a review of these.
The first few Newton polynomials are

5120'1, SQZO'%_ZUQ, 5320'%—30'10'24—30'3.

If E — X is a vector bundle then define s,(F) = S,.(c1(E),...,c(E)) € H*(X),
where k = rank /. This is a characteristic class for bundles, but it doesn’t seem to
have a common name. We have seen that
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But if f: X — Grg(C) is a classifying map for E then the commutative diagram

KO(X) < KO(Gry(C))

4o,k

He(X;Q) =<— H(Gri(C>); Q)

B(E) = 6" () = f*(0m) = 1* (D sem) = D su(f*n) = Y sn(B).
k=0 k=0 k=0

We have, at this point, reasoned as follows. IF there is a natural transformation
of rings ¢: K°(—) — H®(—;Q)[t,t~!] THEN there is one that is given by the
above formula. One can turn this around, by starting with the above formula and
proving that it is a natural transformation of rings. This is not hard, and we will
leave it to the reader. This natural transformation is called the Chern character,
and is usually denoted ch: K°(—) — H*(—,Q). The defining formula is

ch(B) = %sk(E).
k=0

Since ch is a natural transformation, it of course maps K°(X) into H*’(X;Q).
Replacing X with £X and shifting indices, we get
ch: K'(X) — H°“(X;Q).
By periodicity we might as well regard the Chern character as giving maps
ch: K™(X) — @,H"?"(X; Q).

Perhaps more reasonably, we can regard ch as a map of graded rings K*(X) —
H*(X)[t,t~1] where t has degree 2.

Theorem 24.3. The induced maps K"(X) ® Q — @,H""*(X;Q) are isomor-
phisms, for all CW-complexes X .

Proof. One checks this for spheres by brute force calculation. Then use the cellular
filtration, long exact sequences for a pair, and the Five Lemma to deduce the
result for finite CW-complexes. Pass to arbitrary CW-complexes by taking a direct
limit. ([l

Our definition of ch: K*(X) — H*(X;Q) extends in a unique way to a
natural transformation defined on pairs; that is, it uniquely determines maps
ch: K*(X,A) — H*(X,A;Q). To see this, recall the space X 114 X where X;
and X5 denote the two copies of X. We saw in Section that we have a
natural diagram

00— K*(X 14 X, Xa) —> K*(X 1[4 X) —> K(X2) —>0

!

K*(X1,A)
where the top row is split short-exact. There is a similar diagram involving
H*(—;Q), or any cohomology theory for that matter. The ch maps defined on pairs
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(Y, 0) then uniquely determines a map ch: K*(X 114 X, X5) — H*(X 14 X, X2;Q),
and therefore a map ch: K*(X, A) — H*(X, 4;Q).

This raises the following interesting question. Suppose FE, is a complex of vec-
tor bundles on X that is exact on A. Then ch([E,]) is a well-defined element of
H*(X, A;Q). How does one describe what this element is? We will return to this
question in the future. 77777

The existence of the Chern character, as a multiplicative natural transforma-
tion between cohomology theories, immediately has an interesting and unexpected
consequence:

Proposition 24.4. For any n > 1, the image of ch: K°(§2") — H®(5>";Q)
is precisely H®(S?"; 7). Consequently, if X is any (2n — 1)-connected space and
E — X is a complex vector bundle then c,,(E) € H*"(X;Z) is a multiple of (n—1)!.

Proof. For the first statement recall that K 0(82") is generated by 3*" where 3 =
1-L € K°(S?). We can compute that ch(3) = 1—ch(L) = 1—(1+¢; (L)) = —c1(L),
but this is a generator of H?(S?;Z). Multiplicativity of the Chern character gives

ch(87") = (ch(8) ™" = ea (L),
but the nth external product of a generator for H?(S?;Z) gives a generator of
H?"(S82";7). This completes the proof of the first statement.

Note that if E — 5" is a complex vector bundle then ch(E) = % - s,,(E). The
Newton identities from Lemma show that s,(E) = (=1)"T!n - ¢,(F), since
in this case ¢1(E),...,c,—1(F) must all vanish. The fact that ch takes its image
in H?"(S?";Z) then shows that ”CT(,E) is integral; that is, ¢, (E) is a multiple by
(n—1)l

Finally, let X be any (2n — 1)-connected space. Replacing X by a weakly equiva-
lent space, we can assume X has a cell structure with no cells of degree smaller than
2n; that is, the 2n-skeleton is a wedge of 2n-spheres. Consider the cofiber sequence
VS2m < X — @ where C is the cofiber, and the induced maps in cohomology:

e RS2 =~ RO(X) K°(C)

N

...<;®ﬁ'ev(52n;Q)<Lf_jev(X;@) %ﬁev(C;Q)%...

We know by the commutativity of the diagram that j*(ch,(E)) lies in
@fle”(SQ";Z). But since H?"(C;Q) = 0 the map j* is injective in degree 2n,
and it is easy to see that (j*)"1(H?"(vS?";Z)) = H*(X;Z) (if a cellular 2n-
cochain takes integral values on all of the 2n-cells, it is integral). So ch,(E) is
an integral class. The same computation as in the previous paragraph shows that
ch,(F) = :t%%)!, and this completes the proof. O

The space CP! is a complex manifold whose underlying topological manifold is
52, Can any other spheres be given the structure of a complex manifold? Clearly
this is only interesting for the even spheres. A simple corollary of the previous
result rules out almost all possibilities:
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Corollary 24.5. If n > 4 then there is no complex structure on S*". Even more,
there is no complex vector bundle whose underlying real bundle is the tangent bundle
Tg2n.

Proof. The second statement clearly implies the first. Let T' = Tg2» and suppose
that T has a complex structure. By Proposition we know that ¢, (T) is a
multiple of (n — 1)! in H?"(5?";Z). But ¢, (T) is the Euler class of the underlying
real bundle, and therefore it is twice a generator since x(5?") = 2. This implies

that ﬁ is an integer, which clearly cannot happen if n > 4. O

Remark 24.6. It is also know that S* is not a complex manifold; we will give a
proof in Example [25.16] below, using the Todd genus. Whether or not S® admits
the structure of complex manifold is an open problem.

We close this section with an example showing how the Chern character can help
us carry out the calculation of K-groups. This example will play an important role
when we study the Atiyah-Hirzebruch spectral sequence.

Example 24.7. Recall that CP? is the mapping cone on the Hopf map n: 3 — S2.
Since the suspension of 7 is 2-torsion (m4(S3) = Z/2), a choice of null-homotopy
for no2 gives a map f: L*RP? — S% which coincides with 77 when restricted to the
bottom cell. Let X be the cofiber of f; this is a cell complex with a 3-cell, a 5-cell,
and a 6-cell. The 5-skeleton of X is XCP?. Our goal will be to compute the groups
K* (X). [Note: This choice of X, which seemingly has come out of nowhere, is
motivated by the fact that this is in some sense the smallest space for which K* (X)
and H *(X) have different orders—see Remark for a deeper perspective.]

There are two cofiber sequences that we can exploit: % — X — Z4RP? and
SCP? — X — S6. We leave it to the reader to compute that K9(RP?) = Z/2 and
K'(RP?) = 0, using that RP? is the cofiber of 2: S' — S'. Using this, the first
cofiber sequence gives

0 == K°(8%) <— K°(X) 72 Z KY(X)<—o0.

Note that we immediately deduce K'(X) = Z, and K°(X) is either 0 or Z/2.
However, it is not clear how to analyze the map Z — Z/2. The second cofiber
sequence gives

0<~— K°(X) zZ 72 K' (X)<=—0

where the map Z? — Z is the connecting homomorphism §: IN{*I(ECPQ) —
K 0(8%). Again, we are left with the task of determining this map; agreement
with the previous (partial) calculation demands that the cokernel either be 0 or
Z/2, and we need to determine which one. The good news is that because the
domain and target are both torsion-free, there is a chance that the Chern character
will give us the information we need. We will examine the commutative square

o ~ g ~ =
72— K~ 1(2CP?) ——— K($6) ——Z

N .

ﬁ"dd(E(CPQ; Q) L ﬁev(sfi; Q).
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The two Chern characters are injective because they are rational isomorphisms and
the domains are torsion-free.

Recall that K°(CP?) = Z[Y]/(Y?) where Y = 1 — L. Let u be the standard
generator for H?(CP?), so that ¢;(L) = —u. We have

AY)=1—ch(L)=1-(1-u+%)=u—%,  ch(Y?) =ch(Y)? =’
Write Y7 and Y; for the suspensions of Y and Y2, lying in K 1(Z](CP2); likewise,
write u; and uy for the suspensions of u and u? in H*(SCP?;Z). Compatibility of
the Chern character with suspension shows that

ch(Y1) = u; — %2, ch(Y3) = us.
We must next compute the images of these classes under dy. But this is easy
from the long exact sequence for SCP? < X — S%: one finds that §(u;) = 0 and
§(ug) is twice a generator in H%(S%). So the subgroup (5 (ch(Y7)), 5 (ch(Y2))) C
H*(5% Q) equals the subgroup HY(S%;Z) C H®(S% Q). Finally, recall from Propo-
sition that the image of ch: K°(S%) — H(5%;Q) is also equal to HS(SS; 7).
It follows that & K is surjective, and so the cokernel of g is zero. This completes
our calculation: K°(X) = 0.

To appreciate the significance of this example, note that H*"(X) = Z/2 (concen-
trated in degree 6) and H°%(X) = Z (concentrated in degree 3). The corresponding
K-groups are K°(X) 2 0 and K°(X) = Z. It is a general fact that all torsion-free
summands in H*(X) will also appaear in K*(X), as this follows from Theorem[24.3]
But the present example demonstrates that the torsion subgroups of H*(X) and
K*(X) can be quite different.

25. THE GROTHENDIECK-RIEMANN-ROCH THEOREM

As we present it here, the Grothendieck-Riemann-Roch (GRR) Theorem re-
ally has two components: one that is purely topological, and one that is algebro-
geometric. The topological part is a comparison between the complex-oriented
structures on K-theory and singular cohomology, and gives precise formulas for
how they line up under the Chern character. From the perspective that we have
adopted in these notes, this topological GRR theorem is fairly easy. The algebro-
geometric component, on the other hand, is of a somewhat different nature; in our
presentation it is a comparison between algebraic and topological K-theory, showing
that certain topologically-defined maps are compatible with purely algebraic ones
that at first glance appear quite different. This second part of the GRR theorem
lets us see that certain algebraic constructions actually give topological invariants;
the first part leads to precise (although often complex) topological formulas for
these invariants.

In the present section we discuss the topological GRR theorem and some of its
consequences. The next section will deal with the algebro-geometric version.

25.1. The Todd class. We have seen that for a line bundle L — X one has
ch(e®(L)) = (1 =€) pmen(z).
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The power series 1 — e~ " is a multiple of x, which means that the right-hand-side

can be written as e/ (L) multiplied by a ‘correction factor’:

eh(e (L)) = (L) - [F—5]

x z=eH (L) ’
It is useful to have a name for this correction factor; for historical reasons, the name
is actually attached to its inverse. We define the Todd class of L to be

Td(L) = ( v )

l—e*

=(1-2+Z -2 4..)

z=c1(L) z=c1(L)

—(1+5+5-5+)

The coefficients in this power series are related to Bernoulli numbers, and we refer
the reader to Appendix [A] for a review of the basics about these. The Bernoulli
B

numbers are defined by %5 = Y, Zta’, and so we have

Td(L) = S (1) By (L)
Next observe that if £ — X is a sum of line bundles L, & --- @ Ly then
ch(eX(E)) = ch(eX (Ly) -+ X (Ly))
— ch(e®(Ly)) -+ ch(eX (Ly))

z=cy(L).

= [e"(L1) - e (Ly)] - {1 *::71} weer(L) {1 7356795} z=c1(Ly)
1—e™®
_H(E). IZH . } o

It therefore makes sense to define Td(E) to be the inverse of the product in the
final formula. More generally, if FE is a bundle of rank k& then the Todd class of F
is

k
2
Td(E) = (7>
B =11
where ¢;(E) = oi(x1,...,2%). In other words, take the expression on the right

and write each homogeneous piece as a polynomial in the elementary symmetric
functions. Then replace those symmetric functions with the Chern classes of F,
and one gets the Todd class. For example, if rank E' = 2 then we would expand

2 4 2 4
I+s+H—mmt+ ) (+s+H-4m+)
to get

2 2 4 4 2,2
1+ 3@+y) + 5@ +y?) + doy + Tyt oty oy
and then write this as
1+ 2014 5 (07 — 202) + 202 + 25 (0102) + =55 (—0f + 40702 + 303).

Then replace each o; with ¢;(EF) to get the formula for Td(E).
The first few terms of the Todd class of an arbitrary bundle are

2 4 2 2
c1  ci+ca  cica  —ci +4cica —ca+cies + 3c;
25.2) Td(E)=14 — —
( ) (E) + 2 + 12 24 720
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The homogeneous components of this series are called the Todd polynomials.
The fourth Todd polynomial, seen as the last term in the formula above, gives a
sign of the growing complexity—particularly in the size of the denominators.

We will have more to say about computing the Todd class in Section [25.17] below.
But let us now turn to the study of how it measures the comparison between K-
theory and singular cohomology. As we have remarked above, one should think of
the Todd class as a ‘correction factor’. The most basic formula where it enters is

ch(e®(E)) = (E) - Td(E)~!.
In our above analysis we showed this when E is a sum of line bundles, but the

general case readily follows from this one using the splitting principle. A very
similar formula, which actually implies the above one, is the following:

Proposition 25.3. Let E — X be a complex vector bundle. Then
ch(UE) =uf - Td(E)~".

That is to say, applying the Chern character to a K-theoretic Thom class does
not quite give the H-theoretic Thom class—one needs the Todd class correction
factor. Note, by the way, that it does not matter whether we write UZ - Td(E)~*
or Td(E)~1- U in the above result, since both the Thom class and the Todd class
are concentrated in even degrees.

Proof. The proof has four steps:

Step 1: If the result is true for sums of line bundles, it is true for all bundles.
Step 2: If the result is true for line bundles, it is true for all sums of line bundles.
Step 3: If the result is true for the tautological line bundle over CP, it is true
for all line bundles.

Step 4: The result is true for the tautological line bundle L — CP°.

Step 1 is a direct consequence of the splitting principle. Indeed, if £ — X is a
line bundle then choose a map p: X — X such that p*FE is a sum of line bundles and
such that p* induces monomorphisms in both singular cohomology and K-theory.
IfE = p*E, the claim follows at once from the commutative square

K%E,E —0) —2> H*(E,E - 0)

| |

K%E,E —0)—2> H*(E,E — 0).

Step 2 follows from the fact that Ur,or,¢..er,. = UL, ® Ur, ® --- @ Uz, and
the fact that ch is multiplicative. Step 3 follows at once from naturality and the
fact that every line bundle is pulled back from the tautological line bundle.

So we are reduced to Step 4, which is a calculation. Consider the zero section
(: CP* — L and the composite of natural maps

H*(L, L —0) 2> H*(L) *= H*(CP™).
Recall that this composite sends Uz, to the Euler class e (L). The map ¢* is an
isomorphism by homotopy invariance, and the map j* is also an isomorphism: the

latter follows from the long exact sequence for the pair (L, L — 0) together with the
fact that as spaces L — 0 = C* — 0 and is therefore contractible.
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Consider the two elements ch(UX) and U - Td(L)~! in H*(L,L —0). Applying
the composite ¢* o j* sends the first to ch(ef (L)), by naturality. Likewise, the
second is sent to eff(L) - Td(L)~!. We have already computed that these two
images are the same (indeed, this is how we started off this section); since ¢* o j*
is an isomorphism this means ch(U¥) = U - Td(L)~!. O

25.4. The Grothendieck-Riemann-Roch Theorem for embeddings. Let

j: X — Y be an embedding of complex manifolds of codimension ¢. We have

seen that one can construct a push-forward map j;: K*(X) — K**2¢(Y) and like-

wise in any complex-oriented cohomology theory (for example, in H*). We will

take advantage of Bott periodicity to write ji as a map K°(X) — K°(Y).
Consider the square

KO(X) — 21— KO(Y)

\Lch \Lch
He(X;Q) —2> H (Y3 Q).

This square does not commute; while this might seem strange, the point is just
that the j; maps are defined using Thom classes and ch doesn’t preserve these. But
since ch almost preserves Thom classes, up to a correction factor, it follows that
the above square almost commutes—up to the same factor. The precise result is
as follows:

Proposition 25.5. Let j: X — Y be an embedding of complexr manifolds. Then
for any o € K°(X) one has

ch(jia) = ji(Td(Ny,x)~" - ch(a)).
Proof. Simply consider the diagram

K%X) — K°N,N — 0) ~<—— K°Y,Y — X) — K°(Y)

Chl Chi lch lch
He(X) — H®(N,N — 0) <— H(Y,Y — X) —> H(Y)

where all singular cohomology groups have rational coefficients. The left horizon-
tal arrows are the Thom isomorphism maps, and so the leftmost square does not
commute; but the other two squares do. The compositions across the two rows are
the pushforward maps j; in K-theory and singular cohomology, respectively. The
desired result is now an easy application of Proposition [25.3 (]

The next result records how the Chern character behaves on fundamental classes:

Corollary 25.6. If j: X — Y is an embedding of compler manifolds then
ch([X]k) = jI(Td(Ny,x) ") = [X]u + (higher degree terms).

Proof. Recall that [X]x = 71(1), and so the first equality is just Proposition m
applied to o« = 1. The second equality then follows directly from the fact that
the Todd class of a bundle has the form 1 + higher degree terms together with
3(1) = [X]a. 0
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Example 25.7. Let j: Z — CP"™ be a hypersurface of degree d, and consider the
GRR square

Jr

K°Z2) K°(CcP™)
\Lch \Lch
He (2:Q) —> H'(CP™; Q).
Recall that K°(CP™) = Z[y]/(y"t') where y = 1 — L = [CP" !k, and that
H*(CP™;,Q) = Q[z]/(z"*") where z = [CP" !]5. One has
ch(y) = ch(l1—L) =ch(l) —ch(L) =1 — P =1 —¢77,

We will determine a formula for [Z]x by using the GRR statement ch([Z]x) =
J1I(Td(N)~1). The normal bundle is N = j*((L*)®%). So

1—e 9 2, 2 3,3
-1 - -k dz d“zx d°x
Recall that for any a one has 7 (j*(«)) = j1(5*(a) - 1) = @ - ji(1), and of course we
know that ji(1) = dx. We therefore conclude that
ch((Z)x) =do- (1= + 55 - +-0) = 1—en

We can now work backwards to determine [Z]x. If we write

Zlk = a1y + asy® + -+ + any”

then

1—e ¥ =ch([Zlg) =a1(l —e @) +az(l —e )2 4+ Fa,(l—e @)™

d

Let @ = e™®; then to determine the a;’s we need to expand 1 — a® in terms of

powers of 1 — . To do this, simply write

d
l—a’=1-(1-(1-a)" =) ()" ()1 -t
k=1
We conclude [Z]x = dy — (g)yQ + (g)y?’ —

Of course, we have seen this calculation before in a slightly different form—
see Example 20.8f But notice that GRR allowed us to carry it through without
knowing anything about [Z]k, whereas before we relied on the connection between
K-theoretic fundamental classes and resolutions (and our ability to write down an
appropriate resolution in this case).

25.8. The general GRR theorem and some applications. One can produce a
version of the Grothendieck-Riemann-Roch theorem that works for arbitrary maps
f: X — Y between compact, complex manifolds, not just embeddings. To do this,
we first must extend our definition of pushforward maps. Note that for large enough
N there is an embedding j: X < CV, and therefore the map f can be factored as

Y x CN
fxi 7 i
oy

X———Y
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where 7 is projection onto the first factor. Let B C CV be a large disk that contains
j(X). Now consider the composition

KOX) 25 KOV x €V, Y x (CN — B)) = KO(Y, A S2N) = K2 (v).

Define this composite to be fi. It requires some checking to see that this is inde-
pendent of the choice of factorization of f.

Example 25.9. It is interesting to take Y = %. Then the pushforward fi is a map
KO°(X) — K~%4(x) 2 Z, so fi(1) gives an integer-valued invariant of the complex
manifold X. It is called the Todd genus of X, and we will denote it Td-genus(X).

Example 25.10. We can duplicate the above definition of f; in any complex-
oriented cohomology theory, and therefore we get an associated genus for complex
manifolds (taking values in the coefficient ring of the theory). For singular coho-
mology let us call this the H-genus.

Note that if f: X — Y then f is a map

f!: Hz(X) N Hi+2(dimY—dimX)(Y)'

If Y is a point then f; sends H*(X) to H*=24mX(pt), and so this is the zero map

unless ¢ = 2dim X. In that dimension the cohomology of X is Z, generated by [*].
But recall that [«] = 51(1) for any inclusion j: * — X, and so

=) = A1) = (feih(1) =idi(1) = 1.

We have therefore shown that fi: H*(X) — H*(pt) sends an element oo € H*(X)

to the coefficient of [x] appearing in its 2 dim(X)-dimensional homogeneous piece.

Usually it will be convenient to just say “fi(«) is the top-dimensional piece of a”.

As far as the H-genus is concerned, recall that it equals fi(1) for f: X — x. But

this will be zero unless X = %, in which case it is 1. So

0 if dim X >0

H-genus(X) = l ?m =%

#X ifdimX =0.

This is somewhat of a silly invariant, but it is what the theory gives us.

For the proof of our general version of GRR we will need to know the Todd genus
of CP", so let us compute this next:

Example 25.11 (Todd genus of CP"). Recall that Td(E & F) = Td(E) - Td(F),
and that 1 Tepr = (n+ 1)L*. So

Td(Tepr) = Td(Tepn) - Td(1) = Td((n + 1)L*) = [Td(L*)]

Recall that ¢;(L*) = [CP"'] € H?>(CP™). Call this generator z, for short. Then

2 4

€T n+1 T T €T n+1
Td(Tepn :( ) :(1 T, T _ T ) ,
(Tepn) = (1 o= ot Tt

Let’s look at some examples. When n = 1 we have 22 = 0 and so Td(Tgp1) =
1+ 2. When n = 2 we have 2° = 0 and

n+1

3
Td(Tepe) = (1 +2+ f—;) =1+ 3z+2%
Finally, for n = 3 we have 2% = 0 and

2\ 4
Td(Teps) = (1+g+%) — 1422+ Y22 4+ 28,
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One discernible pattern in these polynomials is that the leading coefficient is al-
ways 1. This is an amusing exercise that we leave to the reader. It shows that
Td-genus(CP") =1 for all n.

Exercise 25.12. Complete the above example by proving that the coefficient of

n 3 T

as a residue:

)n+1 is equal to 1, for all n. One method is to interpret the coefficient

Res, o (==mymrr) = ﬁ/cﬁdx

where C' is a small counterclockwise circle around the origin. Use the substitution
z=1—e"" to convert this to a different residue that is easily computed. You will
need to convince yourself that the mapping = — 1 — e™" takes C' to another small
counterclockwise loop around the ogigin.

Exercise 25.13. Let Z — CP"™ be a smooth hypersurface of degree d. Show that
Td-genus(Z) = d — (g) + (g) — et (—1)"(2).
Conclude that if d < n then Td-genus(Z) = 1.
We now state the general GRR theorem:

Theorem 25.14 (Grothendieck-Riemann-Roch, full version). Let X andY be com-
pact, complex manifolds and let f: X — Y be a map. Then in the square

KO(X) — = koY)

lch lch
fi

He(X;Q) —= H(Y;Q).

one has
ch(f;a) . Td(Ty) = fg (ch(a) . Td(Tx))
for all « € K°(X), where Tx and Ty are the tangent bundles of X and Y .

Exercise 25.15. Check that when X — Y is an embedding then the above version
of GRR is equivalent to the version given in Proposition [25.5)

Proof of Theorem|25.14. The proof is via the steps listed below. We will outline
arguments in each case, but leave some of the details to the reader.

Step 1: The result is true when f is an embedding.

Step 2: The result is true when f is CP"™ — .

Step 3: The result is true when f is the projection Y x CP"™ — Y, for any compact
complex manifold Y.

Step 4: The result is true in general.

Step 1 was handled in Proposition 25.5] Step 2 is just a computation, where
one computes both sides of the GRR formula and sees that they are the same.
Use that K°(CP") is generated by the classes [CP’]. For the left side of GRR. use
that [(CPi] is mapped to 1 via f, as Td—genus((CPi) = 1. For the right side use
that ch([CP’]) = (1 — e~*)"~* and compute that the coefficient of 2™ in the series

(1—e®)nt. (1_§,I)n+1 is equal to 1. For this final piece use a method similar

to what we did in Exercise 25.12] above.
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For Step 3 consider the product map K°(Y) x K°(CPY) — K°(Y x CPY).
We claim that this is an isomorphism, for any C'W-complex Y. Indeed, consider
the functors (X, A4) — K*(X,A) ® K°(CP") and (X, A) — K*(X x CPY, A x
cpN ). Our product map gives a natural transformation from the first to the
second, and both functors are generalized cohomology theories (in the second case
this is automatic, but in the first case this uses that K0(CPY) is free and therefore
flat). One readily checks that the comparison map is an isomorphism when (X, A) =
(pt, D), and so it follows that it is an isomorphism for all CW-pairs (X, A).

To complete Step 3 it now suffices to verify the GRR formula on classes of the
form o = (p1)*(8) - (p2)*(y) where 8 € K°(Y), v € K°(CP"), and p; and p, are
the projections of Y x CP™ onto Y and CPY, respectively. Use the diagram

Yy x cpPN 22— cpN

Pll iﬂd
T2

Yy —— =%
and the formulas

(P [P1B - p37] = B (p1(P3y) = B 73 ((m1)17)
(as well as the analog of this in singular cohomology), together with Step 2.

s

Finally, for Step 4 factor f: X — Y as X 5 Y xCPY = Y where j is an
embedding and 7 is projection. Use the diagram

Ji

KO(X) —2— KOy x CPY) ——— KO(Y)

ich lch ich
H*(X;Q) 2~ H*(Y x CPY;Q) — H*(Y;Q),

where the horizontal composites are f;. We established GRR for the two squares, by
Steps 1 and 3. Deduce the general GRR by putting these two squares together. [

To see one example of GRR, consider the case Y = %. Here the GRR the-
orem says ch(fi(1)) = fi(Td(Tx)). We will compute both sides independently,
and then see what information this theorem is giving. On the left-hand-side,
fi(1) = Td-genus(X) - 1 € K°(x) and so ch(fi(1)) = Td-genus(X) - 1 € H°(pt; Q).

To analyze the right-hand-side we recall from Example above that
fii H®(X) — H*(pt) sends a class a to its top-dimensional piece (the compo-
nent in dimension 2dim X). So GRR says that

Td-genus(X) - [x] = top-dimensional piece of Td(Tx).

One of the surprises here is that the right-hand-side is not a priori an integer
multiple of [+]: recall that the definition of the Todd class contains complicated
denominators. The resulting integrality conditions can lead to some nonexistence
results in topology, as demonstrated in the following example.

Example 25.16. We claim that there is no complex manifold whose underlying
topological manifold is S*; said differently, the space S* cannot be given a complex
structure. If S* were a complex manifold then it would have a Todd genus, which
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we know will be an integer. But GRR tells us that the Todd genus is also the top-
dimensional component of Td(T'), where T' denotes the complex tangent bundle
of our fictitious complex manifold. But ¢;(T) = 0 because H?(S*) = 0, and
c2(T) = 2[] because co(T) is the Euler class and x(S?*) = 2. Plugging into
we find that Td(T) = 1+ £ and so the top-dimensional piece is . As this is not
an integer, we have arrived at a contradiction.

A similar argument shows that S4" is not a complex manifold for any n, although
to follow through with this we will need to get better at computing terms in the
Todd class. We return to this problem in Proposition below.

25.17. Computing the Todd class. Let a1, as,... be indeterminates and write
Q(x) =1+ayr+asx®+---. Let

Qz) = Qz1,...,2n) = Q(z1)Q(22) - Q(x)

where the z;’s are formal variables of degree 1. This gives us a power series that
is invariant under permutations of the z;’s, and so it may be written as a power
series in the elementary symmetric functions o; = o;(21,...,2,), 1 <i < n. Our
goal will be to give a formula, in terms of the a;’s, for the coefficient of any given
monomial m = gy -+ - g,

Notice that the degree of m is mi + 2mso + - - - + nmy,; call this number N. The
coefficient of m in Q(z) will not involve any terms a; for ¢« > N, so we might as
well just assume that a; = 0 for ¢ > N. In this case write

Q(z) = l4az+--+ayz = (1 +t1x)(1+t2$)---(1+tN$N)

as a formal factorization of Q(x) (or if you like, we are working in the algebraic
closure of Q(aq,...,ay,)). Then

The evident next step is to reverse the order of the products, so let
N
Qj = H(l—thxi) = 1—|—tj0'1 —l—t?Ug +~'~+t§VO'N
i=1
and observe that Q(z) = []; Q;. Consider the process of multiplying out all factors
in

(1—|—0’1t1+"'+0'Nt11V)'(1+0'1f,2—|—-~'—|—O'Ntév)'~'(1+0'1t]v—‘y-"'—‘rO'Nt%).
The first few terms are
1+01[t1] +02[t%] +O’%[t1t2} + Ug[tiﬂ +010'2[t1t§] —+ .

where the bracket notation means to sum the terms in the X y-orbit of the monomial
inside the brackets (see Appendix. Each of these brackets is a polynomial in the
t;’s that is invariant under the symmetric group, and therefore can be written (in a
unique way) as a polynomial in the a;’s. These are the desired coefficients of Q(z).
The general result, whose proof has basically just been given, is the following:

Proposition 25.18. The coefficient of 7™ - - o' in Q(z) is

n

2 2 3 3 n
[tats -+ tratimi+1 " Uy pma tma4mat 1 Ui bmadmg tm1+~~-+mn]'
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The bracketed expression in the above result looks horrible, but it is simpler
than it looks. The subscripts can basically be ignored. The idea is to write down a
product of powers of the ¢;’s where no index i appears more than once and where
the number of ¢;’s raised to the kth power is my. For example, here are a few
o-monomials and their associated coefficients:

o4 [t1], o103 : [titd)], o902 ¢ [2t5t5], 010506 : [titataty].

For Proposition to be useful one has to write the bracketed expression as
a polynomial in the elementary symmetric functions o;(t) = a;. This is, of course,
an unpleasant process. One case where it is not so bad is for the power sum [t]],
since here we have the Newton polynomials S,, described in Appendix

Corollary 25.19. For any k > 1, the coefficient of or in Q(z) is Sg(aq,...,ax),
where Sy, is the kth Newton polynomial. By Proposition [B.3 this is also equal to
the two expressions

(—1)k- [coeﬁ. of ¥ in 1 —xi(logQ(x)) } = (_1)k—1_ [coe[f. of 2*=1 in Ql(x)}

dx Q(z)
Now let us specialize to Q(z) = 2= = > (- 1)Z Bigi. Then writing
Q(z1,...,x,) as a power series in the elementary symmetric functlons exactly yields

an expression for the Todd class of a rank n vector bundle in terms of its Chern
classes. Let us apply Corollary 25.19] to this situation; to do so we must compute
Q' (z)/Q(z). This is easy enough:

Q/(LL') = 1,i71 (1 P 1)2 = %Q(:’U) - %Q(l‘) = (% +1- ﬁ) Q(:L‘)

and so

1—xQ((T)) =1-z(+1- %) =~z +Q(a).
Specializing Corollary [25.19] to the present situation now gives:

Corollary 25.20. Let E — X be a rank n vector bundle. Then for any 2 < k < n,

the coefficient of cx, in the formula for TA(E) is equal to %, whereas the coefficient

o B 1
of c1 is =41 = 3.

Remark 25.21. Note that the above calculation reveals an interesting property
of the coefficients of =F—: when you put them into the Newton polynomials Sk

the output is unaltered, at least for k > 2. That is, if == = >, a;x" then
Sk(a1,...,ax) = ag for k > 2. For example S4 =a} — 4a1 + 4daraz + 2a§ — 4ay
and the first few coeffcients of 7= are 2, 12, 0, and —=5-. Some grade-school
arithmetic checks that indeed
1
54(2712’0 720) 720"

But this is hardly obvious from just looking at the formula for Sy.

25.22. An application of GRR. The following proposition is (mostly) weaker
than what we proved back in Corollary[24.5] Still, we offer it as a sample application
of the Todd genus.

Proposition 25.23. No sphere S*™ admits the structure of a complex manifold.
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Proof. Assume S*" is a complex manifold. Then it has a Todd genus, which is
necessarily an integer by definition. This will be the coefficient of [#] in the top
component of the Todd class Td(T"), where T' denotes the complex tangent bundle
to S*". To compute this Todd class directly from its definition, first note that
¢;(T) = 0 for i < 2n, because H?'(S%") = 0 in this range. We must also have
cn(T) = e(T) = 2[*], because the Euler characteristic of an even sphere equals 2.
These facts let us easily write down Td(7Tgsn). Let us consider some examples of
this.

When n = 1 we would have Td(Tss) = 1+ 2. The Todd genus of S$* would
then be 1—22, which is not an integer. When n = 2 we would have Td(Tgs) = 1 — =55,
and so the Todd genus of S® would be —%O; again, not an integer. These examples
give the general idea, and the denominators only get worse as n gets larger.

To be specific, one will have Tdgsn = 1 + Mcy, where M is a mystery number
that must be computed from the definition of the Todd class. It is a consequence of
Corollary hat M = (gfs!. The Todd genus of S4" will then be 2 - Ba,, /(2n)!.
By Theorem the number 3 divides the lowest-terms-denominator of Bs,,, and
so this expression cannot be an integer. This is our contradiction. O

Remark 25.24. Notice why our proof of Proposition [25.23] does not extend to
cover spheres S4"+2: the Chern class ¢z, does not appear by itself in the formula
for the Todd class, because the odd Bernoulli numbers are zero. If $4"*2 has a
complex structure one can conclude that its Todd genus is zero, but this by itself
does not produce a contradiction.

25.25. The arithmetic genus. We now discuss the problem of computing the
Todd genus for smooth algebraic subvarieties Z <— CP". We will see that it can be
described entirely in terms of algebro-geometric data. This material foreshadows
much of what we do in Section 26

Let p: CP™ — x and q: Z — * be the squash maps, and consider the composition

K°(Z) L% KO(CP™) 25 KO(pt).
The composite is ¢ and therefore sends 1 to Td-genus(Z) - [*]. On the other hand,
if we write
51(1) = [Z] = an_1[CP" ] + an_2[CP" 2] 4 - - - 4 ao[CP"
then since py([CP""]) = Td-genus(CP" ") - [x] = [*] we have
p((1) = (an—1 + an_o+ -+ ao)[+].
So Td-genus(Z) =, a;.

Recall that knowing [Z] is the same as knowing the Hilbert polynomial of Z. We
wish to ask the question: how can the Todd genus be extracted from the Hilbert
polynomial? To answer this, start by recalling the diagram
¢

Kglg((cpn)

]

Gyra(Clzo, .. ., za)) /{[C) 2> Q]s]

from Section [20.18] The image of the function Hilb is the Z-submodule of Q[s]
generated by (S+"), (5+"71), A (8) If one takes [CP" '] € KY(CP") and pushes

n n—1

KO(CP™)
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it around the diagram, we have seen in Section [20.1§|that the corresponding Hilbert
polynomial is (5'7:71;1)

The Todd genus can be thought of as the unique function K°(CP") — Z sending
all the classes [CP™ "] to 1. We look for a similar function im(Hilb) — Z that sends
(Sj::l) to 1, for all 5. A moment’s thought shows that the map “evaluate at s = 0”
has this property. We have therefore proven the following:

Proposition 25.26. Let Z — CP" be an algebraic subvariety. Then the Todd

genus of Z is Hilbz(0).

In algebraic geometry, the invariant Hilbz(0) is sometimes called the arithmetic
genus. So we have proven that the arithmetic genus and Todd genus coincide.

Remark 25.27. Many authors use the term arithmetic genus for the invariant
(=1)4mZ(Hilbz(0) — 1). This is the definition in both [H] and [GH], for exam-
ple. Obviously the two definitions carry the same information, and the difference
between them is only a matter of “normalization”. The invariant Hilbz(0) is some-
times called the Hirzebruch genus, or the holomorphic Euler characteristic (see
Section 77?7 below for more information about this).

25.28. Fundamental classes and the Todd genus. Again let Z «— CP" be a
complex submanifold of codimension ¢ and consider the fundamental class [Z] €
K°(CP"™). Write

[Z] = an_c[CP" ] 4+ ap_c_1[CP™ 1] + - + ao[CP"].

We have seen that a,_. is the degree of Z, which has a simple geometric interpre-
tation: it is the number of intersection points of Z with a generic linear subspace of
dimension c¢. But the question remains as to how to give a geometric interpretation
for the other a;’s. We will now explain how the Todd genus gives an answer this
(although perhaps not an entirely satisfactory one).

As we saw in the last section, Td-genus(Z) = ), a;. But note that multiplying
the equation for [Z] by [CP™ '] gives [Z]-[CP" '] = ap,_[CP" ']+ -4a,[CP"]
and therefore

Td-genus(Z NCP" ') = Z a;.
1<i
Here Z NCP" ! indicates the intersection of Z with a generic hyperplane in CP".
Likewise we have [Z] - [CP" 7] = a,,_[CP™ “ 7] 4 - + a;[CP"], and hence
Td-genus(Z N CP" /) = " a;.
j<i
So the partial sums qu a; for j =0,1,...,n—c are the same as the Todd genera
of Z,ZNCP" ', ..., ZNCP*. (This gives another explanation for why a,,_. is the
degree of Z). We immediately obtain the formulas
(25.29) a; = Td-genus(Z NCP" ") — Td-genus(Z N CP" 1),

where again the intersections are interpreted to be generic. This is our desired
geometric description of the a;’s. Note, however, that whether or not this is indeed
“geometric” depends on whether one feels that this adjective applies to the Todd
genus.
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26. THE ALGEBRO-GEOMETRIC GRR THEOREM

Let X be a compact complex manifold and £ — X a complex vector bundle.
If 7 denotes the projection X — x then we get an element m([E]) € K°(pt) = Z.
This gives an integer-valued invariant of the bundle E, which we will call the Todd
number of F. We will write it as

Td-numyx (E) = m([E]).

The topological GRR theorem identifies this number as © x (Td(Tx) - ch(F)), and
so we can calculate it in terms of the Chern classes of E and Tx. Note that the
Todd number of the trivial bundle 1 is the Todd genus of X.

If X is an algebraic variety and ' — X is an algebraic vector bundle then there
is another way to compute the Todd number of E, in terms of algebro-geometric
invariants. This identification of invariants is an example of the algebro-geometric
GRR theorem. Although the theorem covers far more than just the Todd number,
we will concentrate on this special case before stating the more general result.

26.1. Sheaf cohomology. As we saw in 7777 the algebraic vector bundle £ — X
gives rise to an associated coherent sheaf on the Zariski space X z,,.. We also call
this sheaf E, by abuse. Modern algebraic geometry shows how to obtain sheaf
cohomology groups H'(X; E). The general theory is technical (although not in-
credibly hard), and would take too long to recount here; the level of abstraction
and technicality is roughly comparable to that of singular cohomology. But just as
in the latter case, there are methods for computing the sheaf cohomology groups
that do not require the high-tech definitions.

Suppose we have a Zariski open cover {U,} of X with the property that each
U, is affine, and moreover assume that each iterated intersection Uy, N N Uy, is
affine (for each k > 1). Write I'(U,, E) for the algebraic sections of E defined over
Us,. Then we may form the Cech complex

0—EPTrUa,E) = P T(Us, NUay, E) — -+

1,002

and the sheaf cohomology group H*(X; E) is just isomorphic to the ith cohomology
group of this complex.

Example 26.2 (Cohomology of O(k) on CP™). Let xo,...,Zn+1 be homogeneous
coordinates on CP", and for each 0 < j < n let U; C CP" be the open subscheme
defined by x; # 0. Write Uj,...;, = Uj, N---NUj;,, and note that all of these are
affine. Indeed, U; is the spectrum of C[i—j, i—;, cery ﬁ], Uj i is the spectrum of the
localization of this ring at x/z;, and so forth.

Let S = Clxo, ..., xn], regarded as a graded ring where all x;’s have degree 1.
Let R; =T'(U;,0) = (C[i—‘;, ‘%, ceey %] This is the degree zero homogeneous piece
of the localization S,,. Further, observe that each O(k) is trivializable over Uj,
and so I'(U;, O(k)) will be a free R;-module of rank 1. We can identify I'(U;, O(k))
with the degree k£ homogeneous component of the localization Sy, ; that is, it is the
C-linear span of all monomials z° - - - x%» where a; € Z and all other a; > 0. This
is readily checked to coincide with the cyclic R;-module a?;?Rj.

The analogs of the above facts work for any open set U; = U;, N ---NUj,.

The sections I'(U;, O(k)) form the degree k homogeneous component of the ring
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Sy, a;, - We want to examine the Cech complex C(U,,O(k)) for each value of k,
but it is more convenient to take the direct sum over all values for & and consider
them all at once.
For a collection of indices ¢ C {0,...,n} let S, be the localization of S at the
element [[,., #;. Then consider the augmented Cech complex

C*: 0—=8—&S — BicjSij — - — Sor..n — 0

where the S is in degree —1 and where the differentials are all induced by the
inclusions S, — S,/ for o C o¢’. That is to say, if we have a tuple a = (a, €
So)#o=r then do is the tuple whose value at o’ = {ig,--- ,i,} (with the entries
ordered from least to greatest) is
i
(da)or = S (= Va5, -
k=0

The Cech complex for computing cohomology is obtained from C* by omitting the
S in degree —1, but we will quickly see why it is convenient to have that S around.

It is easy to compute the cohomology group H"(C*). The ring S, 5 , is
generated as a vector space by monomials z° - - - 2% where a; > 0. So the image
of C"~1 — (C™ is the span of all monomials where some a; is nonnegative. The
monomials that are not in the image have the form xal coexg b (acgbo g n)
where all b; > 0. So H"(C*) only has terms in degree k < —(n + 1), and in such
a degree the group is isomorphic to S"“_(”"’l)(C”“‘l). This computation will be
subsumed by the more general one in the next paragraph, but it is useful to see
this particular case by itself.

To compute the cohomology of C* in all dimensions it is useful to regard S, and
each of its localizations, as multigraded by the group Z"*! (by the multidegrees of
monomials). The maps in the complex preserve this multigrading, so we might as
well look at one multidegree a = (aq, ..., a,) € Z""! at a time. Let 7 = {iq,..., 4y}
be the complete list of indices for which a; < 0. Note that S, is zero in multidegree
a unless 0 O 7: that is, we will only have monomials of multidegree g if we have
inverted the z;’s for ¢ € 7. It is not hard to check that C¢ (the portion of C* in
multidegree a) coincides with the augmented simplicial chain complex for A™~#7
with coefficients in C. The point is that the rings S, that are nonzero in degree
a correspond to precisely those ¢ that contain 7, and these correspond in turn
to subsets of {0,1,...,n+ 1} — 7. Subsets of {0,1,...,n + 1} — 7 also index the
simplices of A™ #7_ and we leave it to the reader to verify that the complexes do
indeed coincide.

The augmented simplicial cochain complex for A”~#7 has zero cohomology ex-
cept in one extreme case—for when #7 = n + 1 we have the augmented cochain
complex of the emptyset, and this has a single Z in its cohomology. This cor-
responds to those multidegrees @ in which all a; < 0; for these the total degree
satisfies Y " a; < —(n+1).

We have seen that C* is exact except in cohomological degree n, and there we
get a single copy of C in every multidegree a for which > a; < —(n+1). So for a
fixed integral degree k < —(n+1) the kth homogeneous component of H"(C') is the
C-linear span of monomials z% where all a; < 0 and > a; = k. This is what we saw
earlier in the argument as well, and it gives us that H"(C); = S—k—(r+1)(Cn+1),
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Finally, let us turn to our original Cech complex by removing the S from degree
—1 of C*. In doing so we introduce homology in degree 0, and the graded homology
groups exactly coincide with the homogeneous components of S. That is, the kth
graded piece of H is isomorphic to S*¥(C"+1).

‘We have now proven that

Sk(cntt) ifi =0,
HY(CP™0(k)) =2 S~F=+D(Crtl)  if § =n,
0 otherwise.

The following table shows these sheaf cohomology groups. Note that these vanish
except for 0 < i < n. In the table we write O instead of O(k), for typographical
reasons, and we write V' = C"*!. The dth symmetric power of V is denoted S?V;
note that this is isomorphic to the space of degree d homogeneous polynomials in
LOye--y Ly

TABLE 26.2. Cohomology groups H*(CP"; O(k))

L4 [0 [0-i2) [O-(uay [0y [--- [O1JO] Oy [ 02 | O3 |
0 0 0 0 0 [---] 0 [CTSWI[S2Vv ]SV
1 0 0 0 0O [---] 0 0] 0 0 0

o 0 0 0 [0 (o] 0 00
n SV STV C 0O [---] 0 0] 0 0 0

26.3. Sheaf cohomology and the Todd number. When X is a projective vari-
ety the sheaf cohomology groups we introduced in the last section turn out to have
the following properties:
e They are finite-dimensional over C;
e H!(X;E) vanishes when i > dim X;
e A short exact sequence of vector bundles 0 — F' — F — E” — 0 gives
rise to a long exact sequence of sheaf cohomology groups.

The first two properties allow us to define the sheaf-theoretic Euler characteristic

X(X;E)=> (-1)'dim H'(X; E).
and the third property yields that x(X;E) = x(X;E') + x(X; E”). So x(X;-)
gives a homomorphism K, o(X) — Z. It will not come as a surprise that this agrees
with the topologically-defined pushforward map :

Proposition 26.4. If X is a projective algebraic variety and E — X is an algebraic
vector bundle then
Td-numy (F) = x(X; E).

This gives us our algebro-geometric interpretation of the Todd number. We
postpone the proof for the moment, prefering to obtain this as a corollary of our
general GRR theorem. But let us at least check the proposition in the important
example of CP". Recall that K, g((CP”) is the free abelian group generated by
[0],[0()],[0(2)],-..,[0(n)]; so we can verify the result for all algebraic vector
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bundles E by checking it for these particular n 4 1 cases. Luckily we have already
computed the vector spaces H(CP";O(k)). From Table we find that
dim S*Cm+! if k>0,
X(CP™;0(k)) =<0 if —n <k <0,
(—1)" dim S~F-(FDCHL i k< —n.
We leave the reader to check that all three cases in the above formula can be unified
into the simple statement x(CP";0(k)) = ("HC).

It remains to compute the Todd number gf O(k). We use the by-now-familiar

technique from Exercise 25.12}
Ox | Td(Tx) - ch(O(k))] = On | (1=2=)""" - "] = Resyo(1)" " - e da

l—e—%
= Reszzo(ﬁ . W dZ)
_ @n((l _ Z)f(k+1))
= (=05
_ (n+k
Note that the substitution z = 1 — e~ was used for the third equality.

27. FORMAL GROUP LAWS AND COMPLEX-ORIENTED COHOMOLOGY THEORIES
28. ALGEBRAIC CYCLES ON COMPLEX VARIETIES

Note: The material in this section requires the Atiyah-Hirzebruch spectral se-
quence from Section [29] below.

Let X be a smooth, projective algebraic variety over C. Every smooth subvariety
Z of codimension ¢ has a fundamental class [Z] € H??(X;Z). In fact the smoothness
of Z is not needed here: every subvariety Z — X of codimension ¢ has such a
fundamental class. This can be proven either by using resolution of singularieties
or by more naive methods—we will explain below.

Define Hlflqg(X; 7Z) C H%1(X;Z) to be the subgroup generated by the fundamen-
tal classes of all algebraic subvarieties. How large are these “algebraic” parts of the
even cohomology groups? Are there examples of varieties X for which the algebraic
part does not equal everything?

The answer to the latter question is provided by Hodge theory: yes, there do
exist varieties X where not all of the even cohomology is algebraic. Hodge theory
gives a decomposition of the cohomology groups H"(X;C) = &ptq=, H(X), and
the algebraic classes all lie in the H"? pieces. The (even-dimensional) cohomology
is entirely algebraic only when H?? = 0 for p # q and p + ¢ even. But it is known
that for an elliptic curve E one has H'? = C = H%!, and so for E x E one gets
H?*Y(Ex E)~C=HY(E x E). So not all of H*(E x E) is algebraic.

The problem with Hodge theory is that it cannot see any torsion classes, as the
coefficients of the cohomology groups need to be C. Could it be true that torsion
cohomology classes are always algebraic? A classical theorem of Lefschetz, reproved
by Hodge, says that this holds for classes in H2. But for higher cohomology groups
the answer is again no, and the first proof was given by Atiyah and Hirzebruch
[AH2]. There are three basic components to their proof:
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(1) Every algebraic class must survive the Atiyah-Hirzebruch spectral sequence.
The vanishing of the differentials therefore gives a sequence of obstructions for
a given cohomology class to be algebraic.

(2) The differentials in the spectral sequence can be analyzed in terms of cohomol-
ogy operations. On a p®-torsion class the first nonzero differential is da),—; and
coincides with the operation —3P!.

(3) A clever construction of Serre’s shows how to obtain smooth algebraic varieties
whose cohomology contains that of BG through a range of dimensions. Using
this, one readily finds smooth varieties with even-dimensional, p-torsion coho-
mology classes for which BP' does not vanish; such a class cannot be algebraic.

The Atiyah-Hirzebruch proof is no longer the most efficient way to obtain condi-
tions for torsion classes to be algebraic. Resolution of singularities shows that every
algebraic class is actually a pushforward of the fundamental class of a manifold—
i.e., every algebraic class lifts into complex cobordism. In the 1950s Thom had
already obtained some necessary conditions for such a lifting to exist, in terms of
Steenrod operations. Via this method K-theory is not needed at all, and moreover
Thom'’s theory yields a stronger set of conditions. Note that resolution of singular-
ities was not provided by Hironaka until 1964, and so of course was not available
at the time of [AH2).

Despite the modern shortcomings of Atiyah and Hirzebruch’s method, we will
spend this section describing it in detail. It sheds some light on the relationship
between K-theory and singular cohomology, and also offers some neat observations
about algebraic varieties.

Remark 28.1. We should mention that [AH2] treats the case of analytic cycles in
addition to algebraic cycles. The proofs are essentially the same, with one or two
key differences. We will not cover the material on analytic cycles here.

Remark 28.2. The modern Hodge conjecture states that any class a € H?"(X;Q)
whose image in H?"(X;C) lies in the Hodge group H™"(X) is necessarily
algebraic—that is, it lies in the subgroup H?"(X;Q).,. When Hodge originally
raised this question he did not explicitly specify rational coefficients. Since any tor-
sion class in H*"(X;Z) would map to zero in H?"(X;C), and therefore lie inside
H™"(X), an integral version of the Hodge conjecture would imply that all torsion
classes are algebraic. One of the main points of [AH2] was to demonstrate that this
integral form of the Hodge conjecture does not hold.

28.3. Fundamental classes for subvarieties. If X is a smooth algebraic variety
and Y C X is a smooth subvariety of codimension g then we have seen that complex
orientability yields a fundamental class [Y] € H?4(X) and a relative fundamental
class [Y],e; € H*(X, X—Y). This comes about by choosing a tubular neighborhood
U of Y that is homeomorphic to the normal bundle, and using the isomorphisms
H*(X,X —-Y)= H*U,U -Y) = H?*(N,N —0).

Assuming Y is connected it follows that H?¢(X,X —Y) = Z (by Thom isomor-
phism), and [Y],..; is defined to be the image of the Thom class Uy € H?4(N, N—0).
The fundamental class [Y] is just the image of [Y].e; under H*(X, X-Y) — H*(X).
Note that the argument shows that choice of U and homeomorphism U = N to be
irrelevant: there are only two generators in H?4(X, X —Y), and ??7?

We aim to show the existence of fundamental classes [Y] even when the subvariety
Y is not smooth.
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Lemma 28.4. Let X be a smooth algebraic variety and let W — Y — X be subva-
rieties. Assume that' Y has codimension q inside of X, and that W has codimension
at least one inside of Y.

(a) H*(X) — H*(X —Y) is an isomorphism for * < 2q — 2.

(b)) H*(X, X -Y) - H*(X — W, X —Y) is an isomorphism for x < 2q.

(c) If Y is irreducible then H*1(X, X —Y) = Z.

Proof. First note that part (a) is true when Y is smooth, using the long exact
sequence for the pair (X, X —Y), the isomorphism H*(X,X -Y) = H*(N, N —0),
and the Thom isomorphism theorem. For the general case, we can filter Y by
subvarieties
PCYycYiC---CY, =Y

where each Y; is the singular set of Y;;1 (so that Y;41 — Y; is smooth). Since Y is
smooth, we can assume by induction that H*(X) — H*(X —Y;) is an isomorphism
for * < 2(codimY;) — 2. Now look at the composition

H*(X) - H(X = Y;) » H"(X = Y1) = H* (X = Y}) = (Yiq1 — Y2)).

Since Y;41 — Y; is smooth in X — Y;, the second map is an isomorphism for

* < 2(codimY;y1) — 2. It follows that the composite is an isomorphism for

x < 2(codimY;11) — 2 as well, and now the desired result follows by induction.
Part (b) follows from part (a) via the long exact sequences

s H Y X —Y) = H (X, X -Y)— H(X) — = H* (X - Y) —> -

)

s H Y X —Y) = H (X -W,X-Y) >H(X-W) > HX-Y) —> -

By (a) the map labelled j* is an isomorphism for * < 2¢, and so the result follows
by the five lemma.

Finally, for (c) we let Z be the singular set of Y. Then H?¢(X,X —Y) =
H?Y(X ~Z, (X ~Z)— (Y —Z)) by (b). But Y — Z is a smooth subvariety of X — Z
of codimension ¢, and it is connected because Y was irreducible. The remarks from
the beginning of this section show that this cohomology group is isomorphic to Z,
with generator [Y — Z],;. O

Now let Y < X be an algebraic subvariety of codimension ¢, and let Z be the
singular set. Since Y — Z is a smooth subvariety of X — Z, we have a fundamental
class [Y —Z] € H?*I(X —Z). But by Lemma[28.4(a) the map H?!(X) — H?!(X - Z)
is an isomorphism. We define [Y] € H?(X) to be the preimage of [Y — Z] under
this map.

Define Hy, (X) € H*(X) to be the subgroup generated by the fundamental
classes of all the algebraic subvarieties of X.

In the next section it will help to be able to focus on classes [Y] where Y is
irreducible. To this end, the following is useful:

Lemma 28.5. IfY — X is a codimension q subvariety with irreducible components

Proof. 7777 (Il

We need one more lemma before moving on:
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Proposition 28.6. Let M be a real manifold and let N — M be a codimension
k real submanifold with a tubular neighborhood. Then M — N — M is (k — 1)-
connected.

Sketch. 7777 O

28.7. Vanishing of differentials on algebraic classes. Let X be a smooth
algebraic variety, and let Y C X be subvariety. Let F, be a resolution of Oy by
locally-free O x-modules, and write F, for the associated chain complex of complex
vector bundles on X. Then [F,] defines a class in K°(X, X —Y') which we will denote
[Y]k re;- Note that when Y is smooth this agrees with the relative fundamental
class provided by the complex orientation of K-theory, by Theorem

Proposition 28.8. One has ch([Y |k ret) = [Y]# ret + higher order terms.

Proof. We first prove this when Y is smooth. If N denotes the normal bundle for Y’
in X, then the result will follow once we know ch(UZ) = U +higher order terms—
for both [Y]k e and [Y]g rer are obtained from the Thom classes by applying
natural maps. However, we have already seen in our discussion of Riemann-Roch
that the complete formula is in fact

ch(UE) = UL - Td(NV)?

(see Proposition [25.3]). Now just observe that Td(/N)~! = 1 + higher order terms.
Now let Y be arbitrary. Let Z be the singular locus, and the ¢ denote the
codimension of Y. Consider the diagram

KX, X -Y)— > KY(X - Z,X-Y)

o] Ja

H (X, X -Y)— " H*(X -2, X -Y).

Both maps j* are simply restriction to an open set, and so j*([Y]k ret) = [¥V —
Zlkrer and 7*([Y]gret) = Y — Z] i rei- By Lemma b) the bottom map is an
isomorphism for * < 2¢. So the desired result for Y follows from the corresponding
result for Y — Z, which has already been proven because Y — Z is smooth in
X —-Z. (I

Theorem 28.9. Let X be a smooth algebraic variety, and let Y C X be a sub-
variety. Then [Y]g survives the Atiyah-Hirzebruch spectral sequence; that is, all
differentials vanish on this class.

Proof. This is now easy. The class [Y]g is the image of [Y] g re; under the natural
map H*(X, X —Y) — H*(X). By naturality of the Atiyah-Hirzebruch spectral
sequence, it suffices to show that all differentials on [Y]g e are zero. This follows
from Proposition and ??777. O

Corollary 28.10. Let X be a smooth algebraic variety, and let p be a fized prime.
If a p®-torsion class u € H®(X) is algebraic then 3P (u) = 0.

Proof. Immediate from Theorem and Proposition [29.20(b). O
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28.11. Construction of varieties with non-algebraic cohomology classes.
At this point our job is to construct a smooth, projective algebraic variety X that
has a class u € H®(X) for which 3Pz # 0, for some prime p. Such a class cannot
be algebraic by Corollary [28.10] It turns out that p can be any prime we like—that
is, for any given p we can find an example of an X and a u. Moreover, u can be
taken to lie in degree 4. The construction comes out of the following three results:

Theorem 28.12 (Serre). Let G be a finite group and let n > 0.

(a) There exists a linear action of G on a projective space CPN together with
an n-dimensional, closed, smooth subvariety X — CPYN which is a complete
intersection, invariant under G, and has G acting freely.

(b) If X is a variety having the properties in (a), then its homotopy (n — 1)-type is
the same as that of K(Z,2) x BG.

Corollary 28.13. Let G be a finite group and let n > 0. There exists an n-
dimensional, smooth, projective variety whose (n — 1)-homotopy type is the same

as that of K(Z,2) x BG.

Proposition 28.14. Let p be a prime. Then there exists a finite group G and a
class u € H*(BG;Z) that is killed by p and is such that BP*(u) # 0.

We postpone the proofs for one moment so that we can observe the immediate
consequence:

Corollary 28.15 (Atiyah-Hirzebruch). Fiz a prime p. There exists a smooth,
projective, complex algebraic variety X and a class u € H®(X) that is killed by p
such that u is not algebraic.

Proof. By Proposition 28.14] there exists a finite group G and a p-torsion class u €
H*(BG;Z) such that B3P (u) # 0. By Theoremthere is a smooth, projective
variety X whose (2p + 4)-type is the same as K(Z,2) x BG. But then H*(BG;Z)
is a direct summand of H*(X) up through dimension 2p 4+ 4. By Corollary
the class in H*(X) corresponding to u cannot be algebraic. (]

Theorem [28.12| requires some algebraic geometry, but the proofs of both Corol-
lary |28.13| and Proposition [28.14] are purely topological. We tackle these in reverse
order:

Proof of Proposition[28.1] We start by considering p = 2 (the odd case turns out
to be extremely similar). As a first attempt we might try to take G = Z/2. Then
BZ/2 = RP*, H*(RP*>;Z/2) = Z/2[r], and H*(RP*;Z) = Z/2[z*]. Unfortu-
nately Sq® = 3Sq? vanishes on all the integral classes, by an easy calculation.

Next look at B(Z/2x7Z/2) = RP* x RP*. The mod 2 cohomology is Z/2[x, y],
and the integral cohomology is the subring consisting of all elements whose Bock-
stein vanishes. Such elements of course include all polynomials in z? and y?, but
it also includes § = 2%y + xy?> = B(xy). In fact all the elements of the integral
cohomology look like z2iy%/ . §. Another easy calculation shows that Sq® applied
to such an element is 22y% Sq*(), and Sq*(0) = z*y? + 2%y* # 0. This gives us
lots of classes that are not killed by Sq®, however they are all in odd dimensions.
So this still doesn’t solve our problem.

In the preceding paragraph, the reason things didn’t work ultimately came down
to the fact that S(xy) had odd dimension. This gets fixed once we move to



196 DANIEL DUGGER

B(Z/2 x Z/2 x Z/2). The mod 2 cohomology is Z/2[x,y,z], and again the in-
tegral cohomology is the subring consisting of the elements where the Bockstein
vanishes. One such element is § = 3(zyz) = 2%yz + xy?z + zy2>. It is easy to cal-
culate that Sq* 0 = z*y?z + 2%y22+- - # 0. So finally we have an even-dimensional
integral cohomology class where Sq® vanishes.

The argument for odd primes works the same way. Recall that H*(BZ/p;Z/p) =
A(u) @ Fp[v], with B(u) = v and P'(v) = vP. Take G = Z/p x Z/p x Z/p and look
at 0 = B(uruguz) € H*(BG;Z). A simple calculation shows that 3P*(0) #0. O

Next, the corollary to Serre’s theorem:

Proof of Corollary[28.13 Let X — CPY be the subvariety provided by Theo-
rem Since X «— CPY is a complete intersection, the strong form of the
Weak Lefschetz Theorem 7?7 yields that X — CP" is an (n — 1)-equivalence. Let
n — CPY be the tautological line bundle CN*! — 0 — CP". Note that G acts
on CN*1 and so G acts on the bundle . Hence G acts on the pullback bundle
j*n — X. Since the action of G on X is free we get a line bundle (jx71)/G — X/G
which pulls back to j*n along the projection X — X/G. Let the classifying map
for this line bundle be X/G — CP*. The diagram

X ——cpPV

|

X/G ——=Cp>®

necessarily commutes up to homotopy, as the two compositions classify the same
bundle j*1. Since X — CPY is an (n — 1)-equivalence, so is the composite X —
CP*.

Consider the composite map X — X/G — CP*. This is a G-equivariant
map, where the target is given the trivial G-action. Since the map is an (n — 1)-
equivalence, the induced map on homotopy orbit spaces X, — (CP*)p¢ is also an
(n — 1)-equivalence. (Recall that Z = (Z x EG)/G. Crossing with EG preserves
the (n— 1)-equivalence, and since Z x EG — Zy is a covering space it follows that
quotienting by G also preserves the (n — 1)-equivalence). But since the G-action
on X is free one has X,¢ ~ X/G, and since the action on CP is trivial one has
(CP)pe ~ CP™ x BG. This completes the proof. |

Finally, we prove Serre’s theorem.

Proof of Theorem [28.19 We first give the proof for G = Z/2. Even though the
general case is basically the same, certain steps can be made more concrete by
restricting to this case.

Let C?M have coordinates 1, ..., T, Y1, --.,yum, and let G act trivially on the
2’s and by negation on the y’s. Consider the induced action on P = P(C?M) =
CP?*M~1 The homogeneous coordinate ring is R = Clz1, .-y xm, Y1, - - Ym), and

the ring of invariants S = R® is the subring generated by the z;’s and the YiY;'s
(including ¢ = j). An easy argument shows that every homogeneous element of
S having even degree is a polynomial in the elements x;z; and y;y;. That is, if
S(2) C S is the C-linear span of all even-dimensional homogeneous elements then
S(2) is generated (as a subring) by elements of degree 2.
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Let aq,...,as denote the degree 2 monomials in z, in some order. Similarly, let
Bi,...,B3s denote the degree 2 monomials of y, and let b = 2s— 1. Let f: P — CP°
be the map

fer - ran:yr: oo cyn]) = lar o ias B Bs)

Clearly f induces a map P/G — CP’. Tt is easy to see that this is a pro-
jective embedding (?777). Its image Z is the closed subvariety whose homoge-
neous coordinate ring is S(2), regarded as a quotient of the polynomial algebra
(C[Oél,. .. ,Ols,ﬂl, . 765]'

Let A C P be the set of fixed points for the Z/2-action. One readily checks that
A is the disjoint union CPM=LII1CPM~!, where the first piece corresponds to the
vanishing of the x;’s and the second piece to the vanishing of the y;’s. The fibers
of f are sets with at most two elements, and so f(A) C Z is a subvariety having
the same dimension as A. Note that P— A — Z — f(A) is a covering space, and so
Z — f(A) is nonsingular.

Let H C CP® be a generic plane of dimension b+ n — (2M —1). We can choose
H so that it misses the singular set of Z and intersects Z transversally, and if
dim f(A) + dim H < b we can simultaneously require that H does not intersect
f(A). This dimension criterion is M —1+b— (2M —1) +n < b, or just n < M.
Our choice of H guarantees that Z N H is a nonsingular variety of dimension n. Let
X = f~YZ N H). The criterion that H N f(A) = () implies that X N A = ), and so
G acts freely on X and the map f|x: X — ZN H is a two-fold covering space. So
X is also nonsingular of dimension n.

The plane H is defined by the vanishing of linear elements g1, .. ., g; in the ring .S,
where ¢t = (2M — 1) — n. Via the inclusion S C R we can regard these as elements
of R, where they are homogeneous of degree 2. The variety X is the vanishing
set of these polynomials. Given that X is of codimension ¢, we find that X is
a set-theoretic complete intersection: it is the intersection of the ¢ hypersurfaces
defined by each of the g;’s. It remains to show that X is actually a scheme-theoretic
complete intersection: i.e., that the ideal of functions vanishing on X is generated
by a regular sequence.

Since X has codimension ¢ is follows that ht (g1,...,9¢) = ¢. By 7?7 this implies
that g1,...,¢9: is a regular sequence. If we let I = (¢1,...,9:) then the ideal of
functions vanishing on X is Rad(g1,...,g:). We will show that Rad(I) = I, as this
proves that X is a scheme-theoretic complete intersection.

By Macaulay’s Unmixedness Theorem [E, Corollary 18.14], all associated primes
of I are minimal primes of I. So I has a primary decomposition I = Q1 N---N Qg
where each Q; is primary and Rad(Q;) = P; is a minimal prime of I. The V(F;)’s
are the irreducible components of X, and so for each ¢ we can choose a closed point
m € V(P;) that does not belong to any other component. So m is a maximal ideal
containing P;, and IR,, = Q;R,,.

Let m’ = f(m) and consider the diagram of local rings

OX7m I OZ;rn’

b

~

OX,m — OZ,m“
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The bottom map is an isomorphism because X — Z is a two-fold covering space.
The assumption that H meets Z transversally implies that gi,...,¢g; is part of a
regular system of parameters for Oz ,,; that is to say, their images in the Zariski
cotangent space (m’)/(m/)? are independent. The same is therefore true in Oy ,,
because all maps in the above square induce isomorphisms on the Zariski cotangent
space.

In particular, the fact that ¢1,...,¢9: is part of a regular system of parameters
in Ox , implies that IR, is prime. So Q;R,, = IR,, = Rad(IR,,) = P;R,,. This
can only happen if Q; = P; (if @ is primary with radical P and P C m, then
QR,, = PR,, if and only if @ = P). We have thus proven that Q; = P; for every
i, and this implies I = Rad([).

This proof is now completed for the case G = Z/2.

For a general finite group G let V' be the regular representation and let P =
P(VM). Let R be the homogeneous coordinate ring of P, and let S = R%. If
S(d) C S is the subring spanned by homogeneous elements in degrees a multiple of
d, one can prove that for some value of d the ring S(d) is generated as an algebra
by its elements of degree d. Choose a C-basis fo,..., fp for these generators and
let f: P — CP" be the map = — [fo(x) : fi(z) : - - : fy(x)]. This map induces
a projective embedding P/G — (CPb; call the image Z. Let A C P be the set of
elements with nontrivial stabilizer under G. For g € G an easy argument shows
that any eigenspace of g acting on V' must have dimension equal to at most the
number of right cosets of (¢g) in G. So the dimension of the eigenspace is at most
#G/#(g), and therefore is bounded above by #G/2. The eigenspaces of g acting
on VM thus have dimension at most M - #G /2, and from this one derives that
dim A < (M - #G/2) — 1. The rest of the argument proceeds almost identically
to the G = Z/2 case, the only change being that we take H to have dimension
b+n— (M- -#G —1) and that we only need to require M > % in order to choose
H so that it avoids f(A). O

28.16. Thom'’s theory. Although this part of the story doesn’t use K-theory, the
obstructions to algebraicity obtained from resolution of singularities are so simple
that they are worth discussing here.

Theorem 28.17. Let X be a smooth algebraic variety, and let p be a fized prime.
If uw € H®(X;Z) is algebraic then all odd-degree cohomology operations vanish on
the mod p reduction & € H®(X;Z/p). In particular, all the odd Steenrod squares
vanish on the mod 2 reduction of u.

The above theorem was probably folklore since the 1960s. It finally explicitly
appeared in the beautiful paper [T].

The first key to the theorem is that there is a map of cohomology theories
MU*(—) — H*(—), and that this map is compatible with the complex orientations.
In particular, if Y < X is a smooth subvariety it sends [Y]pp to [Y]g. We will
not explain this claim in detail, but it is not hard.

The next part of the argument is best explained using the language of spectra.
The above map of cohomology theories comes from a map of spectra MU — HZ.
If Y — X is a smooth subvariety of codimension ¢ then Y]y € MU?(X) is
represented by a map X — ¥29MU, and likewise [Y]y € H?(X) is represented by
amap X — Y29HZ. In the homotopy category of spectra we have the commutative
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diagram
Y2 MU

>

2
XﬁE 1HZ.

Let 0 be a cohomology operation of degree r on H*(—;Z/p). This is a map of spectra
HZ7Z/p — Y"HZ/p. The application of this operation to the mod p reduction of
[Y]r enhances our diagram:

S2MU

N
X ﬁZQqHZ ——=Y%HZ/p — S22t HZ /p.
The map labelled f is just the evident composite. Note that f is an element of
H"(MU;Z/p). The “miracle” is that we can easily compute this group. The spaces
making up the spectrum MU are just Thom spaces of the universal n, — BU(n),
and their integral cohomology is known by the Thom isomorphism. We leave the
details to the reader, but the trivial conclusion here is that H*(MU;Z) is free
abelian and concentrated in even degrees. It follows that H*(MU;Z/p) vanishes
in all odd degrees. In particular, the map f is null when r is odd! Thus, we have
proven Thom’s theorem:

Proposition 28.18 (Thom). Let X be a smooth algebraic variety and let Y — X
be a smooth subvariety. Then all odd degree cohomology operations vanish on the

class Yy € H*(X).

Remark 28.19. It is interesting to note how easy the language of spectra makes
the above argument. As a challenge, try to unwind the argument and rephrase it
without using spectra—it is not so pleasant.

One can deduce Theorem from Proposition using resolution of sin-
gularities and a little work. We are not going to give complete details, but we give
a rough sketch. Complete details (and much more) can be found in [T].

It suffices to prove Theorem when u is the fundamental class of an ir-
reducible subvariety Y < X, say of codimension ¢q. Such elements generate all
algebraic cohomology classes. By Hironaka there is a resolution of singularities
Y — Y obtained by successively blowing up Y at closed subschemes. Even more,
one can successively blow up X at the same subschemes to produce a commutative
square

y—>X

Y>——X
where the horizontal maps are closed inclusions and the vertical maps are compo-
sitions of successive blow-ups (in particular, they are proper). We of course have
the class [Y]pr € MU?9(X), and with a little work one can construct a pushfor-
ward map m: MU?(X) — MU?(X). We claim that m([Y]ar) is a lift of the
class [Y]g. By ?77? this can be checked by applying j*: H*(X) — H*(X — 2)
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where Z is the singular set of ¥ and seeing that j*(m([Y]yr)) = [Y — Z]. This
can in turn be deduced from an appropriate push-pull formula and the fact that
Y -7 YY) - Y — Z is a homeomorphism. In any case, if you accept this last
point then we now have the diagram

L2 MU

m([?V i

2q
XWZ HZ

and at this point everything proceeds the same as before. This completes our sketch
of a proof for Theorem

Note that even with this approach, as opposed to the K-theory approach of
Atiyah-Hirzebruch, one still needs to gives examples of algebraic varieties with
nontrivial odd-degree operations on even-dimensional cohomology classes. So the
hard work that went on in Section 28:11] is still necessary.
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Part 5. Topological techniques and applications

In the next few sections we will mostly ignore the “geometric” perspective on
K-theory that we have developed so far in these notes. Instead we will concentrate
on the topological aspects of K-theory, in particular its use as a cohomology theory
(forgetting about the complex-orientation). We will develop the basic topological
tools for computing K-groups, use them to carry out some important computations,
and then apply these computations to solve (or at least obtain information about)
certain types of geometric, algebraic, and topological problems.

29. THE ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

Let € be a cohomology theory. Let X be a CW-complex with cellular filtration
)=F,CFRCFHCFRC---CX.

So each Fy/Fj_1 is a wedge of k-spheres, and X = (J, Fj. Since one knows the
cohomology groups &*(F/Fj_1), one can attempt to inductively determine the
cohomology groups £*(F}) and thus to eventually determine £*(X). A spectral se-
quence is a device for organizing all the information in such a calculation, and it has
the surprising feature that one can determine £*(X) without explicitly determining
each of the steps £*(F}). It is somewhat magical that this can be done.

We will not try to teach the theory of spectral sequences from scratch here. For
a thorough treatment the reader may refer to [Mc], for example. We will assume
the reader has some familiarity with this theory, but at the same time we give a
brief review.

29.1. Generalities. Each inclusion F,_; — Fj yields a long exact sequence on
cohomology, and these long exact sequences braid together to yield the following
infinite diagram:

(29.2)

i

i
e [T L € (P, Fy) — P (Fyn) > €941 (Fyyo, Fypr) 2>

% %

’ ‘>|8P—1(Fq_1)‘$|8P(Fq’ qul)‘*k>‘j> 8p+1(Fq+1qu) B

% %

s EPL(F, ) - EP(Fy 1, Fy ) 2 P (Fya) — = P (P Fy 1) —>

% %

The terms in bold-face constitute one long exact sequence: the one for the inclusion
F,_1 — F,. Translating these terms vertically yields an infinite family of long exact
sequences, each linked to the next via two of their three terms. A diagram such as

this is called an exact couple. One obtains a spectral sequence of the form
EPY = ¢EP(F,, F,_1) = EP(X).

Let us explain how this works, and in the course of doing so we will also explain
what it means. By the way, notice that in our particular setup the columns of the



202 DANIEL DUGGER

diagram are eventually zero as one proceeds downward, because F; = () when ¢ is
negative. Notice as well that if X = F,, for some value of n (so the filtration is
finite) then the columns stabilize when moving upwards.

(0). Here is the basic idea for how the spectral sequence operates. Consider an
element x € EP(F,, F,_1), and proceed as follows:

(i) Let 2o = ka.

(ii) If j(zo) = O then xy = i(z1) for some x; € EP(Fyy1). We may then look at
jl’l.

(iii) If jox1 = 0 then z1 = i(x2) for some zo € EP(Fyy2). We may then look at jzs.

(iv) Continuing in this way, we get a sequence of “obstructions” jx,, v =0,1,2,....
Each one only exists if the previous one vanishes. Note that at each stage the
vanishing of jx, doesn’t depend on the choice of x,; however, it may depend
on the choice of x, made at some previous stage v < u. In this sense the
obstructions are not unique: different choices of lifts may lead to different
obstructions later down the line.

(v) If we can make choices such that all of these obstructions vanish then we are
able to lift kx arbitrarily far up in the diagram. If the filtration F, was finite
this means that we have produced an element of EP(X); it turns out something
like this also works for infinite filtrations, although the resulting element of
EP(X) is only uniquely determined in good cases. The spectral sequence is
a device for keeping track of these obstructions and liftings, and what they
ultimately produce.

We will now go through all of the machinery needed to define and work with the
spectral sequence associated to our exact couple.

(1). For 1 <r < oo write
ZP9 = {x € EP(Fy, Fy—1) | kx may be lifted at least r times under }.

This is called the group of r-cycles in the spectral sequence. The phrasing is
ambiguous when r = oo, but we mean Z%¢ =" Z24. We also define B2¢ C ZP4
to be the subgroup generated by all “obstructions” that arise from at most r — 1
layers lower down in the diagram. To be precise, B?'? is spanned by the sets

i k(€T (Fymamt, Fy—s—2))

for 0 < s <r—1. It is best to immediately forget this precise description and just
remember the idea.

Notice that everything in B2? maps to zero under k, and hence is contained in
every ZP4. That is, we have

0=By'C By C---CBRICZEIC ... CZPT C 2P C Zg" = EP(Fy, Fya).
Note that BE:? = | J, B and ZB7 = (), ZP1.

(2). It as an easy exercise to prove that x € BP9 if and only if 2 can be written
as ¢ = j(y1 + y2 + -+ + y,) for some y,’s such that i“(y,) = 0, for all u. As an
immediate corollary, B2 coincides with the image of j (or equivalently with the
kernel of k).

Let zg € EP(Fy) and assume that we lifted zo a total of r times: that is, assume
we have chosen elements z,, € EP(Fyy,,) for 1 < u < r such that i(z,) = 1. If
j(x,) € By for some s then (using the result of the previous paragraph) there exists
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a chain of elements ], € EP(F,4,,) such that i(x)) = z),_,, 2}, =z, for u <r —s,
and j(z!) = 0. That is to say, we can alter our chain of x,’s in the top s — 1 spots
and end up with a chain that can be extended upwards one more level. Indeed,
just define o, = x,, — (Yr—us1 + -+ + ys) where j(x,) = j(y1 + - + ys) and the
y;’s are as in the preceding paragraph.

(3). Define EP4 = ZP% /B | The process “apply k, lift r — 1 times, then apply
7”7 yields a well-defined map d,: EX* — E**. This is our “obstruction” map, and
it is now well-defined precisely because we are quotienting out by the subgroup
B>’*,. Note that d, shifts the bigrading, so that we have d,.: EP:? — EP+Latr,

The map d, satisfies d2 = 0 because kj = 0. A little work shows that E is
precisely the homology of E** with respect to d,. The sequence of chain complexes
E\, Es, E3, ..., each the homology of the previous one, is the spectral sequence
associated to our exact couple.

(4). For any value of p and ¢ we have “entering” and “exiting” differentials

27 dn dy ?.?
E’;‘,. T E"Iﬂ)7q T E":‘74

for certain unimportant values of ‘?’. It is easy to check that
(i) The exiting map d, is zero if and only if Z2% = ZP9, and
(ii) The entering map d, is zero if and only if B9, = BP9,

(5). It remains to interpret the E.-term. Notice that, strictly speaking, this is
not one of the stages of our spectral sequence—it is not obtained as the homology
of a previous complex. Still, in many examples one finds that E., agrees with some
finite stage E,., at least through a range of dimensions.

Write EP(F,)s for the set of all z € EP(F,) such that i(x) = 0 and z lifts
arbitrarily far up in the diagram (and note that this is not the same as saying that
x lifts to the inverse limit). The map k induces a surjection Z%? — EP(F,)s, and
BP9 is clearly the kernel; so we have an induced isomorphism

T: BP9 =5 €P(F,) o,

Consider the groups EP(F) = limg EP(Fy). As for any inverse limit these come
with a filtration where we define

EP(F)zpqg = {a € EP(F) | the image of o in EF(F,_1) is zero.}

The “ZPq” subscript is supposed to remind us “zero past F,”. We call this the
“Z P-filtration”:

EP(TF) = EP(F)zpo 2 EX(F)zp1 2 EP(F)zp2 2 - -+
There is an evident map EP(F)zp, — EP(F)oo which induces an injection
(29.3) E7(F)zp(q/q+1) = EX(F)zpPe/EP (F) zP(g+1) — € (Fyg)oo = ELS.
Notice our notation for the associated graded of the Z P-filtration.

(6). We are ultimately trying to get information about €*(X). Notice that we have
a natural map EP(X) — EP(F). This is always surjective; while not obvious, it is a
consequence of the fact that if Z is any topological space then [X, Z] — limy[X,,, Z]
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is surjective, which in turn is a routine application of the homotopy extension
property for cellular inclusions. Let

EP(X) zpq = ker (EP(X) — EP(F,_1))

and note that we have a map of filtrations €(X)zp, — EP(F)zp.. The map on
associated graded groups

EP(X)zp(q/qr1) = €' (F) zP(g/q+1)

is readily seen to be an isomorphism, for all ¢.

(7). If we are in “good” cases then the map in will actually be an isomor-
phism. The question is whether an element of EP(F}) that can be lifted arbitrarily
high in the diagram can also be lifted into the inverse limit—mnote that this is not
automatic! It might be possible that higher and higher liftings exist but not “coher-
ently”; that is, to get a higher lifting one needs to change arbitrarily many elements
lower down in the chain.

Fix a p and consider the following condition:

(SSC,) : There exists an N such that for all ¢ the differentials entering and
P/ " exiting the group EP9 are zero for all r > N.

If this “Spectral Sequence Convergence Condition” holds then by (4) we know
Z%%, = ZP% and BR?, = BP9 for all r > N. Therefore Z09 = Z\? |, BRI =
B4 |, and consequently E%:? = ER. These statements hold for all values of ¢. So
the EP:* groups coincide with the stable values of the EP™* groups.

The convergence condition (SSC),) gives us one more important consequence,
namely that the map of is an isomorphism:

(SSCP) = |: Ep(ffr)zp(q/q_i_l) = Egc’)q, for all q.}

To prove this, let g € EP(F,)s. Then there exist elements x, € EP(Fyy4,,) for
1 <u < 2N uch that i(z,) = z,_1 for each u (nothing special about 2N is being
used here, it is just a convenient large number). The element j(zoy) lies in Boy 1,
which we have seen equals By_1 by (SSC)). Therefore by (2) we may modify the
x,’s in dimensions zon, Tan—1,...,TN+3 in such a way that the chain extends to
an xon41. It is important here that only the top N —2 elements are affected, for we
can now continue by induction and build an element of EP(F) = lim, EP(F}) that
maps to z in EP(F,). This completes the proof.

To summarize, the statement that the spectral sequence “converges to EP(X)”
is usually interpreted to mean that

e The groups EP* stabilize, and equal FE:*, at some value of r (usually one

that is independent of the grading *); and,
e The maps in (29.3)) are isomorphisms, for all values of g.

Under these conditions the stable values of the spectral sequence give the associated
graded groups of the ZP-filtration on EP(X). We have seen that (SSC,) implies
this kind of convergence.
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(8). Sometimes it is convenient to have in mind a variation on the exact couple
diagram (29.2). Fix an integer ¢ and consider the following:

J o
e €2 (Fy) — e €4 (Fypa, Fiyp)
| |

b P(Fypr) —L> €741 (Fy 0, Fypn)

| |

EP(Fy, Fy1) — > EP(Fy) —— EPFL(Fy i, Fy)

The groups in the boxes are “new”, in the sense that they are not part of the
exact couple (and they are being drawn in places which previously were occupied
by other groups from the exact couple). Each trio of groups EP(Fy4,, Fy_1) —

EP(Fyqr—1,Fy—1) k, PTY(E, 1y, Fypr—1) is part of the long exact sequence for a
triple, and so is exact in the middle spot. From this one readily sees that a class u €
EP(F,, Fy—1) = EV? lies in Z, if and only if u lifts to a class in EP(F,4,, Fy_1). So
the differentials in the spectral sequence can be viewed as a sequence of obstructions
for lifting u to a class in EP(F, Fy_1), for larger and larger N.

(9). (Summary of the general workings of spectral sequences). We have produced
a sequence of bigraded chain complexes E;*, F;™, ... such that each equals the
homology of the previous one. We also have a “limiting” collection of bigraded
groups E%*, and we have seen that under certain convergence conditions these Eo
groups really are the “stable values” in the sequence of E,’s, and moreover they
give the associated graded groups for the ZP-filtration of £*(X).

(10). Everything that we have said so far works for any increasing filtration F, of
X. Now we use the fact that a CW-filtration is very special. Notice that

B = €2(Fy, Fya) 2E0(F,/Fya) 2 €7V 50) = DE(s") = D er (o)

where the wedges and direct sums are over the set of g-cells in X. We can iden-
tify this group with the cellular cochain group C%(X; EP~4(pt)). The differential
dy: EP? — EPTRYL g o map CU(X; EP9(pt)) — COTY(X; EP~9(pt)) and it is
readily checked to coincide with the differential in the cellular cochain complex.
We conclude that
EYT~ HY(X; EP~9(pt)).

Notice that the Fo-term is a homotopy invariant of X, whereas the E1-term was
not.

(11). The bigraded groups forming each term of the spectral sequence can be rein-
dexed in whatever way seems convenient, and topologists use various conventions
in different settings. For the Atiyah-Hirzebruch spectral sequence the standard
convention is to choose the grading EY"? = EPTI(F),, F,_1) so that we get

EyT = HP(X;E9(pt)).
Under this grading we have that the differential d, is a map

. P4 p+r,q—r+1
d.: EY? — E% :
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The groups in the spectral sequence are drawn on a grid where p is the horizontal
axis and ¢ the vertical one, with E5'? drawn in the (p,q)-spot. Finally, in this
grading the I-map relating the E-term to the associated graded of £*(X) has the
form
I 8p+q(X)ZP(P/;D+1) — ELI.

In terms of the charts, the “total degree” lines are the diagonals where p + ¢ is
constant. The (SSC}) condition, translated into this new indexing, says that on the
diagonal p+ g =t all entering and exiting differentials vanish past some finite stage
of the spectral sequence. When this condition holds we are guaranteed convergence
for the groups along this diagonal.

Remark 29.4 (Warning about indexing.). For the rest of these notes we will
adopt the indexing conventions from (11) above, which are the standard ones for
the Atiyah-Hirzebruch spectral sequence. This is different than the indexing we
used in (0)—(10).

Remark 29.5 (Independence of filtration). As we have defined things, the spectral
sequence depends on the chosen CW-structure on X. However, this dependence
actually goes away from the Eso-term onward. Let X; and X5 denote the same space
but with two different C'W-structures. The identity map X; — X5 is homotopic
to a cellular map f: X; — Xs, and f gives us a map of spectral sequences by
naturality. Homotopy invariance of cellular cohomology shows that f induces an
isomorphism on the Fs-terms, and therefore on all the finite pages of the spectral
sequence as well.

The ZP-filtration on X was defined in terms of the C'W-structure, but we can
define it in a different way that doesn’t make use of that. We leave it as an exercise
to check that

EP(X)zpg = {a € EP(X) |u"(a) = 0 for any map u: A — X where Ais a
CW-complex of dimension less than ¢}.
These remarks show us that the spectral sequence from FEs-onwards may be
regarded as a natural homotopy invariant of X. In particular, any map g: X — Y
gives a map of spectral sequences in the opposite direction (by replacing g with a
cellular map).

29.6. The Postnikov tower approach. Let £ be a spectrum representing the
cohomology theory £* and let P,& denote the nth Postnikov section for €. There
is a tower of fibrations

pe Py P&
] T
SH(E) H(Ep) S-UH(EL)

where &, = m;(€) = E7"(pt) and HA denotes the Eilenberg-MacLane spectrum for
the group A. If we apply function spectra F'(X, —) to all the spots in this diagram
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we get a new tower of fibrations

> F(X,P) — F(X,P)f) —— F(X,P1&) —> - -~

T | !

F(X,2H(&1)) F(X, H(&)) F(X, S H(E 1))

Each fibration sequence F(X,X7H(&,)) — F(X, P,€) — F(X, P,_1€) gives rise to
a long exact sequence in homotopy groups, and these long exact sequences inter-
twine to form an exact couple. The associated spectral sequence has

EPl=g_, F(X,59H(E,)) = HP*(X;E79),
d: BP9 — pprLatT
and it is trying to converge to
T_poF(X, &) = EPTI(X).

It is not obvious, but with some trouble it can be seen that after re-indexing this is
“the same” as the previously-constructed spectral sequence but with the Ei-term
of this one corresponding to the Fs-term of the one constructed via CW-structures.

We won'’t really need this Postnikov version of the spectral sequence for anything,
but it often provides a useful perspective. For example, note that this version of
the spectral sequence is manifestly functorial in X and a homotopy invariant.

29.7. Differentials. The d,-differential in the Atiyah-Hirzebruch spectral se-
quence is a map HP(X;&Y) — HPY2(X;€%71). This is natural in X and it is
also stable under the suspension isomorphism; so it is a stable cohomology opera-
tion. The ds-differential is in some sense a secondary cohomology operation, and
so on for all the differentials. This is often a useful perspective. For example, we
can now prove the following general fact:

Proposition 29.8. Suppose that the coefficient groups E*(pt) are rational vector
spaces. Then for any space X the differentials in the Atiyah-Hirzebruch spectral
sequence all vanish, and so there are (non-canonical) isomorphisms

EM(X) = Bptg=nH"(X; E(pt))
for every n € Z.

Proof. The point is that the only stable cohomology operation of nonzero degree
on H*(—;Q) is the zero operation. This immediately yields that all do-differentials
are zero. But then dj is a stable cohomology operation (not a secondary operation
anymore) and therefore it also vanishes. Continue by induction. (]

Remark 29.9. In the Postnikov approach to the Atiyah-Hirzebruch spectral se-
quence one sees the do-differentials very explicitly. The Postnikov tower has “k-
invariants” of the form
LIH(Eg) — Equ2H(‘£t;{+1)

which desuspend to give H(€,) — X2H(E,4+1). These are quite visibly stable
cohomology operations H*(—;&79) — H**2(—;€7971). The connection between
higher differentials and higher cohomology operations has a similar realization, but
the details are too cumbersome to be worth discussing here.
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It is worth observing that from the Fs-term onward there are never any dif-
ferentials emanating from the p = 0 line of the spectral sequence. For conve-
nience assume X is connected and choose a cell structure on X where Fy = {x}.
By the remarks in (8) above, such differentials would be the obstructions for a
class in €%(Fy,0) to lift to E(F,,0); but such a lifting necessarily exists, be-
cause Fy — F, is split. Note that when X is connected £7(X)zp; = £9(X),
and E9(X)zpa/2) = €9(X)/€9(X) = &4(pt), giving further confirmation that the
FE-term coincides with the Es-term on the p = 0 line.

In the original exact couple 1) we could replace all the &* groups with ex
groups and still have an exact couple, with the resulting spectral sequence having
the form B _

EP?=HP?(X;E7) = EPTI(X).
This just amounts to removing the entire p = 0 line from the Atiyah-Hirzebruch
spectral sequence. Sometimes it is convenient to consider this ‘reduced’ version of
the spectral sequence.

29.10. Multiplicativity. Suppose that € is a multiplicative cohomology theory.
Then for spaces X and Y we have the external product
ENX)®E(Y) — &5 (X xY),
and this is readily checked to induce associated pairings on the Z P-filtration:
E"(X)zpPa @ E°(Y)zpp — €7(X X Y) 2P (atb)

and

(29.11) E(Z) zP(ajat1) ® EX(Y) zp@w/pr1) — € (X X Y) zp(atbjatbi)-

The pairings E%(pt) ® e (pt) — gatd (pt) also can be fed into the cup product
machinery to give

(29.12) HP(X;&9(pt)) @ HY (Y; 9 (pt)) — HPTP' (X x Y; €977 (pt)).

Since the Atiyah-Hirzebruch spectral sequence starts with the groups Eo(—) =
H*(—; €*) and then converges to the groups £*(—), it is natural to ask if the pairings
of and are connected via this convergence process. The machinery
for making this connection is somewhat cumbersome to write out, although in
practice not so cumbersome to use.
To say that there is a pairing of spectral sequences F,(X) ® E,(Y) —

E.(X xY) is to say that

(i) For each r there is a product EP4(X) @ EP ¢ (V) — Ep+eiatd (X x Y);

(ii) The differential d, satisfies the Leibniz rule

dr(a-b) =d.(a)-b+ (=1)Pa-db

for all @ € EP4(X) and b € EP>¢(Y), and therefore induces a product on
H*(ET) = E’r'-i—l;

(iii) The product on the E,i-term equals the one induced by the product on the
E,-term, for all r;

(iv) There is a product on the E-term which agrees with the products on the
E,-terms where defined (?777?);
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(v) The maps €(—)zp(ajat1) — EB(—) are compatible with the products, in
the evident sense.

To give a decent treatment of pairings between Atiyah-Hirzebruch spectral se-
quences it is best to work at the level of spectra, and to work with a category of
spectra where there is a well-behaved smash product. This introduces several layers
of foundational technicalities that we do not wish to dwell on, so let us just say that
these things can all be worked out. In this setting the right notion of “multiplicative
cohomology theory” consists of a spectrum & together with a map € A € — € that
is associative and unital. Both the complex and real K-theory spectra can be given
this structure. One has the following general result:

Theorem 29.13. Let € be a spectrum with a product € N E — E. Then there is
a pairing of Atiyah-Hirzebruch spectral sequences where the product on FEs-terms
HP(X;89) @ HY (V;89) — HPYY (X x Y;&97) is equal to (—1)P'? times the cup
product.

We will not prove the above theorem here, as this would take us too far afield.
For a proof, see [D2, Section 3]. What is more important is how to use the theorem;
we will give some examples in the following section.

Remark 29.14. The signs in the above theorem cannot, in general, be neglected.
See [D2, Section 2] for a complete discussion. However, notice that in the case of
complex K-theory it is irrelevant because the groups H?(X; K%) are only nonzero
when ¢ is even. This is a pleasant convenience. A similar convenience occurs for
KO-theory: whereas the coeflicients groups do have some nonzero terms in odd
degrees, since these terms are all Z/2’s one can once again neglect the signs.

29.15. Some examples. We now focus entirely on complex K-theory, considering
two sample computations. Further examples, for both K and KO, are in Section

Let us start by redoing the calculation KY(CP") = Z[X]/(X"!) where X =
L — 1, now using the Atiyah-Hirzebruch spectral sequence. The following is the
Fo-term:

qA

Zp~* 2p V/cars Y/ Y/

Z x 7 = S 7 x*
¢

7.3 Z Bz? Z Bz? Z Bz*
7,32 7.3z @ 7.3z 7.3z

Y
i




210 DANIEL DUGGER

Note that the Ea-term vanishes to the right of the line p = 2n, since H*(CP™)
vanishes in this range. The circled groups (and others along the same diagonal)
are the ones that contribute to K°(CP™). Note that there is no room for any
differentials, because the nonzero groups only occur when both p and ¢ are even.
So the spectral sequence immediately collapses, and Fs = F,. It follows that the
filtration quotients for the Z P-filtration on K°(CP") are as follows:

KO(CP") <=<K°(CP") zp1 <~<K(CP") zpy =<K (CP") zp3 < -

with the Z’s appearing exactly n + 1 times. Since the quotients are free there are
no extension problems and we conclude that K°(CP™) = Z"*! as abelian groups.
The spectral sequence also gives information about the ring structure on
KO(CP™). Note that K°(CP")zp; = K°(CP"), and that K°(CP")zpy =
KO9(CP™)zp1 by the previous paragraph. Consider the canonical map

K°(CP") zp(ays) — B2 = Z(Ba).

Let o denote a preimage for Sx under this isomorphism. The multiplicativity of
the spectral sequence tells us that o maps to S¥z* under the corresponding map
KO((CP")ZP(%/%H) — E2k=2k In particular, o® is nonzero for k < n + 1. We
know " t! = 0, either by Lemma or by the fact that ot € K%(CP")zp(2n+2)
and this filtration group is zero by the spectral sequence.

Now consider the map Z[a]/(a"*!) — K°(CP™). This may be regarded as a
map of filtered rings, where the domain is filtered by the powers of («) and the
target has the Z P-filtration. The spectral sequence tells us this is an isomorphism
on the filtration quotients; but since there are only finitely many of these, it follows
that the map is an isomorphism.

To complete our calculation is only remains to show that we may take a =
+(1 —[L]). First verify this when n = 1, where it just comes down to the fact that
1 — [L] is a generator for K°(S2). For gencral n we can now use the naturality
of the spectral sequence, applied to the inclusion j: CP' < CP". The spectral
sequences tell us that the natural map

K°(CP")zp(2/3) — K (CP")zp(2y3)
is an isomorphism. The element 1 — [L] represents an element in the domain, which
must be a generator precisely because it maps to a generator in the target. This

tells us that one of £(1 — [L]) maps to Sz and is therefore a candidate for «, and
this is enough to conclude K°(CP") = Z[X]/(X"*!) where X =1 — [L].

For our next example let us consider K°(RP™). The Eo-term is very similar to
the one before, with the difference that most Z’s are changed to Z/2’s:



A GEOMETRIC INTRODUCTION TO K-THEORY 211

q A
YA Zo Zy Zy Za Zy | (Z)
28 Il B B O ) R P L2 .
7 Zs Zs Zo Zy | o | Zo | ()
7. 3? Zo Zo Z Zy | o | Zo | (2)
Y

The Z’s in parentheses lie in degree p = n when n is odd, and are not present
when n is even. As discussed in above, there can be no differential emanating
from the p = 0 column. So the only possible differentials allowed by the grading
would occur when 7 is odd and would have a Z/2 mapping into one of the Z’s; but
such a map must be zero. So all differentials vanish, and we again have Fy = E.
We conclude that the associated graded of the Z P-filtration on K° (RP™) consists of
| 5] copies of Z/2, and so KO(RP") is an abelian group of order 2L%). It remains to
determine the group precisely. For this, use the map of spectral sequences induced
by j: RP"™ — CP". The surjection on Fu.-terms shows that a = 1—[j* L] generates
the filtration quotient K°(RP™)zp(2 /3), since 1 — [L] generates the corresponding
quotient in the CP™ case. Note that o2,...,al%! therefore generate the other

filtration quotients, and so in particular are nonzero. But we can compute

o = (1= ["L)? =1 - 2["L] + ["L]* =1 - 2["L] + 1 = 2(1 - [j"L]) = 20,
where in the third equality we have used that the square of any real line bundle
is trivial (Corollary [8.23)). It follows that o’ = 2!~'a. Since al3) # 0 this gives

2(31-Da £ 0. The only abelian group of order 2L%) that admits such an element
is Z/(2L%1), and so K°(RP™) is isomorphic to this cyclic group.

Remark 29.16. Note that we previously determined that K 0(RP?) was an abelian
group of order 4, back in Section[I3.10] Comparing the “brute force” approach used
there to the spectral sequence machinery really shows the power of the latter: the
argument is really the same, but the spectral sequence allows us to get at the
conclusion much more quickly.

29.17. More on differentials. Since K°¥(pt) = 0 it follows for degree rea-
sons that all differentials do, vanish in the Atiyah-Hirzebruch spectral sequence.
So our first significant differential is ds, which is a stable cohomology operation
H*(—;Z) — H*t3(—;Z). Tt is an easy matter to compute all such stable opera-
tions, as they are parameterized by the group H3(HZ) of stable homotopy classes
H7 — Y3HZ; this can be computed as the cohomology group H"*3(K(Z,n)) for
n > 3. A routine calculation (say, with the Serre spectral sequence) shows that this
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group is Z/2. The nonzero element is an operation « that is an integral lift of Sq?,
in the sense that if v € H*(X;Z) then

a(u) = Sq’ ()
where T denotes the mod 2 reduction of a class z.

The above paragraph shows that our differential ds either equals zero (for all
spaces X) or coincides with the operation «.. The latter option is the correct one,
and to see this it suffices to produce a single space X where d3 is nonzero. For
this we take the space X from Example constructed as the cofiber of a map
Y3RP? — 53 that gives a null-homotopy for 277. This space has H3(X) = Z and
HS(X) = 7Z/2, so there is a potential d3 in the spectral sequence. If this d3 were
zero then we would have K°(X) = Z/2, but we calculated in Example (using
the Chern character) that K°(X) = 0. So d3 is nonzero here. We have therefore
proven:

Proposition 29.18. The differential d3 in the Atiyah-Hirzebruch spectral sequence
is the unique nonzero cohomology operation H*(—;Z) — H*T3(—;Z). It satisfies
2d3(x) =0, for all x.

Remark 29.19. We have now explained the motivation for the space X from
Example It is literally the smallest space for which there is a nonzero a-
operation in its cohomology.

The fact that 2d3(x) = 0 shows that dz must vanish on any class x € H*(X)
whose order is prime to 2. Alternatively, if we tensor the Atiyah-Hirzebruch spec-
tral sequence with Z[1] then all d3 differentials vanish. In that case ds is a coho-
mology operation H*(—;Z[3]) — H*™5(—;Z[}]), and such things are classfied by
HP(HZ;Z[%]). This group is readily calculated to be Z/3. If one then also inverts
3 this will kill ds, but it turns out to also kill d7 because H”(HZ;Z[+]) = 0. The
dy differential becomes a cohomology operation in HY(HZ;Z[}]) = Z/5, and so
one can kill it by inverting 5. This process continues, and shows that inverting
all primes smaller than p kills all differentials below d2,—1. Note that this gives
another proof of Proposition (but with more precise information), saying that
after tensoring with Q all Atiyah-Hirzebruch differentials vanish.

The following result summarizes and expands the discussion in the last para-
graph. The two parts are closely related and almost equivalent, but it is useful to
have them both stated explicitly.

Proposition 29.20. Fix a prime p.

(a) Inverting (p — 1)! in the Atiyah-Hirzebruch spectral sequence results in d, = 0
forr < 2p—1, together with dap—1(u) = (—1)PTBPY (@) for all classes u, where
@ is reduction modulo p, P! is Steenrod’s first reduced power operation (for the
prime p), and (3 is the Bockstein for the sequence 0 — Z[ﬁ] 2, Z[ﬁ
Z/p — 0.

(b) Let w € H*(X) be p®-torsion, where p is a prime. Then in the Atiyah-
Hirzebruch spectral sequence d;j(u) = 0 for i < 2p — 1, and dop—1(u) =
(=1)Pt1BPY (@) where 8 is the Bockstein for 0 — Z -2 7 — Z/p — 0 and P
is as in (a).

| —

Proof. Fixing a prime p, the following is known about H*(K(Z,n)) assuming n >
2p — 1:
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(i) H(K(Z,n)) =0for 0 <i<n and H"(K(Z,n)) 2 Z;
(ii) HY(K(Z,n)) is torsion, with all orders prime to p, for n <i <n+2p —1;
(iii) H"+2P=Y(K(Z,n)) is isomorphic to a direct sum Z/p® A where A is a torsion
group whose order only has prime factors smaller than p. The Z/p summand
is generated by 3P (u), where u € H"(K(Z,n)) is the fundamental class.

Alternatively, the above results say that

0 if 1 < m,
1 e
(K@) 2ty ]) = { ) =
» V) S p—1)! 0 ifn<i<n+4+2p-—1,

These facts are easy calculations with the Serre spectral sequence, using the meth-
ods of [MT] Chapter 7?77].

Consider the Atiyah-Hirzebruch spectral sequence for K (Z,n), and in particular
the differentials on the fundamental class u. By naturality of the spectral sequence
this serves as a universal example for what happens on all spaces. Since inverting
(p— 1)! kills all of the cohomology of K(Z,n) in dimensions strictly between n and
n + 2p — 1, this shows that it also kills the differentials d,.(u) for r < 2p — 1. By
universality, inverting (p — 1)! kills these differentials for any space X.

If u € H*(X) is a p®-torsion class then d,.(u) for r < 2p—1 is killed by a power of
(p — 1)! by the preceding paragraph, but it is also killed by p¢; since these integers
are relatively prime it follows that d,.(u) = 0 for r < 2p — 1.

It remains to identify dap—1 in both (a) and (b). We know by the calculation of
H*(K(Z,n)) for n > 0 that after localization at (p — 1)! one must have dgp_1(u) =
- BP(i), for some A € Z/p. We need to determine A, and for this we can examine
a single well-chosen example space. The sample space we choose is a generalization
of the one from Example [24.7. Consider the projection =: CP? — CPP/CPP™! =
52, We claim that there is a stable map f: S?’ — CP? such that the composite
S2%r — CPP 5 S?P has degree Mp for some integer M prime to p; for the proof, see
Lemma[29.22|below. The “stable map” phrase is to indicate that f might only exist
after suspensing some number of times, so really it is a map f: X"S? — L'CP?.
We can assume that r is even. Let X be the cofiber of f, and note that

Z ifr+2<i<r+2pandiis even,
HY(X)=<{1Z/(Mp) ifi=r+2p+]1,
0 otherwise.

Consider the cofiber sequence
srepr L. x L grret

Let z € H%(CPP) be a chosen generator, and let u € H"2(X) be a class that j*
maps onto the suspension o”(z). Let v € H™ ?P*1(X) be the image under p* of
the canonical generator from H"T2P+1(S§r+2r+1)  Note that j* is an isomorphism
on H*(—;Z/p) for = < 2p.

In H*(CPP;Z/p) we have P'(z) = zP, as this is how P! behaves on classes of
degree 2. So in H*(X"CPP;Z/p) we have P'(c"%) = " (zP), by stability of the P!
operation. It follows that B3P (@) = Mv.
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In the Atiyah-Hirzebruch spectral sequence for X, after inverting (p — 1)! there
is only one possible nonvanishing differential, namely do,—1: Z[ﬁ] — Z/p. We
know that

(29.21) dop—1(u) = X - BP (@) = AMw.

But we can also compute dg,—1(u) directly. The class u is represented by an ele-
ment in K°(X, 2, X,11) (a cellular (r+2)-cochain). The differential is represented
by choosing a lift of u € K°(X, 49, X;11) to & € K%(Xapsr, X;41) and then ap-
plying the connecting homomorphism from the long exact sequence for the triple
(Xoprs1; Xopir, Xrg1):

5
£ € K°(Xopyri1, Xpp1) —> KN (Xopiri1, Xopyr)

|

u e KO(XT+2,XT+1).

Recall that X,;1 = * and that u is represented by the class o"(1 — [L]) €
KO(XrCPY). The element 1 —[L] € KO(CP?) lifts to the class with the same name
in K°(CPP), and so we may take £ = o"(1 — [L]) € K°(S"CPP,%). To compute
5(&) we can use the Chern character:

é
KO(X2p+T, *) E—— Kl (X2p+7“+17 X2p+l)

o] Ja

ev 6 O
H (Xoptr, % Q) —— H(Xopir i1, Xopi1; Q).

We know from Proposition that the right vertical map is an injection and that
its image is the integral subgroup H"dd(XngrTH, Xop+1;Z). So we compute

ch(€) = ch(o"(1 = [L])) = 0" ch(1 - [L)) = 0" (z — & + & —...)
Applying 0 to this expresstion kills everything except the class in degree 2p + 7,
and we therefore get

3(ch€) = (=1)P - & - Mp = (1) 2y
where the first two terms in the product come from ch(¢) and the Mp comes from
application of §. Note that commutativity of the above square implies that ——

(p—1)!
must be an integer, and that
5(6) = (-1 s v

where v denotes the preferred generator of K'(Xapiri1, Xopir) = Z.
Putting everything together, we have just proven that in the Atiyah-Hirzebruch
spectral sequence for X with (p — 1)! inverted one has

dop-1(w) = [ (-1 iy | -0

where [—],, denotes the residue modulo p. Wilson’s Theorem says that (p—1)! = —1
mod p, and so
dop—1(u) = [(—1)p+1M]p 0.

Comparing to (29.21)) gives A = (—1)P™! and we are finished with (a).
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Part (b) can be deduced from (a) using the commutative square

dap—
H*(X) —22"1 s 21X

l |

H* (X Zy) ~27 go+2r1(X,Z,)

where we are writing Zy = Z[ﬁ]. Let B C H*t?P=1(X) be the subgroup of
elements killed by a power of p, and note that B injects into H**2P~1(X;Z¢). If
p°u = 0 then both dsp_ju and (—1)PT'3P(ua) belong to B. The commutative
square, together with part (a), show that the two classes map to the same element

of H*T2P=1(X;Zy); hence, they are the same. O

Lemma 29.22. Fiz a prime p. Then for some r > 0 there exists a map S*P+" —
Y"CPP such that the composite

s+ wrepr 2 e

has degree equal to Mp for some M relatively prime to p. Here m: CP? — S?P s
the map that collapses CPP™! to a point.

Proof. This is a computation with stable homotopy groups. Consider the homology
theory X — E,(X) = 75(X) ® Z,). When X = S° the groups E.(X) are the p-
components of the stable homotopy groups of spheres, and it is known that E;(X) =
0 for 0 < i < 2p—3 and Ey,_3(X) = Z/p. An easy induction using the cofiber
sequences CP" "' < CP™ — S$?" shows that E, 1(CP") = Z/p for all 1 < n <
p — 1. The long exact sequence for CPP~! < CP? — S?? then gives

- — WSP(CPp_l) — ng(CPp) — 7 — ng_l(CPp_l) — .

The element p € Z necessarily maps to zero in 75, ; (cprh ®Z(p), since the latter
group is Z/p. This means that there exists M € Z prime to p such that Mp maps
to zero in 7r‘§p71((CPp71). But then Mp is the image of an element in 73,(CP”),
and this element is what we were looking for. O

29.23. Differentials and the Chern character. In the proof of Proposi-
tion there was a key step where we used the Chern character to help compute
a differential in the Atiyah-Hirzebruch spectral sequence. We will next explain a
generalization of this technique.

The Ej-term of the Atiyah-Hirzebruch spectral sequence breaks up into chain
complexes that look like

T Kﬁl(Fq—lan—2) - KO(quFq—l) - Kl(Fq+lan) e

If ¢ is odd this is the zero complex, and if ¢ is even we have seen that it is iso-
morphic to the cellular chain complex for X with Z coefficients. The latter is
via isomorphisms K°(F,, F,_1) = K°%(V,S9) = @, K°(S?) = @, Z. Notice
that we can also use the Chern character to obtain such an isomorphism, as we
know ch: K°(F,, F,—1) — H*(F,, F,_1;Q) to be injective with image equal to
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H*(F,,Fy;_1;Z) (Proposition [24.4]). Since the Chern character is natural it actu-
ally gives us an isomorphism of chain complexes

o Kﬁl(FfI*hFQ*Q) HKO(ququl) 4)K1(Fq+1an) —

T

1 Fya) > HY(Fyy Fyy) —> H* (Fyin, Fy) — -

> H*(F ;

q

Taken on its own, this is just a matter of convenience: we already had a natural
isomorphism between these complexes, so identifying it as the Chern character
just gives it a nice name. But using the fact that the Chern character is defined
more globally (i.e., on all pairs (Y, B)) allows us to push this a bit further and
obtain a description of the Atiyah-Hirzebruch differentials. The following result is
a combination of [AH2, Lemmas 1.2 and 7.3]

Proposition 29.24. Let X be a CW -complex and let uw € HP(X). Then in the
Atiyah-Hirzebruch spectral sequence one has d;u = 0 for all 2 < i < r if and only
if there exist 4 € HP(Fpyr—1,Fp_1) and & € K*(Fpyr—1, Fp_1) such that

(1) @ is a lift for w under HP(Fypir—1,Fp_1) = HP(Fpir_1) £ HP(X), and
(i) ch(§) = @+ higher order terms.
Moreover, if in the above situation o is a cellular cochain representating ch(€)p+r—1
then da is integral and represents the differential d,u.

Proof. To symplify some typography we assume throughout the proof that p is
even, although the odd case is identical (or else one could just replace X with its
suspension).

Assume that u € HP(X) satisfies d;u = 0 for 2 < i < r. Identifying v with an
element in Es, this condition says that u can be represented by a class z € F; =
K°(F,, F,_1) with the property that z € Z,_;. The element associated to z by the
isomorphism K°(F),, F,_1) = C? ,(X;Z) is a cellular p-cochain representative for
u.

As remarked in (8) of Section the condition z € Z,._; is equivalent to saying
that z lifts to a class Z € K°(F,4,_1, F,—1). Now apply the Chern character to get

the square
z
(2).

K(Fpir—1, Fp1) ———= K°(F, Fp1) z
chi lch l
H*(Fppr—1, Fy_1;Q) —— H*(F,, F,_1; Q), ch(Z) — ch
The element ch(z) is an (integral) cellular p-cochain that represents the class wu.
The groups H*(F,1r—1,Fp,—1) are zero in degrees * < p, so ch(2) is of the form
ch(Z), + higher order terms. The fact that ch(z) is a cellular cochain representing
u says that any lift of ch(z) into HP(F,11, Fp—1) has the same image in H?(Fp41)
as u:

JE——

HP(X) —— HP(Fpy1) <— HP (Fppa1, Fp1)

It follows readily that ch(Z), has the same image in HP(F,1,_1) as u. This com-
pletes the (=) direction of the first statement in the proposition. The (<) direction
follows in the same way, as all the steps are reversible.
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For the final statement of the proposition we continue to assume (for convenience)
that p is even. Consider the diagram

§
S KO(Ferrthpfl) - Kl(Ferererrfl)

o] Ja

H*<Fp+r71; Fp*l?@) H(S H*+1(Fp+ra Fp—i—r—l;(@)

where in both rows the map ¢ is the connecting homomorphism in the long exact
sequence for the triple (Fp4,, Fpir—1,Fp_1). Looking back on (8) of Section m
the element §(&) represents d,.(u) in the E,.-term of the spectral sequence. But we
know that the right vertical map is an injection whose image consists of the integral
elements, and our isomorphism of the Fs-term with H*(X;Z) identifies §(§) with
ch(6(¢)). Commutativity of the square says this element is also §((ch&)g4r—1) (and
also verifies that this class is integral). O

30. OPERATIONS ON K-THEORY

Experience has shown that when studying a cohomology theory it is useful to
look not just at the cohomology groups themselves but also the natural operations
on the cohomology groups. In the case of singular cohomology this is the theory of
Steenrod operations. In the present section we will construct some useful operations
K%X) — KY(X). We start with the A-operations, which are easy to define but
have the drawback that they are not group homomorphisms. Then we modify these
to obtain the Adams operations ¥*, which are more nicely behaved.

30.1. The lambda operations. Fix a topological space X. We start with the
exterior power constructions E +— AFE on vector bundles over X. These are, of
course, not additive: A¥(E@ F) % A*E @ A*F. So it is not immediately clear how
these constructions induce maps on K-groups. The key lies in the formula

(30.2) MEoF) = (H NE®NF.
itj=k
Construct a formal power series

M(E) =Y [NEJt =1+ [E]t+ [A’EJt* + -+ € K°(X)[[t]].
=0
Because the zero coefficient is 1, this power series is a unit in K°(X)[[t]]. So A; is
a function into the group of units inside K°(X)[[t]]:

Vect(X) e (KO(X)[[t]]) )

K°(X)

Formula (30.2) says that \i(E ® F) = M\ (E) - \¢(F), and this implies the existence
of the dotted-arrow group homomorphism in the above diagram. We will call this
dotted arrow \; as well.
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Finally, define \*: K°(X) — K%(X) by letting A¥(w) be the coefficient of t* in
A¢(w). Note that if E is a vector bundle over X then \*([E]) = [A*E]. However,
¥ is not a group homomorphism; instead one has the formula

No(u+w) = D" XN(u)N (v).
i+j=k

Example 30.3. To get a feeling for these operations let us compute \*(—[E]) for
E a vector bundle over X. Note first that

1
M(—[E) = 515y = EERTEE
For R a commutative ring and a = 1 + a1t + azt? + - - - € R|[[t]], one has
L_1+pt+Pt?+- -

where the P;’s are certain universal polynomials in the a;’s with coefficients in Z.
Equating coefficients in the identity 1 = (1 +ayt +agt® +---)(1+ Pyt + Pot? +-- )
gives
Py + Pr_1a1 + Py_say + -+ Prag_1 +ap =0,
which allows one to inductively determine each Py. One finds that
P=—-a;, P= a% —a9, P3= —a:{’ — 2a1as + as

So we conclude that

N(~[E]) = [B]? — [A%E],
N (~[E]) = —[E]® - 2[E][AE] + [A°E]
and so forth.
30.4. Symmetric power operations. One can repeat everything from the pre-

vious section using the symmetric product construction E +— Symlc E in place of
the exterior product A*E. One obtains a group homomorphism

sym,: K°(X) — (K°(X)][t]])"

and defines sym”(w) to be the coefficient of t* in sym,(w). It turns out, how-
ever, that these operations do not give anything ‘new’—they are related to the
A-operations by the formula

sym”(w) = \F(—w).
To explain this we need a brief detour on the deRham complex. The following
material is taken from [FLS].

Let V be a vector space over a field F. Write Sym*(V) = @, Sym* (V) and
A*(V) = ®RA*V. These each have a familiar algebra structure, and we have
canonical isomorphisms

Sym* (V) ® Sym* (W) — Sym*(V @ W),  A*(V) @ A*(W) — A*(V @ W).
These isomorphisms allow us to equip both Sym* (V) and A*(V) with coproducts
making them into Hopf algebras. The coproducts are

Sym*(V) — Sym* (Ve V) & Sym* (V) ® Sym*(V)

and
A(V) — AV V) — A (V)@ A* (V)
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where in each case the first map is the one induced by the diagonal A: V — V@ V.
Write e: Sym* (V) — Sym* ™'V @ Sym' (V) and ¢’: A¥(V) — A'V @ AF=1(V) for
the projections of the coproduct onto the indicated factors. Finally, write d and
for the composites

Sym" (V) @ AH(V) gjSym V) @ Sym! (V) @ AY(V)

Sym" (V) @ AL (V) @ A/(V) —= Sym" (V) @ A1 (V)
and

Sym* (V) @ A (V) 925 Sym* (V) @ AL (V) @ A1 (V)

Sym*(V) ® Sym" (V) ® A1 (V) — Sym* ' (V) @ A=L(V).

The maps d and x are called the de Rham and Koszul differentials, respectively.
The following diagram shows the maps d, and the maps x go in the opposite direc-
tion:

(30.5) The deRham and Koszul complexes:

\
\
\

Sym®V @ A2V Sym?V @ A2V Sym!V @ A2V Sym’ V @ A2V

\
\
\

Sym®*V @ AV Sym?V @ A'V Sym'V @ A'V SymV @ AV

\
\
\

Sym®V @ AV Sym?V @ A°V Sym! V @ AV Sym’ V @ AV

Let e1,...,e, be a basis for V. It will be convenient to use the notation de;
for the element of A'(V) corresponding to e; under the canonical isomorphism
AM(V)2V. Letm=e;, ® - ®@e; € Sym" (V) and w =dej, A+ Adej, € A5(V).
It is an exercise to verify that

e(m) :Z(eil R ® e ®"'®€ir)®€iu
u
and -
e (w) = Z(—l)“_ldeju ® (dej, A+ Ndej, A+ Ndej,).

u

So
d(m®w):Z(eil®---®6/i:®-“®€¢r)®(d€iu/\w)

u
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and

k(Mm@ w) = Z(—l)“_l(m ®e;,) @ (dej, A+ A d/e; A+ Ndej,).
From these descriptions one readily sees that d is the usual deRham differential
and  is the usual Koszul differential. Consequently, d> = 0 and % = 0. In the
two-dimensional array (30.5)), if we take direct sums inside of each row then we get

Sym*(V) @ A%(V) % Sym* (V) @ AL (V) L ...

and this is an algebraic version of the deRham complex. We also get

- — Sym* (V) @ A%(V) = Sym* (V) @ A (V) 2 Sym™* (V) @ A°(V)

which is a Koszul complex.

Proposition 30.6.

(a) di+ kd: Sym" (V) @ A°(V) — Sym" (V) @ A*(V') is multiplication by the total
degree r + s.

(b) In every diagonal deRham chain complex is exact in dimensions where
the total degree is prime to the characteristic of F.

(c) In every diagonal Koszul chain complex is exact, regardless of the char-
acteristic of the ground field.

Proof. Part (a) is a computation that is tedious but not particularly hard. Part (b)
follows from (a): the maps & give a chain homotopy showing that multiplication by
the total degree is homotopic to the zero map. If the total degree is invertible in
the ground field, this implies that the homology must be zero in that dimension.
We do not actually need part (c) below, but we include it to complete the story.
The maps d give a chain homotopy for the x-complexes, much like in the proof
of (b), but this gives exactness only for some spots in the complex. The proof
of exactness at all spots is something we have already seen in a somewhat more
general context, in Theorem [17.24f(a). O

Now we apply the above results to K-theory. Since the deRham and Koszul
complexes were canonical constructions, we can apply them to vector bundles. The
deRham complex gives us exact sequences

0—Sym* E@ A°F —Sym* ' E®@ A'E— - —Sym! E@ A*'E

|

Sym" E @ AKE — 0.
These show that in K°(X) one has

> [Sym® E] - [A"E] = 0.
a+b=k
Consequently, sym,([E]) - A+([E]) = 1. So

symy([E)) = gy = M(<[E)  and  A((E]) = gy = symy(—[E)).




A GEOMETRIC INTRODUCTION TO K-THEORY 221

Any class w € K%(X) has the form w = [E] — [F] for some vector bundles E and
F', and therefore

symg(w) = symy([E]) - sym, (=[F]) = Xe(=[E]) - M([F]) = Ae([F] = [E]) = Ae(—w).
So the sym* and A\* operations on K-theory are essentially the same: sym*(w) =
A (—w).

This has been a long discussion with somewhat of a negative conclusion: the

sym” operations can be completely ignored in favor of the A\¥’s (or vice versa). We
have learned some useful things along the way, however.

30.7. The Newton polynomials. The usefulness of the A\¥ operations is limited
by the fact that they are not group homomorphisms. There is a clever method,
however, for combining the A-operations in a way that does produce a collection
of group homomorphisms. This is originally due to Frank Adams [Ad2]. Before
describing this construction we take a brief detour to develop the algebraic combi-
natorics that we will need.

Moved to appendix

30.8. The Adams operations. Recall that we have a map \;: K°(X) —
(K°(X)[[t])" and that this is a group homomorphism:

A(z +y) = M(2) - Ae(y).

If we want additive maps K°(X) — K%(X) a natural idea is to apply logarithms

to the above formula. To be precise, start with the formal power series
log(1+z)=z—z—;+§—~--

Since A\;(z) has constant term equal to 1, we can use the above series to make sense

of log(A\¢(z))—but only provided that we add denominators into K°(X), say by

tensoring with Q. If we set () = log(A¢(x)) then we would have

pe(@ +y) = pe(x) + pe(y).-

The coefficients of powers of ¢ in u;(x) then give additive operations, with the only
difficulty being that they take values in K°(X) ® Q.

We can, however, eliminate the need for Q-coefficients by applying the operator
%. Precisely, define

n(@) = &[] = B8 = (12 22— 2 oo Nia).

Clearly this eliminates the problem with denominators: v,(z) € K°(X)[[t]], yet
we still have v¢(z + y) = ve(z) + 14 (y). Taking coeflicients of v;(z) thereby yields
additive operations v*: K9(X) — K°(X).

We could stop here, but there is one more modification that makes things a bit
simpler later on. Suppose that L is a line bundle over X, and take « = [L]. Then
Ae(x) = 1+ [L]t = 1+ xt, hence

Vt(x):ﬁ:x(l—xt+x2t2—x3t3+~-~):x—x2t—|—x3t2—~-~.

The v-operations simply give powers of z, together with certain signs: v*(z) =
(—1)*2*=1. Tt is easy to adopt a convention that makes these signs disappear, and
we might as well do this; and while we’re at it, lets shift the indexing on the v’s so
that the kth operation sends z to z¥, since that will be easier to remember.
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Putting everything together, we have arrived at the following definition:

V() = t% [log(A-o(@))| = ¢+ 3435,

and ¥ (x) is the coefficient of t* in vy (x). The operations 1)* are called Adams
operations. We have proven that
(1) Each 9* is a group homomorphism K°(X) — K°(X), natural in X;
(2) If x = [L] for L a line bundle then ¢*(z) = z*.

Conditions (1) and (2) actually completely characterize the Adams operations,
although we will not need this.

The following identities give a recursive formula for the Adams operations in
terms of the A-operations:

Proposition 30.9.
(a) Yk = S (AL, ..., \F), where Sy, is the kth Newton polynomial;
(b) ¢k _ Alwk—l _ )\Zwk—l N (_1)k>\k—1w1 + (—1)k+1k/\k.

Proof. Part (b) is, of course, an immediate consequence of (a) via Lemma[B.1] Part
(a) follows directly from Proposition O

We record the first few Adams operations:
Pr=A = (2202, 3 = (A1) - 3A1A2 4+ 30%.
For more of these, just see Table
30.10. Properties of the Adams operations.

Proposition 30.11. Fiz k,l > 1 and z,y € K°(X). Then

(a) V*(z +y) = *(@) + ¥*(y)

(b) ¥ (wy) = v*(@)0" (y)

(c) ¥*(¥'(2)) = v* ()

(d) If k is prime then ¥*(x) = 2% mod k.

The proof will use the following terminology. A line element in K°(X) is any
element [L] where L — X is a line bundle. The span of the line elements consist of
the classes of the form [Ly] + -+ + [La] — [L7] — - -- — [L}] where the L;’s and L/}’s
are all line bundles.

Proof of Proposition[30.11] Note that if z and y are line elements then all of the
above results are obvious because " ([L]) = [L"]. More generally, the results follow
easily if x and y are in the span of the line elements. The general result now
follows from the splitting principle in Proposition below. Specifically, choose
a p: X1 — X such that p* is injective and p*(z) is in the span of line elements.
Then choose a q: X2 — X5 such that ¢* is injective and ¢*(p*(y)) is in the span of
line elements. The identities in (a)—(d) all hold for &’ = (pg)*(x) and y' = (pqg)*(y),
and so the injectivity of (pg)* shows they hold for z and y as well. O

Proposition 30.12 (The Splitting Principle). Let X be any space, and let x €
K°(X). Then there exists a space Y and a map p: Y — X such that p*: K°(X) —
K°(Y) is injective and p*(x) is in the span of line elements.
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Proof. Write « = [E] — [F] for vector bundles E and F. Consider the map
7n:P(E) — X. Then 7*E = E’ @ L where L is a line bundle, and 7*: K°(X) —
K°(P(E)) is injective (???7). Iterating this procedure we obtain a map f: Y — X
such that f*F is a sum of line bundles and f* is injective. Now use the same
process to obtain a map g: Y’ — Y such that g* is injective and g*(f*F) is a sum
of line bundles. The composite Y/ — X has the properties from the statement of
the proposition. (I

Corollary 30.13 (Characterization of Adams operations). Fiz k > 1. Suppose
that F: K°(—) — K°(—) is a natural ring homomorphism such that F([L]) = [L¥]
for any line bundle L — X. Then F = *.

Proof. Fix a space X, and let o € K°(X). Then o = [E] — [F] for some vector
bundles F and F' on X. By the Splitting Principle there exists a map p: ¥ — X
such that p* E and p*F are direct sums of line bundles, and such that p*: K°(X) —
K°(Y) is injective. Our assumption on F implies at once that F(p*a) = *(p*a),
or equivalently p*(Fa) = p*(¢*a). Injectivity of p* now gives F(a) = ¢*(a). O
The fact that ¥* is natural and preserves (internal) products immediately yields
that it also preserves external products. Recall that if x € K°(X) and y € K°(Y)
then the external product can be written as z x y = 7} (z) - 75 (y) € K°(X x Y).
Clearly ¥*(z x y) = ¥*(x) x ¢*(y). Using this, we easily obtain the following:

Proposition 30.14. For k > 1, ¥* acts on 1?0(52") as multiplication by k™.

Proof. Let 3 =1 — [L] be the Bott element in K9($2), and recall that the interal
square 42 = 0. From this it follows readily that

PR =1-LF=1-1-3F=1-(1-kB) =kB.
Now recall that the external power 5(™" = 3 x 8 x --- x [ generates I?O(S?"). But

WHB™) = (8™ = (k)™ = k"5,
O

Recall the canonical filtration of K9(X) discussed in ????. In particular, recall
that F?""1K°(X) = F?"K%(X), for every n. The naturality of the Adams oper-
ations shows that they respect the filtration, and Proposition shows that ¥
acts as a scalar on the associated graded:

Proposition 30.15. Let k > 1.

(a) If v € F"K°(X) then ¢*(z) = k"x + terms of higher filtration. That is,
Yk (x) — ke € FPTP2KO(X).

(b) If the induced filtration on K°(X)q is finite (e.g., if X is a finite-dimensional
CW -complez) then the operations W* are diagonalizable on KO(X)Q, with
etgenvalues of the form k" for r > 0. The decomposition

K°(X)g = @) Eigy (k)
r>0
is independent of k, and it restricts to give

FP"K°(X)q = @) Eigye (k).

r>n
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Proof. For part (a) it suffices to replace X by a weakly equivalent CW-complex,
so that F2"K°(X) = ker[K°(X) — K%(X?" 1. If a € F?"K°(X) then let a;
denote its image in K°(X?"). The cofiber sequence X?"~1 < X2n —, x2n/x2n-1
indcues a long exact sequence
AN I?O(XQn/X%z—l) N KO(X2n) N KO(XQn—l) ...

The element a; € K°(X?") maps to zero, and so it is the image of a class as €
KO(X?2n/X2n=1) By Propositionone knows ¥ (a) = k™, and so YFa; =
k"ay. It follows that ¢¥*a — k"a maps to zero in K°(X?"), and hence lies in
F2n+1KO(X2n).

For part (b), let 2n be the largest even integer such that F*"K%(X)g # 0. It
follows from (a) that ¥* acts as multiplication by k™ on F?"K°(X)g. We now
prove by reverse induction that F2*K°(X)q is the sum of k’-eigenspaces of ¥*, for
j > 4. Assume this holds for a particular value of i, and let a € F?*"2K°(X). We
know y*¥a = k*"La + 7, where 7 is some element of F2*K%(X)g. The induction
hypothesis says that v = 0; + 0441 + - - - + 0, where each o, is an eigenvector with
eigenvalue k”. A routine calculation now shows that o — Zr>i WUT isa ki~1-
eigenvector for ¢*, and hence a belongs to the sum of eigenspaces for eigenvalues
k", r >4 — 1. This completes the induction step. [

31. THE HOPF INVARIANT ONE PROBLEM

The Hopf invariant assigns an integer to every map f: %"~ ! — S”, giving a
group homomorphism H: mg,_1(S"™) — Z. Elementary arguments show that 2 is
always in the image, and the natural question is then whether 1 is also in the image.
This is the Hopf invariant one problem—determine all values of n for which H is
surjective (or said differently, all values of n for which there exists a map of Hopf
invariant one).

It was known classically that H is surjective when n € {1,2,4}, because the
classical Hopf maps all have Hopf invariant equal to one. The question for other
dimensions was first settled by Adams in [Ad1], who proved that no other Hopf
invariant one maps exist. Adams’s proof is not simple, even by modern stan-
dards, being based on secondary cohomology operations associated to the Steenrod
squares. Several years after Adams gave his original proof, Adams and Atiyah
used K-theory to give a much simpler solution to the Hopf invariant one problem.
Their ‘postcard proof’ takes less than a page, in dramatic contrast to Adams’s
original method. This was seen—rightly so—as a huge demonstration of the power
of K-theory.

Our goal in this section will be to present the Adams-Atiyah proof, although we
will not quite do this in their style. Specifically, when Adams and Atiyah wrote
their paper they clearly had an agenda: to write down the proof in as small a space
as possible. If the goal is to accentuate how much the use of K-theory simplifies the
solution, this makes perfect sense. But at the same time, writing the proof in this
way results in a certain air of mystery: the proof involves a strange manipulation
with the Adams operations 2 and 1® that comes out of nowhere—it seems like a
magic trick.

In our presentation below we try to put this (12, 13) trick into its proper context:
it is part of a calculation of a certain Ext® group. The full calculation of this group
is not hard, and quite interesting for other reasons—e.g., it connects deeply to the
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study of the J-homomorphism. Our presentation doesn’t fit on a postcard, but
by the time we are done we will have a good understanding of several neat and
important things. Hopefully it won’t seem like magic.

31.1. Brief review of the problem. Let f: $?"~! — 8™ and consider the map-
ping cone C'f. One readily computes that

Z ifie{0,n,2n},
0 otherwise.

H'(Cf) %J{

Fix an orientation on the two spheres, and let a and b be corresponding generators
for H*(Cf) and H?"(C'f). The > = h - a for a unique integer h € Z, and this
integer is called the Hopf invariant of f: we write h = H(f).

Note that if n is odd then > = —b% and so h = 0. Therefore the Hopf invariant
is only interesting when n is even.

Remark 31.2. We follow [Ha, Proposition 4B.1] to see that H: ma,_1(S™) — Z is
a group homomorphism. Given f,g: S?"~! — S™ consider the diagram of mapping

cones

S2n— 1 ftg Sgn Cf+g

.

S2n71 v Sanl —=Ggn — = X

where the left vertical map is the equatorial collapse and X = Cyy4. Note that
there are inclusions C'f < X and Cg — X. The cohomology group H>"(X) has
two generators a; and as, and naturality applied to those inclusions shows that
b> = H(f)a1 + H(g)az. But under the map Cyy, — X both a1 and ay are sent to
our usual generator a, and from this one gets that H(f + g) = H(f) + H(g).

Remark 31.3. It is easy to see that 2 (and therefore any even integer) is always
in the image of H. We again follow [Hal] here and let X be the pushout

S™V s §" x S"
vl
\

One readily checks that the cohomology of X consists of two copies of Z, in degrees
n and 2n. So X is the mapping cone of a certain map f: S2"~1 — S™, the attaching
map of the top cell. If x € H™(S™) is a fixed generator, then there is a generator
b€ H"(X) that maps to  ® 1 + 1 ® z under o*. It follows that b*> maps to

(r@l1+1ez)? =20z 2)

and therefore b? is twice a generator of H?"(X). It follows that the Hopf invariant
of f is £2, depending on one’s sign choices.

The problem arises of determining the precise image of H : ma,—1(S™) — Z, when
n is even. By Remarks and [31.3] the image is a subgroup that contains 2Z, so
there are only two possibilities: either the image equals 2Z, or else it equals all of
Z. The latter happens if and only if there exists an element in 7, _1(S™) having
Hopf invariant equal to one. Thus, this is the “Hopf invariant one” problem.
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The following several paragraphs involve the Steenrod squares. The results will
not be needed later in this section, but they constitute an interesting part of the
overall story.

As soon as one is versed in the Steenrod squares it is easy to obtain a necessary
condition for the existence of a Hopf invariant one map f: $?*~! — S™. In the mod
2 cohomology of C'f we have Sq"(b) = b2 = h-a. So if f has odd Hopf invariant
then Sq"(b) = a, and the mod 2 cohomology of C'f looks like this:

a o.
Sq™

b

This picture just says that the cohomology has generators a and b together with a
Sq" connecting b to a. As an immediate consequence we obtain Adem’s theorem:

Proposition 31.4 (Adem). If f: S?"~! — S™ has Hopf invariant one then n is a
power of 2.

Proof. The above picture represents a module over the Steenrod algebra only if Sq™
is indecomposable. But by our knowledge of the Steenrod algebra, the indecompos-
ables all have degrees equal to a power of 2 (they are represented by the elements

Sq21 ) 0

The reader might have noticed that there actually seem to be two problems
here, that are interelated. There is the Hopf invariant one problem, and there
is the question of whether there exists a map S*t"~1 — S* whose cofiber has
a nonzero Sq" in mod 2 cohomology. The first problem is inherently unstable in
nature because it deals with the cup product, whereas the second problem is clearly
stable. It is useful to note that the two problems are actually equivalent:

Proposition 31.5. Fix n > 1. The following two statements are equivalent:

(a) There exists a map S*"~1 — S™ of Hopf invariant one;

(b) There exists a k > 0 and a map S*"~1 — S* whose mapping cone has a
nonzero Sq" operation.

Proof. In the discussion preceding Adem’s theorem we saw that (a) implies (b) by
taking k = n. Conversely, if (b) holds for a certain map ¢ then by suspending if
necessary we can assume k > n. The Freudenthal Suspension Theorem guarantees
that mo,_1(S™) — Trin_1(S¥) is surjective, so choose map a map f: §2"~1 — S»
that is a preimage of g. The spaces C'f and C'g are homotopy equivalent after
appropriate suspensions, so the mod 2 cohomology of C'f has a nonzero Sq". It
immediately follows that f has odd Hopf invariant, and consequently there exists
a map of Hopf invariant one. O

Adem’s theorem is really an analysis of the stable problem, and it may be
rephrased as follows. If f: S"T*=1 — Gk then there is a cofiber sequence
Srtk=1 _, gk Cf, and the long exact sequence on mod 2 cohomology breaks up
into a family of short exact sequences

0— H*(S*;7/2) — H*(Cf;Z/2) — H*(S"*,7/2) — 0.
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These are maps of modules over the Steenrod algebra A, and both the left and
right terms are isomorphic to the trivial A-module Fy (graded to lie in the ap-
propriate dimension). So the above short exact sequence represents an element of
Ext} (Fa,Fy). Standard homological algebra identifies this Ext' with the module
of indecomposables I /12, where I is the augmentation ideal of A. Adem’s Theorem
works because we know this module of indecomposables precisely, and therefore
can identify the Ext! groups precisely.

31.6. An Ext calculation. Most of this section will be spent in pursuit of a purely
algebraic question, somewhat related to what we just saw. Let (N, ) be the monoid
of natural numbers under multiplication, and let B = Z[N] be the corresponding
monoid ring. Write 1* for the element of B corresponding to k& € N. Then B is
simply the polynomial ring

B =Z[y* 4% 9%, ],
with one generator corresponding to each prime number. We think of B as the ring
of formal Adams operations, and note that K°(X) is naturally a B-module for any
space X.
Let Z(r) denote the following module over B: as an abelian group it is a copy of
7, with chosen generator g, and the B-module structure is 1/*.g = k"g. Our goal
will be to compute the groups

Exty (Z(r), Z(s))

for all values of r and s.

Before exploring this algebraic problem let us quickly indicate the application to
topology. Let f: S™** — 8™ be a map of spheres, and write C'f for the mapping
cone. The Puppe sequence looks like

Sn—l—k —§" Cf _ Sn+k+1 N Sn+1 s
and applying IN(O(—) to this yields
kO(SnJrk) - I?O(Sn) - I?O(Cf) - k0(5n+k+1) - k0(5n+1) - ...

Any K°(—) group is naturally a B-module, via the Adams operations; and all the
maps in the above sequence are maps of B-modules. Under the hypotheses that n
is even and k is odd, the groups on the two ends vanish and we get a short exact
sequence N N N
0« K°S") « K%Cf) «— K°(§"T++1) — 0.
Proposition [30.14] says that as a B-module K°(52") is isomorphic to Z(r), and
hence the above sequence yields an element
A(f) € Bxty (Z(™55H), Z(3)).

That is to say, we have obtained a topological invariant of f taking values in this
Ext group.

Now we begin our computation. Let X be a B-module that sits in a short exact
sequence

(31.7) 0—Z(s) = X — Z(r) — 0.
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Write a for a chosen generator of Z(s) (as well as its image in X) and b for a chosen
generator of Z(r). Write b for a preimage of b in X. Then we have
VFb = kb + Pra
for a unique P, € Z. The B-module structure on X is completely determined by
the oo-tuple of integers P = (P, P3, Ps, . ..).
Does any choice of P correspond to a B-module? To be a B-module one must
have ¥l = 9!4p* on B. But we can compute

YF(D) = YF(I"b + Pa) = 1" - ¥ (b) + Py - Fa
=" (k"b+ Pya) + Pk’a
and likewise
PH(YFb) = Y (k"b + Pra) = k" - N (b) + Py - Y'a
— k" (I"b+ Pa) + Pyla.
Equating these expressions we find that (I" — [*)Pra = (k" — k*)P,a. Since a is
infinite order in X it must be that
(I~ 1%)P = (K — k)P,

and this holds for every two primes k£ and [. If r = s this gives no condition and
it is indeed true that any choice of P corresponds to a module X. But in the case

r # s we can write
P _ 1Tl
P, — kr—ks-

So once we fix a prime k, all other P;’s are determined by Py. For convenience we
take k to be the smallest prime, and obtain

B e
Pr=P- (ﬁ)

for every prime [. This shows that the module X depends on the single parameter

Ps,; however, it is still not true that all possible integral choices for P, correspond

to B-modules. Indeed, we will only get a B-module if the above formula for P,
yields an integer for every choice of [. To this end define

Lys = {P </ ‘ P. (lr*ls ) € Z, for all primes l}.

o —9s
For P € Z, s let Xp denote the corresponding B-module for which P, = P.

Note that Z, ; C Z is an ideal, and nonzero because it contains 2" — 2°. In a
moment we will compute this ideal in some examples. For now simply note that
we have a map (in fact a surjection) Z,, — Ext(Z(r),Z(s)) sending P to the
extension in which X = Xp. It is an exercise to check that this is indeed a
map of abelian groups.

We next need to understand when Xp and Xg are isomorphic as elements of
Extl (Z(r), Z(s)). This is when there is a map of B-modules Xp — X yielding a
commutative diagram
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Such an f must satisfy f(a) = a, and f(b) = b+ Ja for some J € Z (note that the
symbols a and b are being used to simultaneously represent different elements of X p
and Xg). The condition that f be a map of B-modules is that ¢¥*(f(b)) = f(¥*b)
for all primes k. For k = 2 the left-hand-side is

Y2(b+ Ja) =2"b+ Qa + J - 2°a
and the right-hand-side is
f(?b) = f(2"b+ Pa) = 2" (b+ Ja) + Pa.
We obtain the condition
Q—-—P=(2"-2°)J

The reader may check as an exercise that the condition for the other *’s follows
as a consequence of this one.

The conclusion is that Xp and Xg are isomorphic as elements of
Ext3(Z(r),Z(s)) precisely when P — @ is a multiple of 2" — 2°. The map
Z,.s — Exty(Z(r), Z(s)) therefore descends to an isomorphism

Zys) (2" — 2°) — Exth(Z(r), Z(s)).

Finally, it remains to determine the group Z, ,/(2" — 2%). This is a cyclic group
(since Z, ¢ = Z), and we need to find its order. To this end, note that the condition

P(£=L) € Z is equivalent to

2" —2°

ged(2m—25,1m—1%) P.

This is true for all [ if and only if P is a multiple of

2" —2°
tem{ g5 =

. . or _9s
! prlme} " ged({l"—1° |l prime}) "

So define
N, =ged(2" — 25,37 — 3% 5" — 5% 7" — 7%, ).
Then we have just determined that Z, s = ((2" — 2°)/N,s), and hence
Bxty (Z(r), Z(s) = (352) /(2" = 2°) 2 Z/N,..

We will explore the numbers N, ; in a moment, but we have already done enough
to be able to solve the Hopf invariant one problem. So let us pause and tackle that
first.

31.8. Solution to Hopf invariant one. We are ready to give the Adams-Atiyah
[AA] solution to the Hopf invariant one problem:

Theorem 31.9. If f: S?"~! — S™ has Hopf invariant one then n € {1,2,4,8}.

Proof. We assume n > 1 and prove that n € {2,4,8}. We of course know that n is
even, since otherwise the Hopf invariant is necessarily zero. Write n = 2r, and let
X be the mapping cone of f. We have an exact sequence of B-modules

0 K°(S") « K°(X) « K°(S*") —0
which has the form B
0« Z(r) «— K°(X) « Z(2r) < 0.
Let a € K°(X) be the image of a chosen generator for K°(5%") and let b € K°(X)
be an element that maps to a chosen generator of K°(S™). Then b? maps to 0 in
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K°(S™), so we have b2 = h - a for a unique h € Z. A little thought shows that, up
to sign, h is the Hopf invariant of the map f.

The key to the argument is the equivalence 12(b) = b*> mod 2 (Proposi-
tion d)). Using our assumption that h is odd, this gives ¥?(b) = a mod
2. However, recall our classification of extensions in Exty (Z(r), Z(2r)). Such ex-
tensions are determined by an integer P, € Z satisfying
(31.10) P, (u) ez

22r _9r

for all primes [, where P, is defined by the equation 1)?b = 2"b+Psa. Our assumption
about the Hopf invariant of f now gives that P5 is odd. But equation says
that o

Pl teteg,
and if Py is odd and ! is odd then this implies that 2"|I" — 1.

Let us pause here and summarize. From the topology we have extracted a
number-theoretic condition: if n = 2r and $?”~! — 8™ has Hopf invariant one,
then 271" — 1 for all odd primes I.

This number-theoretic condition is very restrictive, and it turns out just looking
at [ = 3 is enough to give us what we want. The lemma below shows that r lies in
{1,2,4}, impying that our original n belongs to {2,4,8} as desired. O

Lemma 31.11. If2"|3" — 1 then r € {0,1,2,4}.

Proof. Let v(n) be the 2-adic valuation of an integer n: that is, n = 2¥(") . (odd).
Here is a table showing the numbers v(3" — 1) for small values of r:

TABLE 31.12.

r 1l2]3]4]s5]6|7][8]0o]10]11]12
v —1) 1|3t ]a1|3]1]5]1]3]1]4

The reader will reach the natural guess that v(3" — 1) = 1 when r is odd,

and this is easy to prove by working modulo 4. In Z/4 we have 3 = —1, and so
3" = (=1)" = —1 when r is odd. Thus 3" — 1 = 2 in Z/4, which confirms that
rv(3"—1) < 2.

When 7 is even the reader will note from the table that v(3" — 1) seems to grow
quite slowly as a function of r. Again, this is easy enough to prove as soon as one
has the idea to do so. If r = 2u then

3N —1=3%"—-1=(3"-1)(3"+1).

Modulo 8 the powers of 3 are just 1 and 3, so the possible values for 3% + 1 are
only 2 and 4. In particular, 8 does not divide 3* 4 1: that is, v(3% + 1) < 3 for all
values of u. We therefore have v(3" — 1) < v(3* — 1) 4+ 2. If u is odd we stop here,
otherwise we again divide by 2 and apply the same formula; a simple induction
along these lines yields
v(3"—1) <1+ 2v(r).

The bound 1 + 2v(r) is generally substantially smaller than r. An easy exercise
verifies that r < 1+ 2v(r) only when r € {1,2,4}. So to summarize, we have shown
that if r ¢ {1,2,4} then 1 +2v(r) < r; hence (3" —1) <r,and so 2" {3" — 1. O
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31.13. Completion of the Ext calculation. At this point we have finished with
the solution to the Hopf invariant one problem. But there is another interesting
problem that is still on the table, namely the exact computation of the groups

Ext% (Z(r),Z(s)) 2 Z/Ny 5.

We need to determine the numbers N, .

This calculation, of course, is intriguing from a purely algebraic perspective—
when an answer comes down to finding one specific number, it would be difficult
not to take the extra step and determine just what that number is. But the answer
is also interesting for topological reasons. We have seen that if f: Sntk—1 — gn»
where n and k are both even, then we get an extension A(f) € Ext%(Z(%), Z(£E)).
A little work shows that this actually gives a group homomorphism

A: Tnyp-1(S™) — Exty (Z(2), Z(2EE)) = Z/Ny nik.

It is important to determine how large the target group is, and how close A is to
being an isomorphism. This was investigated by Adams [A3].

We begin our investigation of the numbers N, by looking at N, ,_;. Since
" — 1"~ ="l - 1) this is

Ny,p=ged(2 71, 3m=t.2 57714 77716 ).

The 2"~ ! in the first entry tells us that the ged will be a power of 2, and the 371 -2
tells us that it will be at most 2!'. A moment’s thought reveals that the ged is
precisely 2!, as long as r > 2. When r = 1 the gcd is just 1:

1 ifr=1
NT 1 = ’
ot {2 if r > 2.
Next consider the numbers N,.,._o, requiring us to look at {" —r2 = l’"‘Q(l2 -1).
‘We have

Nypoo =ged(2772(22 —1),3772(3% = 1),5"2(5% — 1), 737> - 1),...)
—ged(2772-3, 3772.8, 577224, 777248, ...).

From the first entry we see that the gcd will only have twos and threes in its
factorization, with at most one 3. Later entries show that the gcd has at most 3
twos, and a brief inspection leads to the guess that the gecd is 24 as long as r > 5.
To prove this we need to verify that 24|12 — 1 for primes [ > 3. This is easy, though.
Consider the numbers [ — 1, [, and [ + 1. At least one is a multiple of 3, and our
hypotheses on [ say that it isn’t . So 3 divides (I — 1)(I + 1) = > — 1. Likwise,
both [ — 1 and [ + 1 are even and at least one must be a multiple of 4: so 8|1 — 1
as well. The reader will now find it easy to check the following numbers:

1 if r =2,

Nrrf2: 0 %fr:g’
’ 12 if r =4,
24 if r > 5.

Remark 31.14. The two cases we have analyzed so far yield an evident conjecture:
that N, ,_; is independent of r for r > 0. We will see below that this is indeed the
case.
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Let us work out two more cases before discussing the general pattern.
Nypoz =ged(2773(23 — 1), 3773(3% — 1), 572(5° — 1), ...)
=ged(2773-7, 3773.26, 572124, ...).
A very quick investigation shows that
e
Moving to N, ,_4 we have
Nyyog = ged(2774(24 — 1), 3774(3* — 1), 5774(5* = 1), ..))
=ged(2771- 15, 377180, 5771624, 7477 - 2400, ...).

The numbers are getting larger now, and it is harder to see the patterns. The
relevant fact is that [* — 1 is a multiple of 2* - 3 - 5 for all primes [ > 5; and for
[ = 2 it is a multiple of 3 - 5, for [ = 3 it is a multiple of 2% - 5, and for [ = 5 it is
a multiple of 2% - 3. We leave it as an exercise for the reader to prove this, using
the factorization [* — 1 = (I — 1)(I + 1)(I?> + 1) and some easy number theory. The
conclusion is that

1 if r =4,
30 ifr=5,
Nyy_g =460 ifr=6,
120 ifr =17,
240 ifr > 8.

By now it should be clear what the general pattern is, if not the specifics. To
understand N, ,_; we consider the numbers

2t 1,3 —1,5"—1, 7" —1, ...

Excluding some finite set of primes at the beginning, there will be an “interesting”
ged to this set of numbers. When r is large the bad primes at the beginning
become irrelevant to the computation, and so NN, ,_; is equal to the aforementioned
“interesting” gcd when r is large. We encourage the reader to do some investigation
on his or her own at this point. The “large r” values of N, ,_; are listed in the
following table, together with their prime factorizations:

t 1] 2 3] 4 5] 6 [7] 8 9] 10 |11 12
Neo—i || 2] 24 [2]240 2] 504 |2 480 [2] 264 | 2 | 65520
pf 2233 2 2t5 223327 2] 2535 [ 2] 23311 | 2 | 24325713

If you have been around the stable homotopy groups of spheres you will see some
familiar numbers in this table, which might make you sit up and take notice. For
example: 7§ = Z/24, w8 = Z/240, w5, = Z/504, and 755 = Z/960 (note that the
last one does not quite match). It is remarkable to have these numbers coming up
in a purely algebraic computation! It turns out that what we are seeing here is the
so-called “image of J”. We will say more about this at a later time.
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Fix t € Z,. It turns out that there is a simple formula for the “stable” values
of N, ,_¢, as a function of ¢. These stable values are also closely connected to the
denominators of Bernoulli numbers. We close this section by explaining this.

Our examples have led to the hypothesis that the sequence of numbers

2N (28 — 1), 3N(3" — 1), 5N(5" — 1), TN(T" - 1),...
has a greatest common divisor that is independent of N when N > 0. Our aim is
to prove this, and to investigate this ged. To this end, let my(t) be this ged:
my(t) = ged{IV (I — 1) |1 is prime}.
Also define
miy(t) = ged{kN (k' —1) |k € Z, }.
Clearly m/y(t) divides my (), but in fact the two are equal:

Lemma 31.15. For allt and N, m/y(t) = my(t).

Proof. Tt will suffice to show that my(t) divides m/y(t), or equivalently that every
prime-power factor of the former is also a factor of the latter. So let p be a prime
and suppose p¢|my(t). Then p¢|p" (pt —1), so e < N. For any I such that (I,p) = 1
we have p¢|l* — 1, s0 I' =1 in Z/p°.

Now let k € Z with k > 2. If p | k then p© | kN (k! — 1) since e < N. If p{ k then
write k = [l ...l where each [, is a prime different from p. We know that lf» =1
in Z/p® for each i, and so k' = 1414 ...1! = 1in Z/p® as well. That is, p¢|k! — 1. We
have therefore shown that p®|m/y (¢), which is what we wanted. O

The next proposition proves that my(t) stabilizes for N > 0, and it also deter-
mines an explicit formula for the stable value in terms of the prime factorization of
t. Let v,(t) denote the exponent of the prime p in the prime factorization of .

Proposition 31.16. Let L be the supremum of all exponents in the prime factor-
ization of t. Then my(t) is independent of N for N > L+ 2. If we call this stable
value m(t) then
(a) m(t) =2 when t is odd;
(b) When t is even m(t) = 22tv2(1). 11 pltre(®),

p odd,(p—1)|t
(c) More generally,

mN(t) _ 2min{2+1/2(t),N} . H pmin{l—&-yp(t),N}.

p odd,(p—1)|t

Remark 31.17. The notation m(t) comes from Adams [A3].

Before proving the proposition let us look at a couple of examples. To compute
m(50) we write 50 = 2-52. Next we make a list of all odd primes p such that p — 1
divides 50; these are 3 and 11. So

m(50) =23 -3-11 = 264.

For a harder example let us compute m(12). We write 12 = 22 - 3, and our list of p
such that p — 1 divides 12 is 3, 5, 7, and 13. So

m(12) =2*-3%.5.7-13 = 65520.
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Further, we have m(12) = m4(12) and
msz(12) =2%.3%.5.7
my(12) =2%-3%.5.7
mi(12) =231 .5.7
mo(12) = 1.

Here are several more values of m for the reader’s curiosity (the numbers are, of
course, better understood in terms of their prime factorizations):

t 2| 4 6 8 10 12 14 16 18
m(t) || 24 | 240 | 504 | 480 | 264 | 65520 | 24 | 16320 | 28728

To prove Proposition we need a lemma from algebra. Most basic algebra
courses prove that the group of units in Z/p is a cyclic group, necessarily isomorphic
to Z/(p — 1). One can also completely describe the group of units inside the ring
Z/p®, for any e. Recall that this group simply consists of all residue classes of
integers k such that (p, k) = 1. Here is the result:

Lemma 31.18. Fiz a prime p and consider the group of units (Z/p®)* inside the

ring Z/p°.

(a) If p is odd then (Z/p)* = Z/((p— )p*~') = Z/(p = 1) x Z/(p°™?).

(b) If e > 2 then (Z/2°)* =2 7/2 x Z./(2°72). Here the Z/2 is the subgroup {1,—1}
and the Z./(2°72) is the subgroup of all numbers congruent to 1 mod 4.

(¢) (Z/2)" = {1}.

Proof. We first recall the proof that (Z/p)* is cyclic. If a finite abelian group is
noncyclic, then it contains a subgroup isomorphic to Z/k x Z/k, for some prime k
(this follows readily from the structure theorem for finite abelian groups). But if this
were true for (Z/p)* then the field Z/p would have k? solutions to the polynomial
x* — 1, and this is a contradiction.

Assume that p is odd. Reduction modulo p gives a surjective map (Z/p¢)* —
(Z/p)*. Let K denote the kernel. Note that (Z/p®)* coincides with the set

{1727 LI 7pe - 1}' - {pa 2pa 3p7 LRI (pe_l - 1)p}
and so has order p¢ — p°~t. Thus, |K| = p®~!. It remains to show that K is cyclic,
and for this it suffices to verify that K has exactly p — 1 elements of order p. Let
a € K — {1}, and let the base p representation of a be

a=1+ afpf + af+1pf+1 + -+ aeflpe_la
for 0 < a; < p—1and ay # 0 (note that ap = 1 by the definition of K). Write
b=as+as1p+api2p®+ -+, so that
a? = (1 +pfb)p —1+p-plo+ (g)p2fb2 4.
The terms after p't7b all contain at least f + 2 factors of p; so modulo p/*2 one
hasa? = 1+pftlb=1 —i—afpf'H. So we can have a? =1 in Z/p® only if f = e —1.
Thus, we have shown that the elements of K that are pth roots of unity are precisely

the elements 1 + ap®~ !, for 0 < a < p. In particular, we have only p — 1 of these
(excluding the identity element). This completes the proof.
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The proof for p = 2 is similar. Of course (Z/4)* = Z/2. For e > 3 consider
the sequence 0 — K — (Z/2°)* — (Z/4)* — 0, where the right map is reduction
modulo 4. This reduction map is split-surjective, with the splitting sending the
generator of (Z/4)* to —1. The proof that K is cyclic proceeds exactly as in the
odd primary case. O

Proof of Proposition[31.16 Let p be an odd prime. Then one has

p¢ | mn(t) p° | p™(pt — 1) and p© | IV (I* — 1) for all primes [ # p
e < N and p° | I* — 1 for all primes [ # p
e < N and p°|k" — 1 for all k € Z, such that p{k

<~
—
—
<= e < N and all units in Z/p® are tth roots of 1

< e< Nand (p—1)p° !t

The second equivalence is by Lemma [31.15] and in the last equivalence we have
used that (Z/p)* = Z/((p — 1)p°~!). This last line shows why N is redundant
when it is large enough: the condition p°~!|t already forces e < v,(t) + 1, and so
e < N is redundant if N > v,(¢) + 1.

Assuming now that N is large enough so that we are in the stable case, the
above equivalences show that p|m(t) only when p — 1|¢; and also that in this case
vp(m(t) = 1+ vy (1),

The analysis of p = 2 is very similar. One finds

2°| mn(t) <= e < N and all units in Z/2° are tth roots of 1.

When e = 1 the latter condition is just e < N. When e > 1 the latter condition
is equivalent to e < N and 2°72|t, using Lemma [31.18b). This readily yields the
desired result. O

Our final task is to make the connection between the numbers m(t) and the
Bernoulli numbers. For a review of the Bernoulli numbers and their basic properties,
see Appendix A. The result we are after is the following:

Theorem 31.19. When t is even, m(t) is the denominator of the fraction %” when
expressed in lowest terms.

The following table demonstrates this result in the first few cases:

t 2 4 6 8 10 12
Bl & | & | o | o | oo
| B:] 1| 1 | 1 | 1 | _1 691
2t 24 240 504 480 264 65520
m(t) || 24 | 240 | 504 | 480 | 264 | 65520

It should be remarked, perhaps, that this connection between m(t) and Bernoulli
numbers is worth more in effect than it is in practical value. The explicit formula
for m(t) from Proposition is much more useful than its description as the
denominator of B;/(2t). Moreover, the denominators of Bernoulli numbers are
very simple: for B,, it is simply the product of all primes p such that p — 1 divides
n. So in the end the result of Theorem is neither deep nor particularly useful.
Still, it provides a nice-sounding connection between topology and number theory.
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Proof of Proposition[31.19. By the theorem of von Staudt and Claussen (Theo-
rem we know that the denominator of B; (in lowest terms) is the product of
all primes p such that p — 1 divides t. Note that one such prime is p = 2, so the
denominator is even (in fact, congruent to 2 modulo 4) and the numerator is odd.
Note also that these are the same primes appearing in the factorization of m(t), by
Proposition [31.16[b).

Consider now « = B;/(2t). Since the numerator of B, is odd, the number of
twos in the denominator of « is 1 + 1 + v,(t). This is the same as the number of
twos in the prime factorization of m(t).

For every prime p such that p—1|¢ we have one p appearing in the denominator of
B, and v,(t) of them appearing in ¢, so the total number of p’s in the denominator
of awis 1+ vp(t). At this point we have thereby shown that m(t)| den(a).

It remains to check that if p© | t and p — 1 1 ¢ then p® divides the numerator of
B; and therefore disappears from the denominator of . This is the nontrivial part
of the proof.

Let p be an odd prime in the denominator of «, appearing with multiplicity e.
Then p¢ is also in the denominator of B;/t. By Proposition we know that

t t
k' (k t—l)Bt c7z

for all k € Z. Consequently we have p¢|kf(k! — 1) for all k € Z. But this exactly
says that p¢ divides the ged m(t). This verifies that the ‘odd part’ of den(«a) divides
m(t), and we have already checked the factors of 2 in a previous paragraph. So
den(a) | m(t), and therefore the two are equal. O

32. CALCULATION OF KO FOR STUNTED PROJECTIVE SPACES

The goal in this section is to determine KO°(RP™) and KO°(RP"/RP*) for
all values of n and a, together with the Adams operations on these groups. These
computations are the key to solving the vector field problem, which we do in the next
section. As intermediate steps we also compute K*(RP") and K*(RP"/RP®). The
original written source for this material is Adams [Ad2] (although he acknowledges
unpublished work of Atiyah-Todd and Bott-Shapiro for portions of the calculation).
We follow Adams’s approach very closely.

Some words of warning about this material are in order. The complete calcu-
lation of KO for stunted projective spaces is fairly involved. Several things end
up going on at once, so that there is a bunch of stuff to keep track of. And cal-
culations are just never very fun to read in the first place. We have attempted to
structure our presentation to try to help with this, but of course it only goes so far.
After some preliminary material we give a section which has just the statements
of the results, with a minimal amount of discussion in between (and no proofs).
The intent is to give the reader the general picture, and also a convenient reference
section. All of the proofs are then given in a subsequent section.

Some readers might want to skip the proofs the first time through, and this is
not a problem. Later applications in the text only need the results, not details from
the proofs. However, I highly recommend that algebraic topologists go through
the proofs carefully at an early stage in their career. I cannot stress this enough.
Going through the proofs will teach you something important about this subject
that T do not have words for, and it will open up doors for you down the road.
Trust me that this is an important thing to do.
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32.1. Initial material. The results in this section will make heavy use of the
interplay between RP™ and CP"™ in the homotopy category of spaces. We begin by
reviewing the basics of what we will need.

Let i be the tautological complex line bundle on CP", and let L be the tauto-
logical real line bundle on RP". Let j: RP™ < CP" be the inclusion.

Lemma 32.2. The complexification of L is the pullback of n: that is, cL = j*n.

Proof. Complex line bundles on a space X are classified by homotopy classes in
[X,CP]. The real line bundle L is classified by the inclusion RP" — RP, so
the complexificaton of L is classified by the composition RP" — RP* «— CP.
The complex line bundle 7 is classified by CP™ — CP, so j*n is classified by
the composition RP™ «— CP" — CP*. The result follows from the commutative
diagram

RP" —— CP"

|

RpP>® —=CP™.
O

Note that CP* ~ K(Z,2), so complex line bundles on X are classified by
[X,CP>®] = H*(X). If n > 1 then H*(RP") = Z/2, so there are only two
isomorphism classes of complex line bundles: the trivial bundle and the non-
trivial bundle. The bundle ¢L = j*n is nontrivial, since its classification map
RP" — RP> < CP* represents the generator of H*(RP™).

Remark 32.3. The powers n* are all distinct line bundles on CP" (e.g., the first
Chern classes are ¢;(n*) = key(n) = kx where x is the generator of H2(CP™)). The
situation upon pulling back to RP" is very different, however. We have

7" () = (cL)® = ¢(L?) = c(1r) = 1c.

So the even powers of j*(n) are all trivial, and the odd powers are just j*(n). We
will see that this accounts for the main difference between K°(CP™) and K°(RP"™).

In addition to the inclusion j: RP™ < CP" there is another interesting map from
real to complex projective space. Every real line in C**! determines a complex line
by taking the C-linear span, and therefore we get a map Pg(C"*!) — Pc(C"T1) =
CP™. Tt is easy to see that this is a fiber bundle with fiber S (the space of real
lines in C). Identifying C"*! with R?"*2 shows that the domain is homeomorphic
to RP?" ™1 giving us a fiber bundle

Sl RN RP2n+1 i} (Cpn.
In terms of homogeneous coordinates, ¢ sends the point [z : 21 : -+ : Za, : Tapt1
to [xo +ixy  xo X3t -0 Tap + Tt

Lemma 32.4. The diagram

RPn %. RP2n+1

N

cp"
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commutes up to homotopy, where i is the standard inclusion. Consequently, q*
sends x € H>(CP™) to the nonzero element of H>(RP*"*1). (The latter statement
can also be proven via the Serre spectral sequence for q).

Proof. The diagram commutes on the nose if i is replaced by the inclusion sending
[o i@y taxp]tofxg:0:27:0: -, :0]. But all linear inclusions from one
projective space to another are homotopic. (I

Corollary 32.5. There is an isomorphism of bundles q*n = cL.

Proof. As we have remarked before, there are only two isomorphism classes of
complex bundles on RP?"**. Since j*n = i*(¢*n) is not trivial, the bundle ¢*n
cannot be trivial. So the only possibility is ¢*n = cL. ]

Note that for a < n one has the following commutative diagram
R p2a+l i R p2ntl
ql iq
CP* ——CP",
and therefore ¢ induces a map RP*"*'/RP?**t — CP"/CP®. We will also use

q to denote this induced map on quotients, as well as various small modifications.
Note that these induced maps fit together to give a big commutative diagram

(32.6) g2at+2 — RP2a+2/RP2a+1

!

RP2a+3/RP2a+1 . (CP‘H_I/(CPCL §2a+2

|

|

RP?"H! /Rp2ett —L > CP"/CP®
RPQ’ILJerRPQaJrl

RP2n+3/RP2a+1 *q> CPn+1/(CPa

x !
i |

RP>/RP2>+ L -~ CP>/CP°.
We will tend to use ‘¢’ as a name for any composition of maps from this diagram
that involves one horizontal step.

Notice that at the very top of the diagram we have a map from 5292 to itself.
The next result identifies this map:

Lemma 32.7. For n > 1 the composite

S2n ~ RPQn/RP2n71 AN RP2n+1/RP2n71 L} CPn/CPnfl o~ S2n'
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is a homeomorphism.

Proof. The space RP?"/RP*"~! consists of the basepoint and the affine space
R?" made up of points [zg : @1 : *++ : Ton_2 : Ta,_1 : 1]. Likewise, the space
CP"/CP" ! consists of the basepoint and the affine space C" made up of the
points [zg : 21 : -+ : 2,1 : 1]. One readily uses the formula for ¢ to see that it gives
a bijective correspondence, and is therefore a homeomorphism. (Il

32.8. The main results. Here we state the main theorems about the K-theory
of real and complex projective spaces. The proofs will be deferred until the next
section.

Theorem 32.9 (Complex K-theory of complex projective spaces and stunted pro-
jective spaces). Let n be the tautological line bundle on CP"™, and write u = [n]—1 €

Ko(CP™).
(a) KO(CP") = 2 /(1) and K'(CP") = 0.
(b) The Adams operations on K°(CP"™) are given by
PF(u) = [(L+ p)* = 1]° = & + s(5) ™ + (higher order terms).
(¢) The sequence 0 — K°(CP"/CP%) — K°CP") — K°CP% — 0 is ezact,
and identifies K°(CP" /CP®) as the free abelian group Z{u**tt, us+2 ... u™) C

K°(CP™). The ring structure and action of the Adams operations are deter-
mined by the corresponding structures on K°(CP™). Also, K'(CP"/CP®) = 0.

Remark 32.10. Following Adams [Ad2] we write pu(? for the element of
K%(CP"/CP%) that maps to p* in K°(CP™). The extra parentheses in the ex-
ponent remind us that this class is not a true ith power in the ring K°(CP"/CP?).

Theorem 32.11 (Complex K-theory of real projective spaces). Let v be the ele-
ment [j*n] — 1 € K°(RP").
(a) KO(RP™) = Z/(2'2)) with generator v. The ring structure has v* = —2v and

VIt =0, where f = |Z].
0 ifn is even

(b) KX (RP") = {Z if n is odd.

(c) The Adams operations on K°(RP"™) are given by

0 if k is even
grwey =0 TR
ve if k is odd.

Recall that we have calculated K°(CP™/CP*!) to be the free abelian group
Z{p ) et (™Y, For k < 2n 4+ 1 we may pull back these classes along the
map ¢: RP*/RP?*~! —, CP"/CP*! to get elements of KO(RP*/RP%*~1). We
again follow Adams [Ad2|] and set

o — q*(ﬂ(t)) c kO(RPk/RPZQ_l)
for a < t < n. Note that these elements correspond nicely as k and n vary, due

to the commutative diagram (32.6). We may as well take n — oo so that we have
classes v® for all t > a.
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We claim that upon pulling back along the projection m: RP* — RP"/RP?*~!
we have 7* (7)) = vt; this explains our choice of notation. To prove this claim
we can deal with the cases k = 2u and k = 2u + 1 simultaneously. Consider the
commutative diagram

RP2U/]RP2(171 RP2u+1/RP2a71 q CPU/(CPafl

WT WT WCT

We have 7*(¢* (1)) = ¢* (75(u)) = ¢*(u') = (¢*p)* = v, where the last equality
is by Corollary N

Observe that KO(RP**/RP?*~!) = K9(5%%) = Z and the class 7(*) is a genera-
tor. This follows because u(*) generates K°(CP®/CP*™1) 22 Z and (@ is the pull-
back of ;() along the map RP?*/RP?**~! — CP*/CP*', which by Lemma [32.7
is a homotopy equivalence.

The inclusion i: RP?**/RP**~! < RP"/RP?**~! induces a map

7= K°($%) = KO(RP* /RP? 1) o KO(RP"/RP?Y),
This map is surjective, because the class 7(%) in the domain maps to the class 7(®)
in the target, and the latter is a generator. In particular, not only do we know that

the above map i* is surjective but the class 7 in the domain gives a choice of
splitting. This is their main use to us.

Theorem 32.12 (Complex K-theory of real stunted projective spaces).

(a) If a = 2t then the sequence
0 — K°(RP"/RP?) — K°(RP") — K°(RP%) — 0

is exact. It identifies KO(RP™/RP®) with the subgroup of K°(RP") generated
by V' = (=2)'v. As a group, K°(RP"/RP®) = Z/(29) where g = [25%].
The ring structure and Adams operations are determined by the structures in
KO(RP™). In particular, Y* acts as zero when k is even and as the identity
when k is odd.

(b) Let a = 2t — 1. The cofiber sequence RP*'/RP*~! — RP"/RP*~! —
RP™/RP* induces a sequence

0 — K°(RP*/RP*™1) — KO(RP"/RP*!) — KO (RP"/RP*) — 0

that is short ezact. Consequently, KO(RP"/RP*™1) =~ Z & 7./(27) where f =
5] —t; the former summand is generated by 7 and the latter summand is
generated by vt

(¢) The action of ¥* on KO(RP™/RP*™Y) is given by

0 if k is even
ke (t41)) _
) {y<t+1> if k is odd,

and
Qﬁk(ﬁ(t)) = ktp(® 4 %kty(t—H) if k is even
Lkt = D)oY if k s odd.
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Most of the content to the above theorem is represented in the following convo-
luted but useful diagram:

z/(2'%3)) = K(RP™) K(RP?/RP* N =7

A —

-+ <— K(RP"/RP*~%) <— K(RP"/RP*1) K(RP"/RP?)

Z)@2PH) <——— L& Z/(2%) <—=2/(2%) B=l3l-t

) <—— ) i) (t+1)

PR

S+ — o (1)

The indicated maps are injections/surjections, and our chosen generators of the
groups are written in the bottom two lines. The generators v¢+1) and o®
map to the elements v**! and v! in K(RP"), and #® maps to a generator of
K(RP?/RP*~1) = K(5%). The action of the Adams operations on v(+1) is com-
pletely determined by what happens in K (RP™). Likewise, the action on 7(®) is
completely determined by using the surjection onto K (52) together with the map

into K(RP™). These are instructive exercises; but if necessary see the proofs in
Section [32.22] for details.

Remark 32.13. The action of ¥* on the element 7(*) is of crucial importance to
the solution of the vector field on spheres problem.

We now move from the realm of K-theory to KO-theory. Recall that L — RP"
always denotes the tautological line bundle.
Theorem 32.14 (Real K-theory of real projective spaces).
I’(\éo(RP") = 7/(2F) where f = #{s|0 < s <n, s =0,1,2, or 4 mod 8}. The
group is generated by A = [L] — 1, which satisfies \> = —2X\ and MT!1 = 0. The
Adams operations are given by

0 k even

k 3

A =

v {/\ k odd.

Remark 32.15. Because this number comes up so often, write
pn)=#{s|0<s<n, s=0,1,2, or 4 mod 8}.

The following chart shows the groups KO°(RP") and K°(RP") as functions of
n. To save space we write Z,, instead of Z/n; but all the groups are cyclic, and so
really one only needs to keep track of the order.

n 2 3 4 5 6 7 8 9 10 11 12 13 14
KO || Zy |24 |Zg | Zg | Lg | Zg | Zne | Z3a | Lea | Zea | Zaog | Zaog | Zizs
K ||Zy | Zy |Zy |2y | Zg | ZLg | Zis | Lug | Lo | Zza | Zea | Zes | Zizg

Observe that the I?BO(RP”) groups follow the by-now-familiar 8-fold pattern
from Bott periodicity and Clifford algebras: the orders of the groups jump according
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to the pattern “jump-jump-nothing-jump-nothing-nothing-nothing-jump”, where
the pattern starts in multiples of 8 (the first few are not on the chart because the
associated projective spaces are exceptions in some way). In particular, every eight
steps a total of four jumps have occurred, resulting in the orders being multiplied by
16. This is the quasi-periodicity of the first line. The second line has the simpler
quasi-periodocity of length 2, where every two steps the order of the group gets
doubled. Note that the groups on the two lines coincide in dimensions congruent
to 6, 7, and 8 modulo 8; in other dimensions there is a difference of a factor of 2.

For reference purposes we also include a table showing the numbers ¢(n) and
|5 ]. Even though this is really the same information as in the previous table, it is
very useful to have around.

TABLE 32.15. Comparison of ¢(n) and |5 ]

01123 |4|5|6|7|8[9]10|11|12|13|14|15]|16
212133334566 |7|7]|7
0j(o(11112|2(3|3(4(4(5|5|6|6|7|7]8

(en]
—_
\]
oo

p(n)
53

The table provides some useful information about the comparison between ¢(n)
and |5 |. We record it in a proposition:

Proposition 32.16. For everyn > 2, the number p(n) equals either |5 | or [ 5 |+1.
The former occurs precisely when n is congruent to 6, 7, or 8 modulo 8.

Recall the complexification map ¢: KO°(RP") — K° (RP™). Both groups are
cyclic, and by Lemma [32:2) the map sends the generator A = L — 1 of the domain
to the generator ¥ = j*n — 1 of the target. Hence, c is surjective. Our observations
about the orders now proves part (a) of the following result. Part (b) follows at
once from ¢(\) = v and the fact that rge = 2.

Theorem 32.17. Let n > 2.

(a) The complezification map c: KO°(RP™) — K°(RP") is always surjective. It
is an isomorphism if n is congruent to 6, 7, or 8 modulo 8, and it has kernel
72 otherwise.

(b) The map rg: KO(RP™) — KO°(RP") sends v to 2.

Finally, we turn our attention to K O-theory of the spaces RP" /RP“. Tt is almost
true that the Atiyah-Hirzebruch spectral sequence for RP" /RP“ is a truncation of
the one for RP™. The mod 2 cohomology groups H*(RP"/RP%;Z/2) are indeed
a truncation of H*(RP";Z/2), and the integral cohomology groups are a similar
truncation when a is even. But when a is odd there is a Z in H**1(RP" /RP?) that
does not appear in H*(RP™). This new Z will contribute to KO°(RP"/RP%)
only if it shows up along the main diagonal in the Atiyah-Hirzebruch spectral
sequence, which will happen precisely when a + 1 is a multiple of 4. This explains
the two cases in the following result:

Theorem 32.18 (Real K-theory of real, stunted projective spaces; part 1).

(a) Suppose a # —1 mod 4. Then the map ©*: KO°(RP"/RP®) — KO°(RP")
is an injection whose image is the subgroup generated by A?(D+1. So
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I?EO(RP”/RPG) > 7/(29) where g = o(n) — p(a) = #{s|la < s < n,s =
0,1,2, or 4 mod 8}. Let NP+ be the preimage for N\ D+ under ©*, which
generates the group. Then

0 k even
Eoy(@y — ’
v Ak odd.

(b) Assume that a = —1 mod 4. The sequence
ol = Rp**! /RP* — RP"/RP® — RP"/RP*"!
induces a split-exact sequence in KO-theory:
0 — KO°(S*T") « KO°(RP"/RP®) «— KO°(RP"/RP**') — 0.
In particular,
KO°(RP"/RP%) ~Z & KO°(RP"/RP*™) =~ 7. & 7./2"
where h = (n) —pla+1)=#{s|la+1<s<n, s=0,1,2, or 4 mod 8}.
Notice that the above result does not give the action of the Adams operations

in part (b). To do this we need to choose a specific generator for the Z summand,
and this requires some explanation. It turns out (and this is not obvious) that the
generator can always be chosen so that it maps to A?(@+1) in KOO(RP™). This
property is all that we will really need, but it is not so easy to prove; in fact there
are always two such generators, and proving the desired existence seems to be best
accomplished by having a method for systematically choosing a preferred generator
out of the two possibilities. This is what we do next; in the chain

I’(\é(RP4t/RP4t—1) - I’{\é(RP4t+1/RP4t—1) — o }-’(—\é(RPn/RP4t—1) - ...

we wish to choose elements X(W(M)) in each group with the property that they all

map onto each other, they all map to a generator of the left-most group, and upon
pulling back along the projection RP" — RP™/RP*~! the element ) maps
to A?(Y) (for any choice of n).

These elements will be produced by starting with the elements 7(2*) that we have
already constructed, living in the bottom groups of the following diagram:

KO (RPY/RP* 1) <— - <— KO (RP"/RP*"1)

] Y | I

/
K(RPY/RPY" ) . K(RP"/RP*1) KO (RP")
\ C\L \ TR
/
K(RP"™)

—((4
First note that it suffices to construct the )\(w( ) classes for n sufficiently large,

as we can then construct the classes for smaller n by naturality. In particular,
we may assume that n is congruent to 6 (or 7 or 8) modulo 8. This forces the
right-most vertical ¢ map to be an isomorphism, by Theorem a).

The rest of the argument breaks into two cases, depending on whether t is
even or odd. When t is even, p(4t) = 2t — 1 (see Table and the vertical
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maps c in the above diagram are all isomorphisms; this will be proven carefully in
Theorem [32.20(b) below, but for now we just accept it. Define

X(LP(‘H)) _ C—l (ﬂ(Zt))-

The desired pI‘OpertieS Of X(ip(‘lt))

known properties of 7(2t).

When t is odd one has ¢(4t) = 2¢ + 1. The vertical maps ¢ are no longer
isomorphisms (except the rightmost one), but we can use the map rg instead. The
idea for this comes from the fact that when ¢ is odd the map ¢: KO (5%) — K(S%)
is Z 2 Z, and rg sends a generator to a generator. So TR(D(Qt)) will gives us an
clement of KO (RP"/RP*~!) that maps to a generator in KO (RP*/RP*™1).

However, note that rg(7%!) maps to —A*1) in KO (RP™). This follows at once
from a simple calculation:

TR(V2t) — TR((—2)2t71~l/) — (—2)27:71'7’]]@(1/) — (_2)21571'2/\ — _(_Q)Zt./\ — _)\2t+1.
The extra minus sign leads us to make the definition

X(w(‘lt)) _ —TR(D(2t))

are immediate by the naturality of ¢ and the

in the case when ¢ is odd. »
We have now constructed the desired generators X(W( )). The group

KOC°(RP"/RP"1) is generated by the two elements A?(4*1) (which is torsion)

~(p(4
and )\(W( ) (which is non-torsion). We next use these generators to describe the
action of the Adams operations:

Theorem 32.19 (Real K-theory of real, stunted projective spaces; part 2). Let

t > 1 and let f = p(4t). The Adams operations on KO°(RP"™/RP*Y) are given
by the formulas

0 k even
E(\(f+D)) _ ’
¥ ()\ ) - {)\(Hl) k odd;

1.2t )\ (F41)
BN _ 2t () sk“A k even,
v (A )_k A +{;(k2t—1)A<f+1> k odd.

Just as we saw for K(RP"/RP?), much of the information about KO-theory
of stunted projective spaces is represented in the following useful diagram. The
above formulas for the Adams operations are obtained easily by chasing information
around the diagram.
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7/ (27 = K(RP") KO (RPY/RP* 1) =7

S

<~— KO (RP"/RP*~%)<— KO (RP"/RP*"!) <—— KO (RP" /RP*) <~——

7./(25+1) Za7Z/(2B) 7./(2B) B=p(n)—¢(4t)

AN ——————— 3 ) ——————— £\ f=par)

S

AF+HD = _9N()

Due to lack of space the diagram does not show the groups I?é(]RP" JRPA73),
but these are similar to the KO (RP™/RP*~?) and KO (RP"/RP*) cases in that
these groups all inject into KO (RP™) and have the “expected” image.

Because we have needed this already in the process of defining the classes X(WW)),

we also include some more information on tlgg/complexiﬁcation map for stunted
projective spaces. We want to investigate ¢: KO°(RP"/RP®) — K°(RP™/RP%),
but results are awkward to state in this generality: one runs into a multitude of
cases depending on the congruences classes of n and @ modulo 8. We start with the
observation that it is essentially enough to solve the problem for n large enough. If
N > n then we have the diagram

KO°(RP"/RP%) <— KO°(RPY /RP?)

K°(RP"/RP®) <~—— K°(RPYN /RP%).
So if we know the right vertical map then we can also figure out the left vertical
map, using the horizontal surjections.

Notice that by choosing N so that it is congruent to 6 (or 7 or 8) modulo 8,
we can get ourselves in the situation where ¢: KOO(RPY) — KO(RPY) is an
isomorphism (see Theorem —clearly this will simplify some matters in our
analysis. This explains why we focus on this special case in the following result.

Here is a notational simplification that is very useful. At this point we have
specified particular generators for the groups KO°(RP"/RP®), for all values of

n and a. These are the elements A(Y) and X(J) for certain values of ¢ and j that
depend on a. To actually name ¢ and j precisely requires separating various cases
for a, and it is convenient to not always have to do this. We will write A° and 2’
as abbreviations for our generators, but where we have not bothered to write the
exact number in the exponent (it is uniquely specified, anyway). We also write v°
and #° for our generators in K°(RP"/RP%).
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Theorem 32.20. Consider the map ¢: KO°(RP"/RP®) — K°(RP"/RP®) and
the map rr going in the opposite direction. Assume that n is congruent to 6, 7, or

8 modulo 8.

(a) Suppose a is even, so that both the groups are torsion.
(i) If a = 6,8 mod 8 then c is an isomorphism, ¢(\°) = v°, and rg(v°) = 2)°.
(i) If a = 2,4 mod 8 then c is an injection with cokernel Z/2. One has
c¢(AN°) = —=2v° and rr(v°) = —A°.
(b) Suppose that a = 4t — 1. Here both the domain and target of ¢ have copies of Z
inside them.
(i) If a =7 mod 8 (i.e., t is even) then c is an isomorphism.
(i) If a = 3 mod 8 (i.e., t is odd) then c is a monomorphism, and the cokernel
isZ/2®Z)2.
(c) Suppose that a = 4t + 1. In this case ¢ maps its domain isomorphically onto
the torsion subgroup of the target of c. One has ¢(A\°) = v° and rg(v°) = 2)°.

32.21. An extended example. Let us demonstrate much of what we have learned
by looking at a specific example. The Atiyah-Hirzebruch spectral sequence for
computing I%(RPlO) gives one Z/2 for every dimension from 1 through 10 that
is congruent to 0, 1, 2, or 4 modulo 8. These are the dimensions 1, 2, 4, 8, 9, and
10—so we have six Z/2’s, and KO (RP'*) = 7/(26). In comparison, K (RP') is
just Z/(2°) (as 5= ).

There is a visual way of representing this information that is useful, especially
when it comes to the stunted projective spaces. Draw a cell diagram for RPY,
leaving out the 0-cell. For KO (RP') discard all cells except the ones in dimensions
congruent to 0, 1, 2, or 4 modulo 8; then label the remaining cells with ascending
powers of A\. For K (RP'?) discard all the odd-dimensional cells and label the
remaining ones with ascending powers of v. Always remembering that A2 = —2\
(and v? = —2v), the cells now represent the associated graded of I?é(RPlO) (or
K(RP')) with respect to the 2-adic filtration. The picture below also shows the
complexification map c: I%(RPIO) — K(RP'). Recall that this is a ring map
and sends A to v:

o A8 ov®
oA® /’\je
oA? ’ o VA
el ‘o
£ ov
o /To\
c 2
W
o )\2 ov
o /j:o(
KO RP'") - K(RP'?)

°)i
(generated by A6 = —32)). One has TR(I/) (M) = 2A, and more generally
1

We see in this case that ¢: KO (RP'%) — K(RP'€) is surjective with kernel Z/2
rr(c
re(VF) = re((=2)""v) = (=2)" rr(v) = (= 20 = —(=2)FA = AP

)k
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Next let us consider the K-groups of RP'’/RP*, referring to the diagram
KO (RP'/RP* > KO (RP'?)
| v
K(RPY/RP*)>—— K(RP'?).

In relation to our cell-diagrams, the K-groups of RPY / RP* are obtained by throw-
ing away the bottom four cells. We obtain the picture

o \(©) o v(®
o A(®) /\;Q{
o\®) ' o\V(4)
el el
£ o0 u®
o o

KO (RPY/RPY)— K(RP/RP?Y)

This picture tells us that KO (RPY/RP*) 2 7,/(2?), generated by A*), and also
K(RPY/RP*) =~ 7,/(23) with generator v(®. These each embed into the respective
K-group of RP'. The complexification map therefore sends A® to v, and we
find that this map has both kernel and cokernel isomorphic to Z/2.

The situation is a little different if we consider the K-groups of RP'/RP3.
Here the bottom cell of RP' / RP? gives rise to a Z in singular cohomology, and a
corresponding Z in the K-groups. The picture becomes as follows:

0 7\(6) / )
oA el

o @ 0,®
el el

el o ,(3)
4 el
‘o® 2 o
o) ®;(2

KO (RP*™/RP3)— K(RP'°/RP?)

Here the black dots represent copies of Z, so that %(RPIO/RP?’) WAL
with the two summands generated by X(g) and A® | respectively. Likewise,
K(RP'Y/RP?) = 7 @ 7Z/8 with the two summands generated by #(®) and v®).
The various maps

KO (RP/RPY) — KO (RP'/RP?) — KO (RP'), and
K(RPY/RP*) — K(RP°/RP?) — K(RP'€)
are the evident ones suggested by the diagrams. The only subtlety lies in deter-
mining the complexification map ¢. Of course ¢(A?) = v for i = 4,5, as this is
forced by that happens on the subgroup KO (RP'/RP*) C KO (RP'/RP?). To

compute C()\(B)) we must remember that A ’ is defined by the equation

3O —rr(v®)
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(note that 3 = 4¢ — 1 where ¢t = 1, and so we are in the case where ¢ is odd; in the
case where t is even the definition of the X classes is different). So we obtain

c(X(?’)) = —c(rg(@?)) = =1+ ¢ H(EP) = —[p@ + ] = —22).

Here we have used Theorem [32.12(c) for evaluating 1/~ (7(?)). Note that the pull-

back map induced by RP'? — RPlO/RP3 sends X(S) to A% and sends —27(® to
—212 iu3; hence the above formula is consistent with our previous computation
of ¢: KO (RP'Y) — K(RP').

32.22. The proofs. We now give proofs for all of the results previously stated in
this section.

Proof of Theorem [32.9 This is straightforward, and left to the reader. O

Proof of Theorem[32.11] There is no room for differentials in the Atiyah-
Hirzebruch spectral sequence for K*(RP™), so it collapses at Fy. Part (b) follows
immediately. It is also a direct consequence that K°(RP™) is an abelian group of
order 22! Tt remains to solve the extension problems to determine precisely which
group it is.

Observe that L? = 1, hence (cL)? = ¢(L?) = ¢(1) = 1. So

v? = (cL —1)%> = (cL)* = 2(cL) + 1 =2(1 — ¢(L)) = —2v.

Note that an immediate consequence is v* = (—2)!~1v.

Let F'" = ker(K°(RP"™) — K°(RP*1)). So

K'RP") =F°DF'DF?2...2 F"tl =,

The quotients F?/F*! are the groups in the E,, term of the spectral sequence,

and so are
Z/]2 0<i<2|

0 otherwise.

Fip = { 5] and i even

So F' = F' = F? and F?/F3 = 7Z/2. The element v generates F?/F3: we
know this by naturality of the spectral sequence, applied to the map j: RP" —
CP™. The element y generates F2/F3 for K°(CP"), and H2(CP") — H2(RP")
is the projection Z — 7Z/2: the image of a generator is another generator. So j*u
generates F2/F3 for KO(RP™), and of course v = j*p.

The multiplicativity of the spectral sequence then gives us that 12 generates
F*/F® and in general 17 generates F% /F2+1 for j =1,2,...,[%]. In particular,
17 is not equal to zero for j in this range. But v/ = (—=2)7 v, so 2L31=1y #£ 0. This
proves that the only possibility for I?O(RP") is /2131 and that v is a generator.

Note that we than have 0 = (—2)L31y = pL3]+1,

For part (c) we just observe that ¢*(cL) = (cL)* = ¢(L*) and this equals 1 if k
is even, and cL if k is odd. O

Proof of Theorem[32.12 Parts (a) and (b) are trivial. In each case one writes
down the evident long exact sequence and quickly sees that the given sequence
is short exact. The only slight subtlety is seeing in the case a = 2t — 1 that
KO(RP"/RP*~1) — KO(RP* /RP*™1) is surjective, but this was explained when
we constructed the element 7(*) (which maps to a generator in the target group).
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For part (c), the action of 1/* on v(**1) is determined by the corresponding action
in K°(RP"/RP?"); so there is nothing to prove here. The action on 7(*) is more
interesting. We can, of course, write

(32.23) PFEW) = Ap® 4 Byt+HD

where A is a unique integer and B is unique modulo 2f. Applying the map
i*: KO(RP"/RP*™1) — KO(RP?/RP?™1) kills v(t+1) and sends 7 to a gen-
erator g, so this equation becomes *(g) = Ag. But we already know that 1* acts
on such a generator by k!, so A = k.

Next we apply the map 7*: KO(RP"/RP?) — K°(RP") to equation .
The map 7* sends 7(!) to v* and v*+1 to v+, so using A = k' we obtain

wk(yt) _ ktyt +Bl/t+1

in K°(RP™). Now use that ¢ is a ring homomorphism, together with v+ = —2,1.

We get
k' — 2B = [pF()]' =
( ) [v"()] vt if k is odd.
The group K°(RP") is Z/(29) with generator v, and v! = (—=2)/~!v. So the
additive order of v? is 297t+1 or equivalently 2f+1. In the case that k is even it
follows that k' — 2B is a multiple of 2! so that % = B mod 2/ (recall that B is
only well-defined modulo 27 in the first place).
In the remaining case where k is odd we get k! — 2B = 1 modulo 2/*'. So

L;l = B modulo 2/ , which is what we wanted. O

Proof of Theorem [52.7]} In the Atiyah-Hirzebruch spectral —sequence for
KO(RP"), the diagonal of the Er-term that is relevant to KO°(RP") consists
of p(n) copies of Z/2. The first concern is to determine if there are any differentials
causing some of these copies to disappear by FE.,, and the second concern is the
problem of extensions. -

Observe that the complexification map ¢: KO°(RP™) — K9(RP™) is surjective,
because v generates the target and v = ¢(L —1). So it follows from Theorem
that at least |5 | among our ¢(n) copies of Z/2 must survive the spectral sequence.

The trick now is to not consider one n at a time, but rather to consider them
all at once. When n is congruent to 6, 7, or 8 modulo 8 then we know ¢(n) = [ 5],
and so here it must be that all the Z/2’s along the main diagonal survive. That
is, all differentials entering or exiting the main diagonal are zero. But then by
naturality of the spectral sequence this is true for all n. We conclude that the order
of KO°(RP"™) is 2¢(") no matter what n is.

When n is congruent to 6, 7, or 8 modulo 8 we now know that the orders
of %O(RP") and K°(RP") are the same. Since the complexification map is
surjective, it is therefore an isomorphism. So [%O(RP") is cyclic. Since ¢(A) =v
it follows that A is a generator. In particular, A\ is a generator for the quotient
Fl/F2.

But then by naturality of the spectral sequence (and with it, naturality of the
filtration F?) it follows that A\ generates F'/F? for every value of n. Since L? =1
we of course have \2 = —2\. At this point the argument follows the one in the
proof of Theorem to show that KO°(RP™) is cyclic, for all values of n.

{O if k is even
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The computation of the Adams operations again follows from ¢*(L) = L*, which
equals 1 if k is even and L if k is odd. (Il

Proof of Theorem [32.17. This was given just prior to the statement of the theorem.
O

Proof of Theorem[32.18 For part (a) one examines the Atiyah-Hirzebruch spectral
sequence for KO*(RP™/RP®). Note that the quotient RP™ — RP"/RP® induces
a map of spectral sequences in the other direction. The diagonal groups in the Fs-
term for I%*(RP" /RP®) are a truncation of the diagonal groups appearing in the
FE>-term for I?é*(]RP"). Since there are no entering or exiting differentials (along
the diagonal) in the latter case, naturality of the spectral sequence guarantees there
are no entering or exiting differentials for RP"/RP®. Passing to E.-terms now,
we see that the associated graded groups for I?B(RP" /RP®) are a truncation of
the associated graded groups for KO (RP"™). Examining the map of filtered groups

KO (RP"/RP%) £ F
KO (RP™) K F;

we now find that Fy, — FJ} is an isomorphism for k¥ > a + 1 and Fj/Fy41 = 0
for k£ < a. It follows that I’(\é(RP"/RPG) — I’(\é(RP") is an injection, with
image equal to F ;. In our analysis of KO(RP") we have already seen that
F, ., C KO (RP™) is the subgroup generated by \*!. Everything else in part (a)
is then immediate. - -

For (b) we only need to prove that KO°(RP"/RP*~!) — KO°(RP*/RP*™1)
is surjective, since the latter group is isomorphic to [?60(5‘”) >~ 7. Everything
else in part (b) is routine. To do this, consider the following diagram:

7)2

e [?51(an/RP4t) - [/(xO/O(RP4t/RP4t72) <j<L [?OO(RPH/RP47572) -

T A . ?

- <= KO'(RP"/RP*) < KO(RP*/RP*~') <= KOO(RP"/RP*~1) < -

7
The two indicated vertical maps are surjections because they sit inside long exact
sequences where the third term is KO°(RP* ™1 /RP*~2) = KO°(S*~1) = 0. The
indicated group is Z/2 by part (a) of the theorem, which also yields the diagram

KO°(RP") KO°(RP™)

KOO(RPY/RP*~2) <~ KOO(RP" /RP*~2),
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The group I%O(RP‘”/RPM&) is the subgroup of I/(\(/)O(]RP“) generated
by v1Te(=2) and KO°(RP"/RP*~?) is the similarly-described subgroup of
KOC°(RP™). It follows at once that j} is surjective.

Returning to the earlier diagram, the image of j3 is an ideal (r) inside of Z. The
fact that i*j3 is surjective (readily observed from the diagram) proves that r must
be odd. But the quotient Z/r will inject into KO!(RP"/RP™), by the long exact
sequence. The Atiyah-Hirzebruch spectral sequence shows that this latter group
has no odd torsion, because it has a filtration where the quotients are only Z’s and
Z/2’s. So the conclusion is that r = 1, hence j3 is surjective. O

Proof of Theorem [32.19. The evaluation of ¥ ()\(f +1)) is immediate using natural-
ity and Theorem [32.14] For the evaluation of 1* (X(f)> one can repeat the proof

of Theorem [32.12(c) almost verbatim. Alternatively, one can use the result of The-
orem c) together with the complexification map c: I%O(RP”/RP‘“_l) —
K O(RP™/RP*™1), which is a monomorphism for n congruent to 6, 7, or 8 modulo
8; the result for other values of n can then be deduced by naturality. 0

Proof of Theorem[32.20} For part (a) we consider the two short exact sequences

0 — KOY(RP"/RP*) —> KO°(RP") —> KO°(RP®*) — 0

0 — K°(RP"/RP?) K°(RP™) K°(RP%) —0.

If a is congruent to 6 or 8 modulo 8 then the right vertical map is an isomorphism,
which means the left vertical map is as well. The desired results are immediate.

If a is congruent to 2 or 4 modulo 8 then the right vertical map is a surjection
with kernel Z/2. Tt follows from the zig-zag lemma that the left vertical map is an
injection with cokernel Z/2. The generator for the domain is A@@+D) “and we are in
the case where ¢(a) = [ %]+ 1. So ¢ maps this generator to v(121+2) = —2p(L5]+1),
The statement 7(v°) = —A° then follows using that rc = 2.

For (b) we look at the short exact sequences

0— %(RPH/RPM) > ]?é(RPn/RPZLt—I) > %(RPM/RPM—l) —~0

0 — K(RP"/RP*) —= K(RP"/RP*™1) —= K(RP*/RP*1) —0.

When t is even the right vertical map is an isomorphism by Bott’s calculation, and
the left vertical map is an isomorphism by (a). So the middle vertical map is also
an isomorphism.

When ¢ is odd the right vertical map is an injection with cokernel Z/2, by Bott.
The left vertical map is an injection with cokernel Z/2 by part (a). So by the
Snake Lemma the middle vertical map is also an injection, and its cokernel is either
(Z./2)? or Z./4. The element 7(?") maps to a generator for the right bottom group
K(RPY/RP*~1). If we verify that 20(2) = 0 in the cokernel of ¢ then we will
have proven that this cokernel is (Z/2)?, not Z/4. But note that

erp(P)) = (1 4+~ 1) (@) = 25
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where in the last equality we have used the formula for 1~ (7(Y)) from Theo-

rem [32.12|c).

For (c) we consider the following:

0 — KO (RP"/RPY*?) ’> KO (RP" /RPY+1) — KO (RP¥*+2/RPY+1) —> 0

0 — K(RP"/RP"*?) — K(RP"/RP**!) —= K(RP**2/RPYH1) — 0.

We have not yet discussed exactness of the top row. On the left end this follows
because I/(\é_l(S‘““) = 0. By our computations, the cokernel of p* is a group of
order 2¢(4t+2)—=¢(4t+1). hyt by inspection this number is equal to 1 when ¢ is odd
and 2 when ¢ is even. As this is the same as the order of the group I?é(54t+2),
this justifies exactness on the right.

If ¢ is odd then the left vertical map is an isomorphism by (a), and the hor-
izontal map p* is an isomorphism; the desired claims follow at once. When t is
even we must argue more carefully. Note that the image of K(RP"/RP**2) in-
side K (RP"/RP*™1) is precisely the torsion subgroup; let us call this image 7.
Since the group I?(/)(RP” /RP**1) is torsion, its image under ¢ is also torsion;
so this image is a subgroup of T. Moreover, Ir(\a(RP” JRP*T1) is generated by
M@+ and one readily computes that p(4t+1) = 2t+ 1. Consider the square

KO (RP"/RP**\)>—> KO (RP")

) l ) clu
K(RP"/RP*T) —— K(RP™).

The left vertical map clearly must be injective. Compute that 7*(c(A(3+2))) =
c(\?*2) = p2+2 There is only one element of the torsion subgroup of
K(RP"/RP**1) that pulls back to 22 namely v2+2 It follows that
(A2 = @H2) Byt p(2+2) generates T, so ¢ maps KO (RP"/RP**1) iso-
morphically onto 7. O

33. SOLUTION TO THE VECTOR FIELD PROBLEM

In this section we conclude our story of the vector field problem, following the
original paper by Adams [Ad2]. Let us first recall the Hurwitz-Radon function
p(n): if n = 2477 . (odd) then p(n) = 2* + 8b — 1. We have seen in Theorem [14.5]
that one can construct p(n) independent vector fields on S™~1. The vector field
problem will be settled once we prove the following;:

Theorem 33.1 (Adams). There do not exist p(n)+ 1 independent vector fields on
Sn-t,

Remark 33.2. There will inevitably come a time when the reader wishes to re-
member the formula for p(n) but cannot immediately look it up. The key facts
about the formula are:

(i) p(n) only depends on the power of 2 in the prime factorization of n;
(ii) For a < 3 one has p(2%) = 2% — 1;
(iii) p(16n) = p(n) + 8.
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These facts of course uniquely determine p(n). Personally, I find the exact form
of (iii) hard to remember when I haven’t been working with this stuff for a while.
What is able to stick in my head is that there are zero vector fields on S, one on
S, three on S3, seven on S7—and then I have to remember that there are only
eight on S'®. The jump from zero on S° to eight on S'° is the quasi-periodicity; so
there are nine on S3!, eleven on S%, fifteen on S27, and so forth. From this it is
easy to recover the formula p(16n) = p(n) + 8, and onward to the general formula
for p.

The proof of Theorem [33.1] is quite involved—it requires a surprising amount of
algebraic topology. KO-theory is usually regarded as the key tool in the proof, but
one also needs Steenrod operations, James periodicity, and Atiyah duality in the
stable homotopy category. This adds up to a sizable amount of material. We will
take a modular approach to things; we start by giving an outline of the proof, and
then we will fill in the details one by one.

33.3. Outline of the proof.

Step 1: We have the following implications (i) = (ii) = (iii) = (iv):
(i) There exist k — 1 vector fields on S™~ 1.

(ii) There exist k — 1 vector fields on S“*~1 for every u > 1.

(i)
)

(iv

The map m;: Vi (R"") — S*"~! has a section, for every u > 1.
The map RP“”A/]RP“”*’“*1 — Sun=1 (projection onto the top cell) has a
section in the homotopy category, for every u such that un + 2 > 2k. That

is to say, ]RP“"_l/]RP“"_k_1 splits off the top cell in the stable homotopy
category.

We have seen these implications back in Section but let us briefly recall why
they hold. For (i)=-(ii) it is a direct construction: given k—1 orthogonal vector fields
made from vectors with n coordinates, one can repeat those patterns in successive
groups of coordinates to make k — 1 orthogonal vector fields in un coordinates,
for any u. The step (ii)=-(iii) is a triviality, essentially just a restatement of the
problem. Then for (iii)=-(iv) it is because for a + 2 > 2b the space V;,(R*) has a
cell structure where the a-skeleton is RP*~!/RP*~"~! (Proposition

Step 2: Steenrod operations allow one to prove that if a + 1 = 2" - (odd) then
RP“/RP“*I’ does not split off the top cell for b > 2".

The proof will be described in detail below, but here is a short summary. The
hypothesis says that a = 2"(2t + 1) — 1 = 2"t + 2" — 1, and this guarantees that
there is a Sq>  operation in H* (RP>) connecting the class in degree 2"*¢—1 to the
class in degree a. If b > 2" then that Sq?" operation is still present in RP“/RP“J’,
and this obstructs the splitting off of the top cell.

Step 3: Putting steps 1 and 2 together, we have that if n = 2™ - (odd) then there
do not exist 2™ vector fields on S™~1.

For m < 3 this solves the vector field problem, because in this case p(m) = 2™ — 1.
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Step 4: There are periodicities to the spaces RP*/RP*~°. If L —1 has finite order
rp in KO(RP"™!), then

RP@/RPafb ~ Y757 (RPcHrsrb /]RPU«JrSbeb)

for every s > 1, where the homotopy equivalence is in the stable homotopy category.
This is called James periodicity. The proof was given in Proposition

Step 5: Now things get a bit more sophisticated. Atiyah proved that if M is
any compact manifold and £ — M is a real vector bundle, then Th(E — M) is
Spanier-Whitehead dual to Th(—FE — Ta — M), where Ty is the tangent bundle
to M (for Thom spaces of negative bundles, see Section .

Recall from Example [15.9] that RP"™1/RP"*~1 =~ Th((n — k)L — RP*"1).
Also, for M = RP*™! one has Ty = kL — 1 in KO(M) (Example [23.10). So
Atiyah Duality gives that RP" ' /RP™""*~! is Spanier-Whitehead dual to

—(n—k)L-T —(n—k)L—kL+1 —nL+1 —nL
Th ! — Th I —th| | =T | |
RPk—1 RPF-1 RPF-1 RPk—1
If ry, is the order of L—1 in I%(RPkfl) then the last spectrum may be interpreted
as
—nL sryL—nL
STh( | |~xs==Th| |
RPk-1 RPk—1
(srr—n)L
=%'""*Th( |
( RPk—1 )

_ El—ST'k Rpsrk—n+k—1/RPsrk—n—1] ,

where s is any integer sufficiently large so that sry —n —1 > 0. We have therefore
proven:

The Spanier-Whitehead dual of RP™ !/RP" %! is (up to suspension)
RP“"”“_’H"'“_l/RPS”_”_l7 where s is any integer such that sry —n —1> 0.

Step 6: A direct consequence of the previous statement is that
RP"/RP" =1 splits off its top cell (stably)
if and only if
RPsTemn R R psre=n =l gplits off its bottom cell (stably),

where s > 0 as above.

Step 7: Using step 6 we can add a condition onto the list of implications from step
1. Namely, we have (iv)=(v) where the latter is

(v) Rpsremunth=l R psra—un=L gplits off its bottom cell (stably), for any u > 0
and any s > 0.
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Step 8: Adams calculated If(\(/)(RP‘l) for all a, together with the Adams operations
on these groups. He used this knowledge, together with Step 2 above, to prove the
following:

For any m > 0, RPmJ”’(m)Jrl/]RPm*1 does not split off its bottom cell in the stable
homotopy category.

Step 9: Completion of the proof.

Proof of Theorem[33.1 Suppose there are k — 1 vector fields on S"~1. Then by
Step 7 the space RPS”7“"+k71/RPST’F“"71 stably splits off its bottom cell for
any u and s such that un + 2 > 2k and sry — un — 1 > 0. Choose u to be odd,
and choose s to be a multiple of 2n. Set m = sry — un, and note that m is an odd
multiple of n; consequently, we have p(m) = p(n).

We have that ]R]—’m'*'k_l/]RPm_1 splits off its bottom cell. By Step 8 this implies
that k — 1 < p(m) = p(n). So there are at most p(n) vector fields on S™~1. O

The missing pieces from our outline are: Step 2, Step 5, and Step 8. We now
fill in the details for these steps, one by one—but not quite in the above order. We
save Atiyah duality for last, only because the other two pieces belong more to the
same theme.

33.4. Steenrod operations and stunted projective spaces (steps 2 and 3).
Let x € HY(RP>;7Z/2) be the nonzero element. The Steenrod operations on RP*
are easily computed from the facts Sq'(z) = 22, Sq’(z) = 0 for i > 1, and the
Cartan formula. We leave this as an exercise for the reader. In the following
picture we show the Sq', Sq?, and Sq* operations on H*(RP?°;Z/2):

The Sq' operations are depicted as vertical lines, the Sq> operations as curved
lines, and the Sq’s as “offseted vertical lines”. For example, one can read off of the
diagram that Sq*(z°) = 29, Sq?(z'%) = z'2, and Sq*(z'°) = 0 (in the latter case
because the diagram does not have a Sq* emanating from the z' class).
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The pattern of Sq® operations in H *(RP°°;Z/2) is very simple. The first Sq?
operation occurs on z2 and thereafter they follow the pattern of “2" on/2" off”.
This is captured by the formula

SqQT(xa) _ {:z:a”T ifa>2"anda=2",2"+1,...,2" 7! — 1 mod 27!,
0 otherwise.
Of course for H*(RP";Z/2) the formulas must be truncated to account for the fact
that classes above dimension n are not present.

To see how Steenrod operations give obstructions to stable splittings, consider
RP?/RPC. Its cohomology has a Sq? connecting the class in degree 7 to the class
in degree 9. Suppose the projection onto the top cell p: RPQ/]RP6 — 59 has a
splitting x in the stable homotopy category. Then the composite

H*(S%) X> H*(RP?/RP®) 2> H*(S%)
is an isomorphism. Write z; for the generator in H*(RP?/RP®), so that in this
notation we have Sq?(x7) = xg. Necessarily we must have x*(z7) = 0, therefore
0 = Sq®(x*z7) = x*(Sq® x7) = x*(x9). But zy is in the image of p*, so this is a
contradiction.
Clearly this kind of argument will work for any RP"/RP"~" where we have a

nontrivial cohomology operation hitting the top class. Based on this, it is now easy
to prove the following:

Proposition 33.5. Write n+1 = 2° - odd. If RP”/RP”_Z’ splits off its top cell
stably then b < 2°.

Proof. If n is even then in H*(RP>) there is a Sq' hitting the class in degree n,
and this operation will be present in H*(RP"™/RP™") as long as b > 1. So the top
cell can not split off in this case. In other words, if n+1 = 2°- (odd) then splitting
of the top cell can only happen if b < 2°.

Similarly, if n = 4e 4+ 1 then in H*(RP*) there is a Sq? hitting the class in
degree n. This Sq? will be present in H*(RP"/RP"_b) as long as b > 2, and again
we find that under this criterion the top cell can not split off. Son+1 = 2! (odd)
implies splitting of the top cell can only happen if b < 2!.

The same style of argument continues. If n = 2"e + (2”71 — 1) then there is a
quril hitting our class in degree n, and this obstructs the splitting of the top cell
as long as b > 2"~!. Rephrased, this says that if n + 1 = 2"~(2e + 1) then the
splitting does not exist when b > 2"~!. Replacing r — 1 with s, we have the desired
result. ]

Corollary 33.6. If n = 2° - odd then there are at most 2° — 1 independent vector
fields on S™ 1.

Proof. If there are k — 1 vector fields on S™~1 then RP“"~!/RP*" k=1 gplits off
its top cell for all v > 0. Choose a u that is odd, so that un = 2% -odd. By
Proposition we conclude that k£ < 25, [l

The upper bounds provided by Corollary agree with the Hurwitz-Radon
lower bounds when s < 3. Note that these few cases cover quite a bit more than
one first might think. For example, for spheres of dimension less than 50 it follows
that the Hurwitz-Radon number of vector fields is the maximum possible for all



A GEOMETRIC INTRODUCTION TO K-THEORY 257

but three cases, namely the spheres S*°, §3! and S*7 (multiples of 16 minus one).
Corollary yields that there exist at most 15 vector fields on S'°, 31 on S3!,
and 15 on S*7, whereas the Hurwitz-Radon construction only gives 8 vector fields
on S1% and S%7, and 9 vector fields on S3!. This demonstrates that our bounds for
the spheres S'%¢~1 are still far away from our goal.

33.7. Adams’s Theorem and KO-theory (Step 8). Next we move to the piece
that finally cracked the proof, namely the following theorem of Adams [Ad2]:

Theorem 33.8. Let m > 1. Then the space RPm"'p(m)""l/RPm_1 does not split
off its bottom cell in the stable homotopy category.

Proof. Write m = 2%-odd, and consider }RPN/IRPm_1 for N > m. Note that there
is a Sq*" operation on H*(RPN/RP"L_I; Z/2) connecting the generator in degree
m to the generator in degree m + 2%. This proves that the bottom cell does not
split off when N > m + 2%. This settles the theorem in the case u < 3, as here
p(m) =2%—1and so m+2* =m+ p(m) + 1.

We will next do a similar argument—but using K-theory—in the case u > 4.
Actually, the K-theory argument only uses u > 3 so for the sake of pedagogy let
us just make this weaker assumption.

Since m = 0 mod 4 we know by Theorem that there is a short exact
sequence
(33.9)

0<— KO(RP™/RP™ 1)< KO (RPN /RP™ ') <= KO (RPN /RP™) <=0

& &

Z Z/(27)

where f is a certain integer we will recall in a moment. Each of the groups has
Adams operations on it, and the maps are compatible with these operations. If
we let B = Z[?, 93,95, .. ], then is an exact sequence of B-modules (note
that B is just the monoid ring Z[N] from Section. If RPY /RP™ ! splits off its
bottom cell then this extension is split; so we will attempt to algebraically analyze
when such a splitting exists.

As a B-module the group KO (RP™/RP™ ') is Z('%), meaning that each ¢*
acts as multiplication by k% . It will be convenient to set r = % Also, we know by
Theorem a) that on KO (RPY /RP™) the operation ¢* acts as zero when k
is even, and the identity when k is odd. We also have determined the action of the
Y*’s on the middle group, but let us ignore this for the moment and consider the
situation in a bit more generality.

Let A be any abelian group, and let A[2] be the B-module whose underlying
abelian group is A and where ¥* acts as zero when k is even, and the identity when
k is odd. Consider an extension of B-modules

0—Z(r)— E — A[2] < 0.

Let g be an element of E that maps onto a generator for Z(r). Then we can write
Y*g = k"g + ay, for unique elements oy, € A, and the relations *1)! = 1!4p* show
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that we must have
krag = (I" — 1oy, whenever k is even and [ is odd,
(33.10) kKrag=1"ay whenever k and [ are both even,
(k" = Doy = (1" = 1)y whenever k and [ are both odd.

So the extension F is determined by the elements ay € A, for k > 2, satisfying the
above equations.

To analyze when the sequence is split, let g denote the image of g in Z(r). A
splitting would send § to an element g + a, for some a € A. Since ¥*(§) = k"§ we
find that
0 if k is even,

k" — a2k — kT
(g+a)=vig+a) g+ak+{a if & s odd.
Rearranging to solve for ay, we obtain

k"a if k is even,
. =
"TYE - 1a ifk is odd.

So these are the properties of an (ay) sequence that are equivalent to the extension
0 «— Z(r) «— E < A[2] < 0 being split. Notice that such sequences are in some
sense the “trivial” solutions of the relations .

We make one more general comment before returning to our specific situation.
Let a € A and consider the sequence defined by

(33.11) = %kr.a k even
%(kr —1).a k odd.

Note that the fractions multiplying a are in fact integers. So this sequence defines
a valid extension E, and if a is not a multiple of 2 in A then the extension doesn’t
“look” split. Precisely, if A is torsion-free and a ¢ 2A, then the extension is clearly
nonsplit. We will see that the case where A is torsion is a bit more subtle.

Now let us return to the extension in . Here A = 7/(2f), where f =
©(N) — ¢(m). Since m is a multiple of 8 (and this is the first place where we use
this assumption), f also equals (N — m).

In Theorem we previously computed the action of the Adams operations
on KO (RPY J/RP™ 1), The corresponding a-sequence is precisely the one given
by , where a is a generator for Z/(27). So the extension is split if and only
if there exists a B € Z such that

3k".a=k".(Ba) (k even), 3(k" =1).a= (k" —1).(Ba) (k odd)
for all k. Phrased differently, these say that
1 T . .
of divides ?kz T(l —2B) ?f k %s even,
5(k" =1)(1=2B) if kis odd.
Since 1 — 2B is always odd, this is equivalent to

T

2/F1 divides K k even,
k" —1 kK odd.
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Let v(x) denote the 2-adic valuation of the integer x, and let us restate what we
have now shown: If 8m and RPY /RP™ ! splits off its bottom cell, then

©(N —m)+1<min{r, v(3" 1), v(5" = 1), v(7" = 1), v(9" = 1), ...}

where r = m/2. Here we have used v(2") = r and have also left out v (k") for
even integers k > 2, as these numbers are at least r and hence irrelevant for the
minimum.

Our next task is to consider the numbers (3" — 1), and for these we refer to
Lemma below. Since in our case r is even one has v(3" — 1) = v(r) + 2.
Note that as r > 4 this term is no larger than r, and so the first term in the above
minimum is irrelevant.

We could proceed to analyze the terms v(k" — 1) for odd k > 3, which is not
hard, but in fact we have done enough to conclude the proof already. We have
shown that if 8)m and RPY /RP™ ! splits off its bottom cell, then

O(N—=m)+1<v(r)+2=v(m)+1,

or simply (N —m) < v(m). So our task is to find the largest = for which p(z) =
v(m). To do this, write v(m) = 4b+ a where 0 < a < 3. Let “p-count” stand for
counting the integers that are congruent to 0, 1, 2, or 4 modulo 8. Every cycle of
8 consecutive integers contribules 4 to the ¢-count, and so for ¢(z) > 4b we would
need x > 8b. The cases a = 0,1, 2,3 can now be analyzed by hand: for a = 0 we
have x = 8b; for a = 1 we have x = 8 + 1; for a = 2 we have x = 8b + 3; and for
a = 3 we have x = 80+ 7. So in general the largest = such that ¢(z) = 4b+ a is
r=8b+2%—1.

Putting everything together, if ¢(N —m) < v(m) = 4b + a then N —m <
8b+2% —1 = p(m). So if N > m+ p(m)+ 1 then RPY /RP™ ! cannot split off its
bottom cell. ]

Lemma 33.12. Ifr is even then v(3"—1) = v(r)+2. Ifr is odd then v(3"—1) = 1.

Proof. If r is odd then modulo 4 we have 3" = (—1)" = —1, s0 3" — 1 = 2 mod 4.
This proves that v(3" — 1) = 1.

If r = 27 - u where u is odd, we prove by induction on f that v(3" — 1) = f + 2.
The base case is f = 1, and here we use 3" —1 = 32 —1 = (3*—1)(3%+1). We know
v(3*—1) = 1 by the preceding paragraph. Modulo 4 one has 3" 4+1 = (—1)*4+1 =0,
but modulo 8 one has 3“+1 = 4. So v(3“+1) = 2, which confirms that v(3"—1) = 3.

For the inductive step, if 7 = 2/ where u is odd then write

3r— 1= (32— 132" +1).

By induction we know V(32f“ —1) = f+ 2. Modulo 4 we have 32v 41 =
(1)) "41=141=2. So v(3*"* + 1) = 1, hence (3" — 1) = f + 3. 0

Remark 33.13. It is intriguing that a number-theoretic analysis of v(3" — 1) was
the ultimate step in both the Hopf invariant one problem and the vector fields on
spheres problem. To my knowledge, there is no reason to suspect any connection
between these two problems.

Exercise 33.14. If k is any odd number, prove that v(k" — 1) > v(r) + 2 when r
is even. This confirms that the terms for k > 3 were irrelevant for the minimum
considered in the above proof.
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Example 33.15. To demonstrate the proof of Adams’s Theorem, consider m =
576 = 26.9. Starting strictly above 576, we mark off numbers until we have exceeded
a p-count of ¥(m) = 6. In the following sequence, the numbers contributing to the
(p-count have boxes around them:

576 | [577],[578] 579,[ 580, 581,582, 583,585 |,| 585 ],[ 586 |, 587, [ 588 ]

Adams’s argument shows that RP%8 / RP°™ does not split off its bottom cell. Note,
of course, that p(576) = 11 and 588 = 576+ 11+ 1. The point, however, is that one
does not need to remember the awkward formula for p(m); the procedure is simply
to count past m until the p-count exceeds v(m).

X X

33.16. Atiyah duality (Step 5). This is the final piece. The material in this
section will complete our proof of Theorem [33.1

Consider the space RP? / RP*. Its cohomology is shown below in the diagram
on the left:

H*(RP°/RP*) H*(2277)

We obtained the picture on the right by simply turning the left diagram upside
down; is this also the cohomology of a space? It is easy to see that the answer is yes:
the right diagram is H*(RP'®/RP®). This turns out to be a general phenomenon,
first discovered by Atiyah. And the kind of ‘duality’ we are seeing actually takes
place at a deeper level than just that of cohomology. It is essentially a geometric
duality, taking place inside of the stable homotopy category.

The stable homotopy category is symmetric monoidal: the monoidal product is
the smash E, F — E A F, and the unit is the sphere spectrum S. It is also closed
symmetric monoidal, meaning that there exist function objects E, F +— F(E, F)
and a natural adjunction

HomHo(Sp) (E, HT(X, Y)) = HOHlHO(Sp) (E N X, Y)

Spanier-Whitehead duality has to do with the functor X — DX = F(X,S). This
functor preserves cofiber sequences and it sends the n-sphere S™ = ¥°°S™ to the
(—n)-sphere S™™. So if a certain spectrum X is built from cells in dimensions 0
through n, the spectrum DX is built from cells in dimensions —n through 0.

For nice enough spectra X one has the property that D(D(X)) ~ X; such
spectra are called dualizable. All finite cell complexes are dualizable. One can
prove that H*(DX) agrees with ‘taking H*(X) and turning it upside down’.

The essentials of Spanier-Whitehead duality were known long before the details
of the stable homotopy category had all been worked out (particularly the details
behind the smash product). Here is the main result for finite complexes:

Proposition 33.17. Let X be a finite cell complex that is embedded in S™ as a
subcomplex (of some chosen cell structure on S™). Then
YID(E®X) ~ £°(S™ — X).

Example 33.18. Let us check the above proposition in some very easy examples.
We use the form D(X) ~ X"+ (" — X).
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(a) X = 8% Then S — 8% ~ S"~1 and so we find D(SY) ~ ¥—ntlgn=1 ~ g0
The 0-sphere is self-dual.

(b) Let X = S"~! embedded as the equator in S™. The complement S" — X is S°
(up to homotopy), so we have D(S"~ 1) ~ %—"+180 = §=(»=1) " Again, this is
as expected.

For some classical references on Spanier-Whitehead duality, see [A4] Chapter
IT1.5] and [Swz, Chapter 14].

We can now state Atiyah’s main theorem. The proof is taken directly from [At2].
See Section [I5.12] for a discussion of Thom spaces of virtual bundles.

Theorem 33.19 (Atiyah Duality). Let M be a compact, smooth manifold.

(a) If M has boundary then D(M/OM) ~ Th(—Ths) where Tay — M is the tangent
bundle.
(b) Now assume that M is closed, and let E — M be a real vector bundle. Then

D(ThE) ~ Th(—E — Thy).
Proof. For (a), embed M into I™ (nicely) in such a way that M maps into 1"~ x

{0}. (See [At2] for details). Consider the join pt % I™, which is a pyramid; its
boundary is homeomorphic to S™. Refer to the following picture for an example:

ptxI™ D pt+« M

ITL

Consider the subcomplex
X=MU(pt«0M) C O(pt*I")=S8".
We have M/OM ~ M U (pt x M), and so
D(M/OM) ~ D(X) ~ 2~"F1(§" — X).
Projection away from pt gives a deformation retraction S” — X - I"™ — M. Next
observe I — M ~ [ — U, where U is a tubular neighborhood of M in I". Finally,

notice that since I"™ is contractible we have that I" /(I"™—U) is a model for (1" —U)
(up to homotopy). Putting everything together, we have

D(M/OM) ~ S~ " ([" —U) ~ S "(I"/(I" = U)) = 7" Th(Nyn /ar)
~ Th(NIn/M - ﬂ)

Now use that Ty & Nyn/p = n.

For (b) use that Th(E) = Di(E)/S(E), where Di(E) is the disk bundle and S(E)
is the sphere bundle of E. The disk bundle is a compact manifold with boundary
S(FE), so by (a) one has

D(ThE) = D(Di(E)/S(E)) ~ Th(~Tpi(g))-
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If m: Di(E) — M is the bundle map then it is easy to see that Tp;gy = 7 (E®Tyr).
Since 7 is a homotopy equivalence,

Th(=Tpir)) = Th(—7"(E & Tar)) ~ Th(—(E © Tw)).
This finishes the proof. (I

We next apply what we just learned to stunted projective spaces. Recall from
Example that all stunted projective spaces are Thom spaces:

(n—k)L
RP"l/RP”kléTh< ! )
RPF-1

Recall as well that the tangent bundle to RP*™! satisfies T @ 1 = kL (Exam-
ple[23.10)). Using these two facts, Atiyah Duality now gives that

1 k1 —(n—k)L-T —nL+1 —nL
D(RP"/RP" )~ Th l =Th l ~ > Th l .
RPk—1 RPF-1 RPF-1

Let r,—1 be the additive order of [L] — 1 in I’(\é(RPk_l). Then rp_1L = rp_q
(stably), and hence for any s € Z we have

—nL —nL+sri_q —nL+sri_1L
Th( | |~z Th( | ~ X1 Th !
RPk-1 RPF-1 RPF-1

(srg—1—n)L
~ $75"k-1Th l
RPk-1

2Efsrk_l{RPsrk,l7n+k71/RPsrk,1fn71:| )

In the last line we imagine s chosen to be large enough so that sry_1 —n—12>0.
Putting everything together, we have proven the following:

Corollary 33.20. Let ri_1 be the additive order of [L] — 1 in I?é(RPkil). Then
there is a stable homotopy equivalence

D(anfl/]RP’nfkfl) ~ Elfsrkfl RPSTk_l7n+k‘71/RPSTk_17TL71:|
where s is any integer such that sr,_1 —n —12>0.

Example 33.21. Let us consider the Spanier-Whitehead dual of RP? /]RP47 as in
the beginning of this section. Relative to our above discussion, n = 10 and k = 5.
By Theorem we know KO(RP*) = 7/8, so the order of [L] — 1 is 8. The
above corollary gives

D(RPQ/RP4) ~ 21—85 [RPS‘S*G/RPSS*ll

for any s where the right-hand-side makes sense. The smallest choice is s = 2,
giving D(RP?/RP*) ~ ©-15(RP/RP?).
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34. THE IMMERSION PROBLEM FOR RP"

Let M be a compact, n-dimensional, real manifold. It is a classical theorem of
Whitney from the 1940s that M can be immersed in R?"~! and embedded into R?"
[Whil, (Wh2]. A much more difficult result, proved by Cohen [C] in 1985, says that
M can be immersed in R?*~*(") where a(n) is the number of ones in the binary
expansion of n. As a general result this is known to be the best possible, but
for specific choices of M one could conceivably do better. Define the immersion
dimension (resp. the embedding dimension) of M to be the smallest k such
that M immerses (resp., embeds) into R¥.

In general, determining the immersion and embedding dimensions of a given
manifold seem to be difficult problems. Over the last 60+ years they have been
extensively studied, particularly for the manifold RP™. The problem tends to
involve two distinct components. As one aspect, clever geometric constructions are
used to produce immersions (or embeddings) and therefore upper bounds on the
immersion dimension. For lower bounds one must prove non-immersion results, and
this is usually done by making use of some sort of homotopical invariants. Over
the years the problem for RP" has been used as a sort of testing ground for every
new homotopical technique to come along.

Our intent here is not to give a complete survey of this problem, as this would
take far too long. We will be content to give a small taste, entirely concentrating
our focus on some easily-obtained lower bounds in the case of RP™. The methods
involve Stiefel-Whitney classes (in singular cohomology) and some related charac-
teristic classes in K O-theory.

34.1. A short survey. Before jumping into our analysis, let us give some sense of
what is known about the problem. The following table shows the current knowledge
(as of January 2013) about the immersion and embedding dimensions for RP™ when
n < 24:

TABLE 34.2. Immersion and embedding dimensions for RP™

RP" 2[3]4[5] 6 7 [ 89 10][11] 12 13
imm. dim. AT(7] 7 8 15|15 16|16 18 22
emb. dim. || 4|5 |89 [9,11] [ [9,12] | 16 | 17 [ 17 | 18 | [18,21] | [22, 23]

w

RP™ [ 14 15 [16[17]18] 19 20 [21[22[23] 24
imm. || 22 22 | 31]31]32] 32 34 | 383333 [38,39
emb. || [22,23] | [23,24] | 32 | 33 | 33 | [33,34] | [34,37] | 39 | 39 | 39 | [39, 42

In the table, entries in brackets are given when the exact answer is not known.
For example, the embedding dimension of RPS is only known to lie in the interval
[9,11]. RPS definitely embeds into R and does not embed into R®—but it is not
known if RP® embeds into R or R!?. In comparison, we know much more about
the immersion problem; the smallest unknown case is RP?%.

The above data on the immersion and embedding dimensions was taken from a
table compiled by Don Davis [Da]. Davis’s table contains substantially more data,
covering slightly past RP'%°,
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One of the earliest results is due to Milnor: if n = 2" then the immersion
dimension of RP™ equals 2n — 1 (showing that the Whitney upper bound is sharp
in this case). Peterson proved that if n = 2" then the embedding dimension equals
2n, again showing that the Whitney bound is sharp here. In general, if n = 2" + d
for 0 < d < 2" and d is relatively small, then one can expect the immersion and
embedding dimensions to be 277! + x where x is a known quantity or one that is
tightly constrained. The following theorem encompasses most of what is known for
d < 10:

Theorem 34.3. Writen = 2'+d where 0 < d < 2¢. Then the immersion dimension
of RP™ equals 21! 4+ e and the embedding dimension equals 2°T + f where the
following is known:

df o] 1] 2 3] 4 5] 6] 7] 8 9 10
1| >21)1>22|12>23| 24| 24 [ >24]>24]>4] >4 >4 >4
e =1 =10 0 2 | 6| 6| 6 |67 ]| 14 14
Flr o1 [ 1 L[5 7 | 7 | 7 |[7,10] | [14,15] | [14,16]

The above theorem is not credited because it represents the combined work over
many years of a dozen authors. Much credit should be given to Davis, who has
brought all the results together and given complete references. The above theorem
is just the first few lines of the table [Dal.

34.4. Stiefel-Whitney techniques. Suppose that M is a compact manifold of
dimension n, and that M is immersed in R®**. The immersion has a normal
bundle v, and there is an isomorphism of bundles Ty & v = n + k. Taking total
Stiefel-Whitney classes of both sides gives

w(Tag) - w(v) = w(Thy & v) = win + k) = 1.

Recall that the total Stiefel-Whitney class of a bundle F is w(E) = 1 + w1 (E) +
wo(E)+---. Because the zero-coefficient is 1 we can formally invert this expression,
and because H*(M) is zero in sufficiently large degrees this formal inverse actually
makes sense as an element of H*(M). So we can feel free to write w(E)~!, and we
obtain
w(Ty) ™' = w).

We don’t know anything about v except its rank, which is equal to k. This guar-
antees that w(r) does not have any terms of degree larger than &, and so we obtain
the following simple result [MS| material preceding Theorem 4.8]:

Proposition 34.5. Let M be a compact manifold of dimension n. If M immerses
in R"T* then w(Tyr) ™! vanishes in degrees larger than k.

Let us apply this proposition to RP™. Here we have the identity Tgpr & 1 =
(n+ 1)L (Example [23.10) and so
w(Tkpn) = w(Tepr ®1) = w((n+1)L) = w(L)"™ = (1+2)"*,
where x denotes the generator for HY(RP";Z/2). Taking inverses gives

o0

w(Tgpn) L= (14 2)~ "+ = Z (_(T'l))xi.
i=0
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We can rewrite the coefficient of z, since
(—(W%-H)) (_1)1 (n+1)v(n—;-!2)-~-(n+i) _ (_1)z(n+z)

2

Putting everything together we obtain the following:
Corollary 34.6. If RP" immerses into R"* then ("ji) is even for k <i <n.

The above corollary yields very concrete non-immersion results, but to obtain
these we need to be good at checking when binomial coefficients are even. His-
torically, topologists got pretty good at this because of the presence of binomial
coefficients in the Adem relations. The important result is the following:

Lemma 34.7. Let njn;_1...n9 be the base 2 representation for n; that is, each
nj € {0,1} andn =" n;27. Similarly, let kjkj_1 ... ko be the base 2 representation

for k. Then
() =1IG) modz2

Proof. The result follows easily from three points: (i) (27") is even if 4 is odd; (ii)
(1) = (1) (mod 2); and (iii) (*%7") = (3) (mod 2). For (i) and (i), imagine a
column of the numbers 1 through n and a second “mirror” column containing the
same entries. If 7 is odd, the i-element subsets of the two columns together may
be partitioned into two classes: those which contain more elements from column
A than column B, and those which contain less elements from column A. The
operation of “switch entries between the two columns” gives a bijection between
these two classes, thereby showing that (21") is even.

For (ii), note that the i-element subsets can be partitioned into groups deter-

mined by the number of elements from column A. This gives rise to the formula

Gi) = @G+ (D G2+ + G2) ) + ) (6):
The terms on the right-hand-side are symmetric and so can be grouped in pairs,
except for the middle term which is (2)2 So working mod 2 we have

Gn=("=-

For (iii) just use Pascal’s identity (*21') = (37) + (,;",) together with (i). O

Example 34.8. To determine if (290) is even then we note that 20 is 10100 in base
2, and 9 is 1001. Using the above lemma we compute

20\ _ (1) [0\ (1) (O [0\ _ _
(9) - ((1)(1)(1)8(1)) = (0)(1)(0)(0)(1) =1-0-1-1-0=0.
So (%) is even.

Notice that G) = ((1)) = (8) = 1, whereas ((1)) = 0. So in computations like the
one above, the fnal answer is even if and only if ((1)) appears at least once in the
product—that is, if n has a certain bit turned “off” and the corresponding bit of k
is “on”. In particular, the following three statements are now obvious:

(i) If n = 2" then (7}) is even for all i in the range 0 < i < n.

(ii) If n = 2" — 1 then () is odd for all i < n.

(i) (*") is always even.
The point for the first two is that 2" has all of its bits turned off except for the
rth, whereas 2”1 has all of its bits turned on. For statement (iii) just consider the
smallest bit of n that is turned on, and note that the corresponding bit is off in 2n.
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Corollary [34.6] is most often used in the form below. The proof is immediate
from Corollary

Corollary 34.9. Fix n > 2, and let k be the largest integer such that k < n and
(”Zk) is odd. Then RP™ does not immerse into R"F=1,

Note that k£ will be strictly less than n, as (25) is always even; this conforms with
the Whitney immersion result. As an application of the above corollary, suppose
we want to immerse RP'?. We start with

(20) __ 20-19-18-17-16-15-14-13-12-11

10/ — 10-9-8-7-6-5-4-3-2-1

We have 210 dividing the numerator and 2® dividing the denominator. Start re-
moving factors from the left, one by one from the numerator and denominator
simultaneously, watching what happens to the number of 2’s in each. The fraction
does not become odd until we are looking at (155). So the conclusion is that RP°
does not immerse into RP,

The above process is cumbersome, and with a little investigation it is not hard
to produce a shortcut.

Proposition 34.10. Write n = 2t +d where 0 < d < 2¢. Then the largest k in the
range 0 < k < n such that ("Zk) isodd isk=2"—d—1.

Proof. Note that if j = 2! —d—1 then n+j = 2°T' —1 and so (";"J) is certainly odd.
We must show that ("jﬂ) is even for j in the range 2° —d < j < n. This is the kind
of analysis that is perhaps best left to the reader, but we will give a sketch. Suppose
to the contrary that j is in this range and (”]ﬂ) is odd. Let e = j — (20 —d — 1),
sothat n+j = (2" +d)+e+ (28 —d—1) = e+ (2071 — 1). Let the smallest bit
of e that is turned on be the rth bit; this is also the smallest bit of n + j that is
turned off. Since (”;”) is odd, this bit must be also off in n. If we write e = ¢’ + 27,
then n+j = ¢’ + (2" + 21 —1). The term in parentheses has all bits off from the
(r 4+ 1)st through the ith, and so the bits of n + j agree with the bits of ¢’ (and of
e) in this range. Since (") is odd, every bit of n that is turned on in this range
must also be turned on in n + j—and therefore also in e. We have thus shown that

e The rth bit is off in n but on in e, and

e All bits greater than the rth that are on in n are also on in e.

These two facts show that e > n, which is not allowed since e < j < n. (]

Corollary 34.11. Ifn = 2t + d where 0 < d < 2 — 1 then RP™ does not immerse
into R2' 2. Ip particular, if n = 2 then the immersion dimension of RP™ equals
2n — 1.

Proof. The first line is immediate from Corollary and Proposition [34.10} The
second statement follows from the first together with the Whitney theorem saying
that RP"™ immerses into RZ"~1. O

Let us now change gears just a bit and consider embeddings. We can also use
characteristic classes to give obstructions in this setting. The key result is the
following:

Proposition 34.12. Suppose M is a compact n-manifold that is embedded in R™ .
Then wy(v) = 0 where v is the normal bundle.
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Proof. Choose a metric on v and let S(v) be the sphere bundle. If p: S(v) — M
denotes the projection map, then clearly p*v splits off a trivial bundle: p*v =10 F
for some rank k£ — 1 bundle E on S(v). From this it immediately follows that
0 =wi(p*v) = p*(wi(v)).

The proof will be completed by showing that p*: H*(M;Z/2) — H*(S(v);Z/2)
is injective. Let U be a tubular neighborhood of M in R™**  arranged so that its
closure U is homeomorphic to the disk bundle of v. Write U for the boundary,
which is isomorphic to S(v). We have the long exact sequence

-— HY(U,0U) — H(U) — H'(OU) — - --
where all cohomology groups have Z/2-coefficients. The projection U — M is a
homotopy equivalence, so our map p* is isomorphic to H*(U) — H*(dU). We can
verify that this is injective by checking that the previous map in the long exact

sequence is zero. We look only at ¢ > 0, as the ¢ = 0 case is trivial.
To this end, consider the diagram below:

Hi(Rn+k’Rn+k _ M) N Hi(RnJrk)

| |

HY(U,80) ——— H(T)

The left vertical map is an isomorphism by excision, and the group in the upper
right corner is zero. So the bottom horizontal map is zero, as we desired. O

Compare the next result to Proposition [34.5

Corollary 34.13. Let M be a compact n-manifold. If M embeds into R"** then
w(Tar) ™t vanishes in degrees k and larger.

Proof. We saw in the proof of Proposition that w(Ty) ™! = w(v). Since v has
rank k, this forced the Stiefel-Whitney classes to vanish in degrees larger than k.
But now Proposition [34.12] also gives us the vanishing in degree k. (]

Corollary 34.14. If RP™ embeds into R"* then (”jj) is even for k < j <n.
Proof. Same as for Corollary O

Corollary 34.15. Letn =2 +d where 0 < d < 2 —1. Then RP™ does not embed
into R2" =1, In particular, if n = 2¢ then the embedding dimension of RP™ equals
2n.

Proof. Let k be the largest integer in the range 0 < k < n such that ("tk) is
odd. Then Corollary [34.14 shows that RP™ does not embed into R™**. But
Proposition [34.10|identifies k = 2 —d — 1, and so n+k = 27! — 1. This proves the
first statement. The second statement is then a consequence of the first together
with the Whitney theorem that RP™ embeds into R?". O

To gauge the relative strength of Corollaries|34.11|and [34.15] see the table below
and compare to Table One gets a clear sense of how far algebraic topology
has progressed since the early days of Stiefel-Whitney classes!
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TABLE 34.16. Stiefel-Whitney lower bounds for the immersion
and embedding dimensions of RP"

n 2134|5678 |9 (1011|1213 |14 |15|16 |17 18
imm> |3 |3|7|7|7|7|15|15|15|15 |15 15|15 | 15| 15|15 |15
emb> (| 4|4|8|8|8[8|16|16 |16 |16 |16 |16 |16 |16 | 16 | 16 | 16

34.17. K-theoretic techniques. One can readily imagine taking the basic ap-
proach from the last section and replacing the Stiefel-Whitney classes with charac-
teristic classes taking values in some other cohomology theory. Atiyah [At3] pursued
this idea using K O-theory, and certain constructions of Grothendieck provided the
appropriate theory of characteristic classes. In this way he obtained some new
non-immersion and non-embedding theorems. We describe this work next.

Earlier in these notes (?7??77) we described the construction of the ~y-operations in
complex K-theory. The same formulas work just as well for KO-theory. Explicitly,
for an element € KO (X) define

Ye(r) = Ao (2) = 1+t [Ma] + (14) (V2] +
Note that v.(z + y) = v¢(z)7:(y). Define 4*(z) to be the coefficient of #* in ~;(x).

So we have ‘ ‘
wE+y) = > ¥ (@) ()
i+j=k
Note also that 3 (1) =14 5 = 5 =1+t + >+
For a vector bundle E over X define
A (E) = v (F —rank F) = thﬂ;(i)E) = %at)(ri)kE =y (E)-(1— t)rankE.

One should think of this as just being a renormalization of the ; construction; note
that 4 (E) = 1 if E is a trivial bundle. Observe that we still have the analog of the
Whitney formula:

WE® F) = 3(E e F— k(B + F)) =

¢ ((E — rank E) + (F — rank F))
vt (E — rank E)v;(F — rank F)
Fe (E)A: (F).

If L is a line bundle then

(L) =mL)-(1—t)=[1+5[L]] -1 —t) =1—t+t[L] = 1+ t([L] - 1).
So 41(L) =[L] — 1 and #;(L) = 0 for 7 > 1.

Finally, we observe that if F is a rank k bundle then 4;(F) = 0 for all i > k.
This is because

5(E) = A (B)(1— ) = S (1A E] - (1 — ) th A )
i=0
Clearly the final expression is a polynomial in ¢ of degree at most k.
Compare the following result to Proposition and Corollary 34:13]

Proposition 34.18. Let M be a compact n-manifold. If M immerses into R"T*
then the power series 4;(Tar) ™! vanishes in degrees larger than k. If M embeds into
R"** then 7¢(Tas) ™" vanishes in degrees k and larger.
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Proof. The proofs are the same as before. If M immerses into R"** then Th; @ v =
n + k where v is the normal bundle. So 3¢ (Ta)%:(v) = % (T ®v) = u(n + k) = 1,
and so 4;(Thr) ™! = 4 (v). But since v has rank k we have ;(v) = 0 for i > k.

For the second part of the proposition we need to prove that if M embeds into
R™* then 75 (v) = 0. The proof is exactly the same as for Proposition O

For the following proposition, recall that ¢(n) denotes the number of integers s
such that 0 < s < n and s is congruent to 0, 1, 2, or 4 modulo 8.

Corollary 34.19 (Atiyah).
(a) If RP™ immerses into R"*F then 29" =3+1 divides (”;‘J) for k < j <p(n).
(b) If RP™ embeds into R"** then 290 =i+1 divides ("jj) fork <j < p(n).
Proof. Recall that 1® Trp» = (n+ 1)L, as in Example We get

3e(Tepn) = 3(Tapr & 1) = Au((n+1)L) = 5(L)" = (L4+0)""
where A = [L] — 1 € KO°(RP™). So

5T )™ = (L4 00) 70D = 7 (FOD) N g = S (1) () -
j=0 j=0

If RP" immerses into R"** then by Proposition [34.18 (”;.rj))\j =0in KO°(RP")
for all k < j. If RP™ embeds into R"** then (”;.”)/\j =0 for all k < j.

Now we recall from Theorem |32.14] that I?éO(RP") >~ 7/(2#™) and that \ is a
generator. Also recall that A\ = —2)\, or M = (—2)7~!\. The desired conclusions
follow immediately. O

Corollary is best used in the following form. Let o(n) denote the largest
value of j in the range 1 < j < ¢(n) for which ("Jﬂ) is not divisible by 2¢("+1-7;
if no such j exists then set o(n) = 0 by default. Then RP™ does not immerse into
R (") =1 and does not embed into R™*t7("),

For some values of n the result of Corollary is stronger than what we
obtained from Corollaries and and for some values of n it is weaker. We

demonstrate some examples:

Example 34.20. For the question of immersions of RP®, we have ¢(8) = 4 and
0(8) = 4. So Atiyah’s result gives that RP® does not immerse into R''.
The Stiefel-Whitney classes, however, told us that RP® does not immerse into R4,

In contrast, for RP'® we have (15) = 7 and ¢(15) = 4. So Atiyah’s result tells
us that RP' does not immerse into R'®. The method of Stiefel-Whitney classes
gives no information in this case.

The table below shows the lower bounds for the immersion dimension of RP"
obtained from Stiefel-Whitney techniques versus the K O-theoretic techniques. The
reader will notice that the Stiefel-Whitney bounds are significantly better when
n = 2'+d and d is small, whereas the K O-theoretic bounds are better for n = 2°4d
when d is close to (but not exceeding) 2¢ — 1.
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TABLE 34.21. Lower bounds for the immersion dimension of RP"

n 2134|567 8|9 (1011 12|13 |14 15|16 |17 |18
SW 3|37 |7|7|7|15|15|15|15|15|15|15|15|31|31]31
KO ||3|3|7|7|7|7|12|13 15|15 |17 |17 1919|2425 |27

n 19 120 1212223 |24 |25]26 (27|28 |29 |30|31]|32]33
S-W |31 31|31 3131|3131 |31|31|31|31|31|31|63]63
KO |27 3131 |31|31|34]35|38|39|40 |41 |42 |43 |48 |49

As an example when n is much larger, the Stiefel-Whitney classes give no infor-
mation on the immersion dimension of RP?*®. By contrast, the Atiyah result gives
that the immersion dimension is at least 355. For n = 2° — 1 the improvement of
the Atiyah bound over the Hopf bound is on the order of .

34.22. Immersions and geometric dimension. So far we have used various
characteristic classes to give lower bounds on the immersion/embedding dimensions
for RP". To close this section we will show how to produce upper bounds for the
immersion dimension, via a geometric result of Hirsch that translates this into a
bundle-theoretic problem. The central tool again ends up being K O-theory. Using
these methods we will completely determine the immersion dimension of RP™ for
n <9.

Let E — X be a vector bundle. Define the virtual dimension of E by the
formula

v.dim E = min{k | E & F @ (rank E') — k for some bundle F of rank k}.

We might say that the virtual dimension is the smallest k such that E is isomorphic
to a stablized rank k bundle. If X is compact then we also have

v.dim E = rank E — max{j | E has j independent sections}.

Note that the virtual dimensions of E and E®1 might be different; the latter might
be smaller than the former. With this in mind we can also introduce the stable
virtual dimension:

sv.dim E = min{v.dim(E & r) |r > 0}
= min{rank F'| F' is a bundle that is stably equivalent to E}.
Finally, we introduce the following related concept. For a € I?@O(X ), define the
geometric dimension of o to be
g.dima = min{k | o + k = [F] for some vector bundle F on X}.
The above three concepts are related as follows:
Proposition 34.23. Let E — X be a vector bundle, where X is compact.

(a) g.dim(E — rank F) = sv.dim(FE) < v.dim(E).
(b) If X is compact and rank E > dim X then sv.dim(E) = v. dim(E).
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Proof. For (a) only the first equality requires proof. This equality is almost a
tautology: for any integer d > 0 we have

sv.dim(E) < d <= there exists an F of rank d such that £ =, F
<= there exists an F' of rank d such that [E] —rank F = [F]| — d
<= there exists a bundle F' such that [E] — rank E + d = [F]
< g.dim(F —rank F) < d.

The desired equality follows immediately.

For (b), let r = sv.dim(FE), k = rank(FE), and note that » < k. Then there
exists a rank r bundle F' such that E' and F' are stably isomorphic: E @ N =
F & (N +k—r) for some N > 0. Since rank(EF) > dim X we can cancel the N
factors to get E = F @ (k — r), by Proposition Hence v. dim(E) < rank(F) =
r = sv.dim(FE). O

The following result of Hirsch [Hi], and its corollary, translate the immersion
problem into a purely homotopy-theoretic question. This is the key to why immer-
sions are better understood than embeddings.

Theorem 34.24 (Hirsch). Let M be a compact manifold of dimension n. For
k > 1 the following statements are equivalent:

(a) M can be immersed in R"HF

(b) There exists a bundle F of rank k such that Tpy @ F is trivial.

(c) There exists an O,,-equivariant map Fr(Ty;) — Vi, (R™F), where Fr(Thy) is the
bundle of n-frames in T)y.

Observe that (a) implies (b) by taking F' to be the normal bundle of the im-
mersion. Also, if ¢: Thy ® FF — n+ k is an isomorphism then any n-frame in
Tar yields an n-frame in R*** by applying ¢; thus, one gets an equivariant map
Fr(Tas) — Vo (R™F). This shows (b) implies (c). So the content of the above theo-
rem is really in (¢)=-(a); this is what was proven by Hirsch, via geometric arguments
[Hi, Theorem 6.1 (taking r = 0 there)]. He actually showed much more, essentially
proving that homotopy classes of immersions from M to R™** are in bijective cor-
respondence with equivariant homotopy classes of maps Fr(Ths) — V,(R"TF). We
will not give Hirsch’s proof here, but we will use the following corollary of his result.
This corollary first appeared in [At3] Proposition 3.2] and in [Sall Theorem 2.1].

Corollary 34.25. Let k > 1, and let M be a compact manifold of dimension n.
Then M immerses in R"* if and only if g. dim(n — Ty) < k.

Proof. We have already seen the ‘only if’ direction when we obtained obstructions
to immersions: if an immersion exists then n + k = T); @ v where v is the normal
bundle, therefore n — Thy = v — k and hence g. dim(n — Tys) = g. dim(v — k) < k.

For the other direction, assume g.dim(n — Tps) < k. So there exists a rank k
vector bundle F' such that n—Ty;+k = F in KO(M). This implies n+k = T+ F
in KO(M), which in turn yields that n+ k+ N 2 Ty & F & N for some N > 0.
Since the rank of Ty @ F is larger than dim M, it follows by Proposition [T1.10] that
we can cancel the N on both sides to get n + k = Ty @ F. Then by Theorem@
we know that M immerses into R™**%.

Remark 34.26. Note in particular that if M is parallelizable then M immerses
into R"*! (taking k = 1 in Corollary [34.25] since k = 0 is not allowed).
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We now specialize again to the case of M = RP". Here we have
n—Tapr = (n+1) = (L& Topn) = (n+1) = (n+ 1)L = (n+1)(1  L).

Proposition 34.27. For n < 8 the immersion dimension of RP™ is as given in

Table[34.2

Proof. Given the lower bounds given by Stiefel-Whitney classes (see Table ,
we only have to demonstrate the required immersions. The fact that RP® immerses
in RS is a special case of Whitney’s classical theorem. Both RP? and RP7 have
trivial tangent bundles, and so by Remark they immerse into R* and RS,
respectively.

For RP® we must calculate the geometric dimension of 7(1—L) = —7(L—1). But
©(6) = 3, and so KO (RP®) 2 Z/8. Hence 8(L—1) =0, and so —=7(L—1) = L — 1.
The geometric dimension of L — 1 is clearly at most 1, and so by Corollary
RPY immerses into R7.

A similar argument works to show that RP? immerses into R3 (or one can just
construct the immersion geometrically). (I

The reader should note why the above result stopped with RP®. For RP?
one finds that the immersion problem boils down to determining the geomet-
ric dimension of —10(L — 1) = 22(L — 1) (here we used that ¢(9) = 5 and so
I?BO(RPQ) = 7Z/32). The precise value of this geometric dimension is far from
clear. We will close this section by analyzing it completely, following Sanderson
[Sal]. However, we take a short detour to illustrate some general principles.

Recall that for general n we have n — Tgp» = (n + 1)(1 — L). We would like to
interpret the geometric dimension of this class as being a stable virtual dimension,
but for this we would need to be looking at a positive multiple of L — 1 rather than
1 — L. There are two ways to get ourselves into this position. The first, which we
have already seen, proceeds by recalling that L — 1 has order 2¢(™) in I?é(RP").
So we can write

n—Trpr = —(n+1)(L—1) = (29 — (n +1))(L - 1)
and hence
g.dim(n — Tgp») = g. dim([gw(n) —(n+ 1)}L — [Qw(n) —(n+ 1)])
= sv.dim([2¢0) — (n+ 1] L)
The second approach is from Sanderson [Sa2l Lemma 2.2]:

Proposition 34.28. For the bundle L — RP", the statement g. dim(a(L —1)) <b
is equivalent to g.dim((b— a)(L — 1)) <b, for any a,b € Z with b > 0.

Proof. 1t suffices to prove the implication in one direction, by symmetry. So suppose
g.dim(a(L — 1)) < b. This implies that a(L — 1) + b= E in KO°(RP"), for some
rank b bundle E. Multiply by L to get a(1 — L) +bL = E® L, and then rearrange
to find (b—a)(L —1) + b= E® L. This yields that g.dim((b—a)(L —1)) <b. O
Corollary 34.29. Let L — RP"™ be the tautological bundle. For k > 0 the following
statements are equivalent:

(1) RP™ immerses into R"k,
(2) g.dim(—(n+1)(L —1)) <k,
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(8) g.dim((n+k+1)(L —1)) <k,
(4) g -dim([2¢0") — (n+ 1)] (L — 1)) < k.

L —

Proof. The equivalence (1) <= (2) comes from Corollary |34.25] and (2) <= (3)
is by Proposition [34.28] Finally, (2) <= (4) is true because 2#(™) (L — 1) = 0 in
KO°(RP™). O

Part (3) of the above result, which is the part that comes from Proposition
will not be needed in the remainder of this section. But we record it here for later
use.

We close this section by settling the immersion problem for RP?:

Proposition 34.30 (Sanderson). The immersion dimension of RP? equals 15.

This result is from [Sall Theorem 5.3]. Sanderson proves much more than this,
for example that RP™ immerses into R?”~3 whenever n is odd. He also proved that
RP immerses into R'6, which ends up being the best result for both RP! and
RP'.

Proof. The lower bound of 15 is given by Stiefel-Whitney classes, as in Table 3421}
So we only need to prove that RP? immerses into R'>. By Corollary this is
equivalent to g. dim(22(L—1)) < 6, and is also equivalent to g. dim(16(L—1)) < 16.
The proof below works for both statements, but for specificity we just prove the
former. Note that what we must prove is equivalent to sv.dim(22L) < 6, by
Proposition [34.23] We will outline the steps for this, and then give more details
afterwards.

Step 1: There exists a rank 4 complex bundle E on RP? such that rg E is stably
equivalent to 22L (recall that rg E' denotes the real bundle obtained from E by
forgetting the complex structure).

Step 2: The bundle F|gps has a nonzero section s.

Step 3: The bundle rg E|gps has a field of (real) 2-frames.

Step 4: For N > 0 the field of real (2 + N)-frames of (rgE @ N)|gps may be
extended over RP?.

Step 5: sv.dim(22L) = sv.dim(rg E) < 6, hence RP? can be immersed into R'.

We now justify each of these steps. For step 1 use that rg: K(RP") —
KO(RP™) has image equal to (2(L — 1)), by Theorems [32.14| and [32.17 Since
22 is even, there is a complex bundle E on RP? such that rg E is stably equivalent
to 22L. The bundle E is represented by a map RP? — BU, and such a map nec-
essarily factors up to homotopy through BU(4): for this, use obstruction theory
and the homotopy fiber sequences S?"~! — BU(n — 1) — BU(n). For a map
RP? — BU(n) to lift (up to homotopy) into BU(n — 1), one has obstructions in
the groups H*(RP%;m;_15%"~ 1) for 0 <i < 9. But as long as 5 < n the homotopy
groups m;—15?" ! vanish in this range, so all the obstruction groups are zero.

For step 2 we again proceed by obstruction theory. We have the sphere bundle
S(E|gps) — RP® with fiber S7, and all the obstruction groups vanish except for
the last one: H®(RP®;77S7). The coefficents are untwisted because the complex
structure gives a canonical orientation to each fiber. This final obstruction class
is the same as the Euler class of rgE, or equivalently the top Chern class of FE.
Since H3(RP®;7Z) = 7/2 it will be sufficient to compute the mod 2 reduction of
this class, which is the top Stiefel-Whitney class wg(rrE). Now we use that rg E is
stably isomorphic to 22L, so the total Stiefel-Whitney class is w(rgE) = w(22L) =
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w(L)? = (1 +z)?2. Hence ws(rrE) = (%)z®. Since (%) is even, the obstruction
class vanishes and we indeed have a nonzero section.

Step 3 is trivial: the sections s and is give the field of real 2-frames.

Step 4 is obstruction theory yet again. If F = rg E'® N then we have a (partial)
section of Vy42(F) — RP? defined over RP®, and we must extend this to all of
RP?. The obstruction lies in H?(RP?; 7g(Vy12(RN*#))). But the homotopy group
in the coefficients is known to be zero for large enough N, by 7777,

Step 5 is now immediate: rg £ @ N has rank 8 + N and has 2 + N independent
sections, hence v.dim(rgF @ N) < 6. So sv.dim(rgFE) < 6 as well. Since rgFE is
stably equivalent to 22L, sv.dim(22L) = sv. dim(rg E) < 6. O

The arguments in this section naturally suggest the following problem, which is
open:

Problem: Given n and k, compute the geometric dimension of k([L] — 1) €
KO (RP™).

Over the years this problem has been extensively studied by Adams, Davis, Gitler,
Lam, Mahowald, Randall, and many others. See Section [35.14] for a bit more
discussion.

34.31. Summary. In this section we obtained two sets of non-immersion/non-
embedding results, one using Stiefel-Whitney classes in mod 2 singular cohomology
and the other using the 7 classes in K O-theory. We also translated the immersion
problem into a question about geometric dimension of reduced bundles, and for
RP™ we completely solved this question for n < 9. As we have said before, this is
far from the whole story—in fact it is just the very tip of a large and interesting
iceberg. We refer the reader to the references cited in [Da] for other pieces of the
story.

35. THE SUMS-OF-SQUARES PROBLEM AND BEYOND

This section is in some ways an epilogue to the previous one. In the last section
we started with a geometric problem, that of immersing RP™ into Euclidean space.
We then used cohomology theories and characteristic classes to obtain necessary
conditions for such an immersion to exist: we obtained two sets of conditions, one
from mod 2 singular cohomology and one from K O-theory. In the present section we
start with an algebraic problem, one that at first glance seems completely unrelated
to immersions. It is the problem of finding sums-of-squares formulas in various
dimensions, which we encountered already back in Section (we will review the
problem below). Once again we will use cohomology theories to obtain necessary
conditions for the existence of such formulas. The surprise is that these conditions
are basically the same as the ones that arose in the immersion problem! This is
because both problems lead to the same homotopy-theoretic situation involving
bundles over real projective space.

In theory the present section could be read completely independently of the last
one. But because the underlying homotopy-theoretic problem is the same, we refer
to the previous section for many details of its analysis.
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35.1. Review of the basic problem. Recall that a sums-of-squares formula
of type [r, s,n] (over R) is a bilinear map ¢: R” ® R®* — R™ with the property
that

(35.2) |6(z,9)* = |o(x) | - [o(y)]?
for all z € R" and y € R®. If we write x = (x1,...,2,) and y = (y1,...,Ys)
then ¢(x,y) = (21,. .., 2,) where each z; is a bilinear expression in the z’s and y’s.

Formula becomes

@+ dal) - i+t =2+t
We will sometimes refer to an “[r, s, n]-formula” for short. Note that if an [r, s, n]-
formula exists then one trivially has [i, j, k]-formulas for any ¢ < r, j < s, and
k> n.

For what values of r, s, and n does an [r, s, n]-formula exist? This is the sums-
of-squares problem. Said differently, given a specific r and s what is the smallest
value of n for which an [r, s, n]-formula exists? Call this number r x s. As with the
immersion problem, there are two aspects here. One is the problem of constructing
sums-of-squares formulas, thereby giving upper bounds for r * s; the other is the
problem of finding necessary conditions for their existence, thereby giving lower
bounds. The latter is the part that involves topology.

The sums-of-squares formulas that everyone knows are the ones coming from the
multiplications on R, C, H, and Q. These haves types [1,1,1], [2,2,2], [4,4, 4], and
[8,8,8]. Hurwitz proved than an [n,n,n] formula only exists when n € {1,2,4, 8},
and the Hurwitz-Radon theorem generalizes this:

Theorem 35.3 (Hurwitz-Radon). A sums-of-squares formula of type [r,n,n| exists
if and only if r < p(n) + 1.

Proof. Write n = (odd) - 2014 with 0 < a < 3. Recall from Theorem that
an [r,n,n|-formula exists if and only if there exists a Cl._j-module structure on
R™. We saw in Section [14] that representations of Cl,._; only exist on vector spaces
whose dimension is a multiple of 2#("=1)_ Thus, we have the chain of equivalences

an [r,n,n]-formula exists <= there exists a Cl,_;-module structure on R"

= 2¢0D|p

— p(r—1)<a-+4b

— r—1<248—1=p(n).
For the last equivalence note that ¢(2% +8b — 1) = p(2* — 1) + 4b = a + 4b, where
the first equality is the 8-fold periodicity of ¢ and the second is just a calculation
for 0 < a < 3. Moreover, 2% 4+ 8b — 1 is the largest number whose p-value is a + 4b;
by periodicity this can again be checked just for b = 0 and 0 < a < 3. So in general
we have ¢(s) < a4+ 4b= p(2% 4+ 8b — 1) if and only if s < 2% 4 8b — 1; this is what
is used in the final equivalence. O

Remark 35.4. Note that if there exist formulas of type [r,si,n1] and [r, s9, no]
then there is also a formula of type [r,s1 + $2,11 + no] (by distribuitivity). This
says that

r* (814 82) <7 * 8y 47k So.
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Also notice that 7 x s < (r + a) % (s + b) whenever a,b > 0, because a formula of
type [r + a, s + b, n] automatically yields one of type [r, s,n] by plugging in zeros
for a of the x’s and b of the y’s.

The classical identities show that 2% 2 = 2, 4 x4 = 4, and 8 *x 8 = &8, and it is
trival that n x 1 = n. Using these together with the observations of the previous
paragraph, one can obtain upper bounds on r*s. For example, 310 < 12 because

3x10<3*%x8+3%x2<8x8+4%x4=8+4=12.

The following table shows what is known about r * s for small values of r and
s. For r < 8 the values completely agree with the upper bounds obtained by the
above methods.

TABLE 35.4. Values of r * s

[ 2[3]4]5]6]7[8][9]10] 11 [12[13[14[15]16]17 |
2 [[2]4]4]6]6][8[8]10]10] 12 [12]14[14[16]16]18
3 4l4f7]88[8]11]12] 12 [12[15[16 |16 [16[19
4 A8 [8]8[8]12]12] 12 [12[16[16 |16 16|20
5 8[8[8[8]13[14] 15 [16[16[16[16[16 |21
6 8881414 16 [16[16[16 161622
7 8[8]15[16] 16 [16[16[16|16[16 |23
8 8[16]16] 16 [16[16[16[16]16[24
9 16 [ 16 [ [16,17] | 77
10 16 | [16,17]

11 17

To justify the numbers in the above table we have to produce lower bounds for
r % s. For example, we have to explain why there do not exist formulas of type
[5,10,13]. Almost all the known lower bounds come from topological methods; we
will describe some of these next.

35.5. Lower bounds via topology. Here is the key result that shows how a
sums-of-squares formula gives rise to something homotopy-theoretic:

Proposition 35.6. If an [r, s, n|-formula exists then there exists a rank n—r bundle
E on RP*™! such that rL & E = n (here rL is the direct sum of r copies of L).

Proof. Let ¢: R” @ R® — R"™ be the map giving the sums-of-squares formula. If
u € R® is a unit vector, check that ¢(eq,u), ..., ¢(e,,u) is an orthonormal frame in
R™. This is an easy consequence of the sums-of-squares identity; it is an exercise,
but see the proof of Corollary if you get stuck. In this way we obtain a
map f: 57! — V,.(R"). Compose with the projection V,.(R") — Gr,(R") and
then note that the map factors to give F: RP*™' — Gr,(R™). Precisely, given
a line in R® spanned by a vector u its image under F' is the r-plane spanned by

(b(ehu)a .. .7¢(6Tau)'
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Let 7 be the tautological r-plane bundle on Gr,(R™). We claim that F*n = rL.
This follows from the commutative diagram

rL n

L

RPs_l HF Grr(Rn)

where the top map is described as follows. Given r points on the same line (u) we
write them as Aju, ..., A.u and then send them to the element Aj¢(eq,u) + -+ +
Ar@(er,u) on the r-plane F({u)). One readily checks that this does not depend
on the choice of u; in fact, we could just say that points z1,..., 2. on a common
line ¢ are sent to the element ¢(e1,z1) + -+ + d(er, 2) on F(€). The fact that
o(er,u),...,o(e,, u) are orthonormal (hence independent) shows that F is injective
on fibers, hence an isomorphism on fibers. This shows that F*n = rL.

We have now done all the hard work. To finish, just recall that n sits inside
a short exact sequence 0 — n — n —  — 0 where @ is the standard quotient
bundle. This sequence is split because Gr,.(R™) is compact. Pulling back along F
now gives rL & F*Q = n, as desired. ([l

The following result was originally proven independently by Hopf [Ho] and Stiefel
[St]; Stiefel’s method is the one we follow here.

Corollary 35.7 (Hopf-Stiefel). If an [r, s, n]-formula exists then the following two
equivalent conditions hold:

(1) ("1 s even forn —r <i<s;

(2) (%) is even forn —r <i < s.

Proof. By Proposition we know that rL & F = n for some rank n — r bundle
on RP*~!. Applying total Stiefel-Whitney classes gives w(rL)w(E) = w(rL®F) =
w(n) = 1, or w(E) = w(rL)™! = w(L)™". So w(L)~" vanishes in degrees larger
than n—r. But w(L) = 14z where z is the generator for H'(RP*~';7/2), and the
coefficient of 2 in (1 +2)™"is (7") = ("77!) (recall that we are working modulo
2). So (H':;_l) is even for n —r < i <s.

The equivalence of the conditions in (1) and (2) follows at once from the lemma
below, taking k =n—r+1 and i = r + s —n — 2 (note that conditions (1) and (2)
are both vacuous unless i > 0). O

Lemma 35.8. For any non-negative integers n, k, and i, the following Z-linear
spans are the same inside of Q:

_ +1 +i
20, ) () =20 G- )
Consequently, an integer is a common divisor of the first set of binomial coefficients
if and only if it is a common divisor of the second set.
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Proof. Taking first differences and using Pascal’s identity shows (via multiple iter-
ations) that

20, G () = 2{() () Ga)s G (1))

1) () (D)

I
N
. /\
—
>3
S—
—
x>
+ 3
—
SN—
—
B
3

= Z<(Z), (k$1)=7(kiz)>
([

Example 35.9. Does a formula of type [10,10, 15] exist? If it did, statement (2)
of Corollary would imply that (1i5) is even for 5 < ¢ < 10. But (165) is odd.

The full power of the numerical conditions in Corollary is subtle, and one
really needs a computer to thoroughly investigate them. But the following conse-
quence represents much of the information buried in those conditions:

Corollary 35.10. Ifr + s > 2% then r % s > 2F.

Proof. We must show that if 7 + s > 2¥ then formulas of type [r, s, 2¥ — 1] do not
k

exist. If they did, the Hopf-Stiefel conditions would imply that (2 ;1) is even for ¢ in

the range 28 —1—r < i < s. But (Qkfl) is odd no matter what 7 is, so the conditions

are only consistent if the range is empty —or equivalently, if 28 —1 —7 > s —1. The
hypothesis r + s > 2* guarantees that this is not the case. O

For example, sums-of-squares formulas of type [16,17,n] must all have n > 32.

For r < 8 the Hopf-Stiefel lower bounds for r * s turn out to exactly match
the upper bounds obtained via the constructive methods of Remark So this
justifies the numbers in Table [35.4] for the range r < 8.

35.11. K-theoretic techniques. We can also analyze the implications of Propo-
sition using K O-theory. This was first done by Yuzvinsky [Y]. Note that one
could also use complex K-theory here, but KO-theory gives stronger results: the
point is that K°(RP™) and KO°(RP™) are almost the same, but for certain values
of m the latter group is slightly bigger (by a factor of 2).

Corollary 35.12 (Yuzvinsky). If an [r, s, n|-formula exists then the following two
equivalent conditions hold:

(1) 2¢6=D=H1 divides ("1 forn —r < i < (s —1);

(2) 2¢6=D=+1 divides (") forn —r <i < (s —1).

Proof. Proposition m gives that rL @& E = n for some bundle £ on RP*~!. We
again use characteristic classes, but this time the ¥ classes in K O-theory. We find
that 5:(F) = 4:(L)™", and so 4(L)~" must vanish in degrees larger than n — r.
Recall that 7;(L) = 1 —t\ where A = 1 — [L], and so the coefficient of ¢ in 7;(L)™"
is +(7")A = £("T 1) 2071\, Here we have used A2 = —2).

Recalling that KOO(RP*™!) = 7/(2¢(=D), we find that 29~ divides
2i—1 (H'i_l) for all ¢ > n —r. This statement only has content for ¢ < ¢(s—1), and
thus we obtain the condition in (1).
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The equivalence of (1) and (2) is an instance of the following general observation:
the sequence of conditions

2YG)s 2 Gy 2V G 2V G

is equivalent to the sequence of conditions

2|1, 2V Gy 2V PGS 2V G-
This follows at once by applying Lemma [35.8| multiple times, withi =1,i =2, ...,
i = j. O

The Hopf-Stiefel conditions are symmetric in r and s, but this is not true for
the K O-theoretic conditions in the above proposition. For example, applying the
conditions yields no information on [3, 6, n]-formulas except n > 6, whereas applying
the conditions to [6,3, n]-formulas yields n > 8. One must therefore apply the
conditions to both [r,s,n] and [s,r,n] to get the best information.

Example 35.13. Like we saw for the immersion problem, in some dimensions the
K O-theoretic conditions are stronger than the Hopf-Stiefel conditions—and in some
dimensions they are weaker. Neither result is strictly stronger than the other.

For example, the Hopf-Stiefel conditions show that 4 * 5 > 8 whereas the KO-
conditions only show 45 > 7. The smallest dimension for which the K O-theoretic
conditions are stronger is when = 10 and s = 15. The Hopf-Stiefel conditions rule
out the existence of [10, 15, 15]-formulas, but not [10,15,16]. The K O-conditions
rule out [15, 10, 16], however, and therefore also [10, 15, 16] by symmetry.

To pick a larger example, the Hopf-Stiefel conditions show that 127 « 127 > 128
but the K O-conditions show that 127 x 127 > 183. The K O-conditions seem to
give their greatest power when r and s are slightly less than a power of 2.

35.14. Other problems. A careful look at Proposition shows that one can
make the argument work with something much weaker than a sums-of-squares for-
mula. Specifically, all we needed was a bilinear map f: R” ® R®* — R" such that
f(z®y) = 0 only when = 0 or y = 0. Such a bilinear map is usually called nonsin-
gular. Given such a map and a nonzero u € R", the elements ¢(u,e1), ..., d(u,e,)
are necessarily linearly independent—and this is really all that was needed in the
proof of Proposition [35.6

We can replace our sums-of-squares problem with the following: given r and s,
for what values of n does there exist a nonsingular bilinear map of type [r, s, n|?
The topological obstructions we found for sums-of-squares formula are of course
still valid in this new context.

The existence of nonsingular bilinear maps turns out to be related to the im-
mersion problem for real projective spaces. More than this, both problems are
connected to a number of similar questions that have been intently studied by al-
gebraic topologists since the 1940s. Many of these problems were originally raised
by Hopf [Ho]. This material takes us somewhat away from our main theme of K-
theory, but it seems worthwhile to tell a bit of this story since we have encountered
it.

To start with, let us introduce the following classes of statements:
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SS[r, s,n]: there exists a sums-of-squares formula of type [r, s, n]
NS[r,s,n]: there exists a nonsingular bilinear map R” ® R® — R"
RR|[r,s,n|: there exist nx s matrices Ay, ..., A, with the property that every

nonzero linear combination of them has rank s
T[r,s,n]: the tangent bundle Tgp» has s independent sections when re-
stricted to RP"

IS[r,s,n]: the bundle nL — RP" has s independent sections
GDJr, s,n]: over RP" one has g.dim(n(L — 1)) <n—s
ES[r,s,n]: the ‘first-vector’ map p;: Vs(R"*') — S™ has a Z/2-equivariant

section over the subspace S” C S™. Here Z/2 acts antipodally
on R™"*1 and both V,(R"*1) and S™ get the induced action.
AX]r,s,n]: there exists an “axial map” RP" x RP® — RP"; this is a map

with the property that the restrictions RP" x {x} — RP" and
{*} xRP® — RP" are homotopic to linear embeddings, for some
choice of basepoints in RP" and RP?

IM[r,n]: RP" immerses into RP"

VF[k,n]: there exist k independent vector fields on S™.

The acronyms are mostly self-evident, except for a few: RR stands for “rigid rank”,
IS for “independent sections”, and ES for “equivariant sections”.

The above statements are closely interrelated, as the next result demonstrates.
We should point out that very little from this result will be needed in our subsequent
discussion. We are including it because most of the claims are easy to prove, and
because the various statements get used almost interchangeably (often without
much explanation) in the literature on the immersion problem.

Proposition 35.15.

(a) GD[r,s,n] <= GD[r, —n, —s]

(b) M[r,n] < GD[r,—(n+1),—(r+1)] <= GD[r,r+1,n+1]
(c) T[n,k,n] = VF[k,n]

(d) One has the following implications:

SS[r, s,n] === NS[r, s,n] <=2 RR]r, 5, ] —1,8,n—1]

I /

GD[r—1,s,n] < 1S[r —1,5,n] <=T[r—1,s—1,n—1] AX[r—1,5s—1,n—1]

(e) If r < n then implication 4 is reversible, and if r < n then 5 is reversible.
(f) If r <mn and r < 2(n — s) then implication 6 in (d) is also reversible.

Proof. Part (a) is Proposition and part (b) is Corollary we have seen
these already. Part (c) follows from the fact that Tgn = p*Tgrp» where p: S™ —
RP" is the projection.

For part (d), the first implication is obvious. The others we treat one by one.
NS[r,s,n] <= RR][r,s,n]: The equivalence follows from adjointness, as bi-
linear maps f: R™ ® R® — R"™ correspond bijectively to linear maps F': R" —
Hom(R#®,R™). The linear map F is specified by the n x s matrices F(e1),..., F(e;).
It is easy to verify that f is nonsingular if and only if all nontrivial linear combi-
nations of these matrices have rank s.
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RR|[r,s,n] = T[r—1,s—1,n—1]: First note that the tangent bundle of RP" is
the collection of pairs (z,v) such that z,v € R”, |x| =1, and « - v = 0, modulo the
identifications (z,v) ~ (—z, —v). Secondly, note that since NS[r, s, n] is symmetric
in r and s the same is true for RR[r, s,n]. The condition RR[s,r, n] says that we
have n x r matrices A1,..., As such that every nontrivial linear combination has
rank r. Multiplying these matrices on the left by a fixed element of GL,(R), we
can assume that the columns of A, are the standard basis eq,...,e,.

For every z € ST=1 C R" C R" consider the independent vectors
Arx, Asz, Asx, ..., Asz. Note that Az = x. Let u;(z) = Ajz — (A;x - x)xz. Then
uz(x),...,u,(z) are independent, and orthogonal to x. Since u;(—x) = —u;(z) for
each i, these give us s — 1 independent sections of Ty pn—1 defined over RP™ 1.
T[r—1,s—1,n—1] = IS[r—1, s, n]: This follows from the bundle isomorphism
TRPnfl ®1=nlL.

IS[r — 1,s,n] = GD[r — 1, s, n]: Trivial.

Tr —1,s —1,n — 1] <= ES[r — 1,s,n — 1]: First note that the frame
bundle V;_1(Tgpn-1) is homeomorphic to Vz(R™)/ + 1 in an evident way. Under
this homeomorphism the projection Vi_q(Tgpn-1) — RP™ ! corresponds to the
first-vector map V5(R")/+£1— S"~1/+1. So T[r —1,s — 1,n — 1] is equivalent to
the latter bundle having a section over S"~1/ & 1. But then consider the diagram

Ve(R") — V5(R")/ £ 1

| l

§n—l ——— 51/ 41

where the two horizontal maps are 2-fold covering spaces. This is a pullback square.
It is easy to see that the right vertical map has a section defined over S™~!/ 4+ 1 if
and only if the left vertical map has a Z/2-equivariant section defined over S"~1.
ES[r—1,s,n—1] = AX[r —1,s—1,n —1]: Note that there is an evident map
Vs(R™) — Top(S*~1, 8™ 1) that sends a frame vy, ..., v, to the map (ay,...,as) —
ajvy + - + asvs. So a section y: S"7! — V,(R") gives by composition a map
STt — TJop(S*~1,571), and then by adjointness a map g: S”~! x §5~1 — gL,
The fact that y was a section of the first-vector map shows that g(x,e;) = x for
all x € S~ Also, it is clear that g(e;,—) is a linear inclusion S5~! — Sn~1
(there is nothing special about e; here). The Z/2-equivariance of x shows that
g(—z,y) = —g(z,y), and the similar identity g(x, —y) = —g(x,y) is trivial. So ¢
descends to give a map RP"™! x RP*™! — RP" ! and this map is axial.

For (e), the reversibility of both implications is governed by stability theory
of vector bundles. For example, assume IS[r — 1,s,n]. Then nL = s ¢ E for
some bundle E of rank n — s, where we are working over RP"~!. Recall that
F*Tppn—1 @12 nL, where j: RP"! < RP" ! is the inclusion. So j*Tgpn-1 &1 =
sOF = 1@ ((s—1)@®E). Since we are working over RP" ! and r—1 < n—1, we can
cancel the 1 on both sides to get j*Tgrpn-1 = (s — 1) & E (see Proposition [T1.10).
This says that T[r — 1,s — 1,n — 1] holds. The reversibility of implication 5 is very
similar, and is left to the reader.

Part (f), on the reversibility of implication 6, is the only part of the proposition
that is not elementary. Let Top, /2(55*1, S"~1) denote the space of Z/2-equivariant
maps, where the spheres have the antipodal action. This is a subspace of the usual
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function space Top(S*~1,8"~1). Note that the space of equivariant maps has a
Z/2-action, given by composing (or equivalently, precomposing) a given map with
the antipodal map. James [JI] shows that the evident map ‘.TopZ/Q(szl, Sy —
Top(RPS1, RP”fl) is a principal Z/2-bundle with respect to the above action.

We will also have need of the evaluation map ev: Topy (5571, ") — S+
sending h +— h(ey). James [J1] shows that this is also a fibration.

Note that the Stiefel manifold V;(R") is a subspace of Topy (871,57 71) in the
evident way, and that the following diagram commutes:

Vs(R™) Topzo (S5, 5m71)
R /
sn—1

James [JT, Theorem 6.5] proved that V(R") < Topy, (S, 8" 1) is [2(n—s) —1]-
connected, and this is the crucial point of the whole argument.

Suppose f: RP™! x RP*™' — RP" ! is an axial map. By the homotopy ex-
tension property we can assume that f(x,—) and f(—,x*) are both equal to the
canonical embeddings, where # refers to some chosen basepoints in RP"~! and
RP*'. The axial map f gives a map F: RP"™' — Top(RP*"!,RP"!) by ad-
jointness. Regard the target as pointed by the canonical embedding j, and note
that F'is a pointed map.

Covering space theory gives that there is a unique map F: S™"!' —
Topz5 (57", 8™ 1) such that F(%) is the canonical embedding S5~ < §"~1 and
such that the diagram

Sr—t . Topzo(S°~1,8m71)

| |

RPT—I L ‘J‘Op(RPS—17RPn—1)

commutes. We claim that F is 7. /2-equivariant, and that the composition ev oF is
the standard inclusion S™~1! < S™"~1. Both of these are easy exercises in covering
space theory. The latter statement depends on the so-far unused portion of the
axial map condition on f.

If # —1 < 2(n — s) — 1 then by James’s connectivity result the map F can
be factored up to homotopy through Vi(R™). Moreover, this can be done in the
category of Z/2-equivariant pointed spaces over S™~! (the only hard part here
is the Z/2-equivariance, and for this one uses that S”~! has an equivariant cell
decomposition made from free Z/2-cells). In this way one produces the relevant
equivariant section of the map V,(R") — S»~ 1. O

Remark 35.16. We have included the above proposition because it is very useful
as a reference. However, it should be pointed out that there is something slightly
deceptive about part (d). Some of the implications are more obvious than the long
chains would suggest. For example, NS[r, s,n] = AX[r —1,s — 1,n — 1] is a very
easy argument of one or two lines. Likewise, NS[r,s,n] = GD[r — 1,s,n] is just
the argument in Proposition m The picture in (d) is useful in showing all the
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relations at once, but it makes some of the statements seem more distant than they
really are.

The reader will have noticed that Proposition [35.15| encodes several things that
we have seen before. Some are transparently familiar, like parts (a) and (b). A less
transparent example is

SS[r,n,n] < SS[n,r,n] = Tn—1,r—1,n—1] = VF[r —1,n —1].

This was the content of Corollary In constrast, here is a similarly-obtained
implication that we have not seen yet:

NS[r,r,n] = GD[r — 1,7,n] < IM[r—1,n—1].

From this we learn that immersion results for real projective space can be obtained
by demonstrating the existence of nonsingular bilinear maps. This approach was
successfully used by K.Y. Lam in [LI]. We briefly sketch his method simply to give
the basic idea; for details the reader may consult [LI] and similar papers.

Recall that O denotes the octonions. Consider the map f: 0% x 0? — Q3 given
by

f((ul, UQ), (1‘1, IQ)) = (ulxl — fQ’UJQ, U1 —+ Ugfl, Ul — :CQUQ).

With a little work one can prove that this is nonsingular. Also, it is a general
fact about the octonions that for any a,b € O the commutator [a,b] = ab — ba
is imaginary. So the image of f actually lies in the 23-dimensional subspace of
0? where the real part of the third coordinate vanishes. So f gives a nonsingular
bilinear map of type [16,16,23]. This shows that RP'® immerses into R?2. By
restricting f to appropriate subspaces Lam also obtained nonsingular bilinear maps
of types [11,11,17], [13,13,19], and [10, 10, 16], thereby proving that RP'® immerses
into R'6, RP'? immerses into R'®, and RP? immerses into R®.

35.17. Summary. In this section we examined the sums-of-squares problem, and
saw how characteristic classes can be used to obtain lower bounds for the numbers
rxs. Use of Stiefel-Whitney classes in singular cohomology yielded the Hopf-Stiefel
lower bounds on r % s, whereas the use of the ~-classes in KO-theory gave the
Yuzvinsky lower bounds. This story is very similar to the one for immersions of
RP™ discussed in Section and in fact the sums-of-squares problem is closely
connected to this immersion problem. We closed the section by exploring the
relations between these and a host of similar problems.
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Part 6. Homological intersection theory

36. THE THEOREM OF GILLET-SOULE

777

Part 7. Appendices
APPENDIX A. BERNOULLI NUMBERS

There are different conventions for naming the Bernoulli numbers, especially
when one enters the topology literature. We adopt what seems to be the most
common definition, which is the following:

k

x > x
eac—lzg:Bk'H'
—0

Expanding the power series yields

T 2 xt 28 8
-1_Z _Z _

z—1 2 12 720 +30240 1209600+

(et (6) 5 () () 5 () 5

2 30/ 4! 42 6! 30/ 8!
So we have
kK [|O] 1 |2 4 6 8
Be [1]-5]5|0]-5 0] [0] 3

From the table one guesses that Bg,+1 = 0 for n > 0. This is easy to prove: if we
set f(x) = %7 then we can isolate the odd powers of x by examining f(x)— f(—x).

But algebra yields
=) - (=)
- = —x.
et —1 et —1

Computing the coefficients of %5 is not the most efficient way of computing
Bernoulli numbers, as one can deduce from the large denominators in the above
formula. A better method is via a certain recursive formula, and this is best re-
membered by a “mnemonic”:

(A.1) (B+1)" = B".

Do not take this formula literally! It is shorthand for the following procedure.
First expand the left-hand-side via the Binomial Formula, treating B as a formal
variable. Then rewrite the formula by “lowering all indices”, meaning changing
every B’ to a B;. This gives the desired recursive formula.

For example: (B + 1)2 = B? yields B2 + 2B + 1 = B?, which in turn gives
By +2B7 + 1 = By. Cancelling the By’s we obtain 2B1 +1 = 0, or B; = —%.
Likewise, (B + 1)® = B3 yields B3 + 3By + 3By + 1 = Bz, thereby giving

By=—3(1+43B))=-%--1=1

And so on. For the record here are a few more of the Bernoulli numbers, computed
in this way:
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ko] 1 |2 4 6 8 10 12 14 16 18
B 1| =L |1} _L | L | _ 1|5 | _ 691 | 7 | 3617 | 43867
k 216 30 | 42 30 | 66 2730 | 6 510 798

Note that we have not yet justified the recursive formula (A.1)). We will do this
after a short interlude.

A.2. Sums of powers. The Bernoulli numbers first arose in work of Jakob
Bernoulli on computing formulas for the power sums
+28 43"+ 4+l
Most modern students have seen the formulas
1+2+---+n:% and 124224+ ...4n
The Bernoulli formulas generalize these to give

184+ 2t 4 ... 4 n' = Py(n)

2 _ n(n+1)(2n+1)
=5

where P; is a degree t+ 1 polynomial in n with rational coefficients. It is somewhat
surprising that the formulas for the P;’s can be given using a single set of coefficients,
the Bernoulli numbers.

The Bernoulli formulas are most succinctly written using our mnemonic device
of lowering indices. We write

(A.3) 428+ 4nf = ,£+L1[(B+(n+1))t+1 —Bt“]

Let us work through the first few examples of this. For t = 1 we have

1+2+--+n=1 (B+(n+1))2_32} :%[Bg+231(n+1)+(n+1)2_32

N= N

[(n+1)2 = (r+1)]
(n+ 1)n.
For t = 2 we have

12+22+---+n2=%{(B+(n+1))3—33}

W=

L[3Ba(n+ 1)+ 3B1(n +1)° + (n +1)’]

(+ D[4 -3 +1) + (n+ 1]

W=

=1i(n+1) Bn + nQ}

= :(n+1n2n+1).
We leave it to the reader to derive the ¢t = 3 formula:

P+22 4+ 40 =1in’(n+1)%
Proof of the Bernoulli formula . Start with the identity of power series
) 6(nJrl)x -1 T 6(n+1)m -1
1+e+e+-- +e" = :( )( )
et —1 et —1 T

The coefficient of 2! on the left-hand-side is

1
5(1t+2t+-~-+nt).
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The coefficient of 2! on the right-hand-side is

t & . (n+ 1>t+1—/€
| — k)
2 1)

Equating coefficients and rearranging yields the Bernoulli formula immediately. [

Now let us return to our recursive formula (A.l)) for computing the Bernoulli
numbers. Note that it is an immediate consequence of (A.3) by taking n = 0 to get
0= (B+1)!*t - B+l

A.4. Miscellaneous facts.

Theorem A.5 (Claussen/von Staudt).

(a) (—=1)"Bsy, = Zp% mod 7, where the sum is taken over all primes p such that
p — 1 divides 2n.

(b) When expressed as a fraction in lowest terms, Bay, has square-free denominator
consisting of the product of all primes p such that p — 1 divides 2n.

For example, we can now immediately predict that the denominator of Bsg will
be 2-3-5-11 = 330. Note that the primes 2 and 3 will always appear in the
denominators of Bernoulli numbers.

The following strange fact is relevant to the appearance of Bernoulli numbers in
topology:

k" (k"—1)B,

Proposition A.6. For any even n and any k € Z,
Proof. We follow Milnor and Stasheff here [MS]. Write

ekr 1

et —1°

fl@)=1+e"+e¥ .. felh=Do =

Note that
FOO) =142+ (k= 1)
In particular, the derivatives of f evaluated at 0 are all integers.
Next consider the logarithmic derivative

f’(a:) _ - k‘ekw e~
f(l‘) - D(log(f(x))) - ekf 1 - er 1

B k[1 —i—kw} - [1 —16—1}

1[ —kz - }

zle ke —1  eo_1
_ % (> B (ko) = 3 B (—a)]
> () Bk - 12

i

=Ly Bk — Do+ Bk - 1)2® + -

The (2t — 1)st derivative of this expression, evaluated at 0, is 22t (k2* — 1).
However, iterated use of the quotient rule shows that the (2t — 1)st derivative
of f'(x)/f(x), evaluated at 0, can be written as an integral linear combination of
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£(0), £/(0), £(0), ... divided by f(0)?!. Since f(0) = k and all the deriviates of f
have integral values at 0, this gives
By,

g(k;?lt —-1)-k* ez

APPENDIX B. THE ALGEBRA OF SYMMETRIC FUNCTIONS

Let S = Z[zy, ..., x,] be equipped with the evident X,,-action that permutes the
indices. It is a well-known theorem that the ring of invariants is a polynomial ring
on the elementary symmetric functions:

S 2 Zoy, ..., 00].

Let s = 2% + 25 + ... + 2% the kth power sum of the variables z;. Since sy is a
Yp-invariant we have

Sk = Sk(O'l, [ ,O'n)
for a unique polynomial Sy, in n variables (with integer coefficients). The polynomial
Sy is called the kth Newton polynomial.

Let us calculate the simplest examples of the Newton polynomials. Clearly
s1 = o1, and so Si(01,...,0,) = 01. For s5 we compute that
so=a3 4422 = (x4 +xp)? = 2@ F 123+ - F X 12,) = 07 — 200
These calculations get more difficult as the exponents get larger.

It is useful to adopt the following notation when working with the ring of invari-
ants. If m is a monomial in the z;’s then [m] denotes the sum of all elements in the
¥,-orbit of m. For example,

[t122] = 09, [2V] = sk, and [zl = sza:j
i#]
If H <X, is the stabilizer of m then we can also write
m]= > gm.
ges,/H

Let us use the above notation to help work out the third Newton polynomial.
Elementary algebra easily yields the equation

s3 = [7] = [11]* = 3[aTws] — 6[z12223).

Here one considers the product (z1 + -+ + z,,)® and reasons that a term like 235
appears three times in the expansion, and terms like zizox3 appear six times. Via
a similar process we work out that

[220] = [11] - [2122] — 3[z12023).
Putting everything together, we have found that
S3 = sz —3(0109 — 303) — 603 = 0:1)) — 30109 + 303.

This final expression is the third Newton polynomial Ss.
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Lemma B.1 (The Newton identities). For k > 2 one has the identity
Sk = 015p—1 — 095h—2 + -+ (=) Fop_151 + (—1)k+1k‘0k.
Consequently, there is analogous inductive formula for the Newton polynomials:
Sk = 01Sk—1 — 02Sk—2 + -+ (=1)*op_151 + (=1 koy.
Proof. The key is the formula

vy aaf] = o] el
which holds for k > 2, whereas when k = 2 we have
[r122 - ajaf] = [or - ag] - [o] = (G + Dl 2]

In the latter case the point is that a term x;...x;41 appears j + 1 times in the
product [z ...z;] - [z1].

When k£ = 2 the identity from the statement of the lemma has already been
verified by direct computation. For k > 2 start with the simple formula
sp = [2y] = [o1] - (2771 = [m1a5 ] = ouspor — [eaas Y
Next observe that
[x xk—l] _ [xl-TZ} . [l'lf_z] — [:Elxgxlg_Q] if k> 3,

1 [129] - [¥7%] — B[x12023]  if k= 3.
If £ = 3 we are now done, otherwise repeat the above induction step. The details
are left to the reader. O

As an application of Lemma observe that we have

S3 = 0159 — 02571 + 303 = 0'1(0'% — 20’2) — 0901 + 303 = O':13 — 30109 + 303,

agreeing with our earlier calculation. Here is a table showing the first few Newton
polynomials:

TABLE 2.2. Newton polynomials

Sk
01
o7 — 20
0% — 30109 + 303
ot — 40309 + 40103 + 205 — 4oy
Ji’ — 50%02 + 40%03 + 50105 — 30903 — o104 + 5o

Y | W N =

The Newton polynomials also show up in the following:

Proposition B.3. Let a = ait + ast? + -+ € R[[t]], where R is a commutative
ring. Then

4 (log(1+ ) = 117'0[ = 1 + pot + pst® + - -
where py = (—1) Sk (aq, ..., ax).
Proof. Equate coefficients in the identity
a1+2a2t+3a3t3—|—-~- = (1+Oélt+042t2+"') . (1+/J/1t+/142t2+)

This gives a series of identities for each py that parallel the Newton identities. The
result then follows by an easy induction. ([
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AprPENDIX C. HOMOTOPICALLY COMPACT PAIRS

By a pair of topological spaces we mean an ordered pair (X, A) where A is
a subspace of A. A map of pairs (X, A) — (Y, B) is amap f: X — Y such that
f(A) C B, and such a map is said to be a weak equivalence if both f: X — Y and
flA: A — B are weak equivalences. Two maps f,g: (X, A) — (Y, B) are said to
be homotopic if there is a map H: (X x I, A x I) — (Y, B) such that H|xxo = f
and H|xx1 =g.

Define a topological space X to be homotopically compact if it is weakly
equivalent to a finite CW-complex. Likewise, define a pair of topological spaces
(X, A) to be homotopically compact if there exists a finite CTW-pair (X’, A’) and a
weak equivalence (X', A’) — (X, A). In this case we call (X', A’) a finite model
for (X, A).

Proposition C.1. A pair (X, A) is homotopically compact if and only if both X
and A are homotopically compact.

Proof. The “only if” direction is trivial, and the other direction is an immediate
consequence of the slightly more general lemma below. O

Lemma C.2. Let f: A — X be a map, where both A and X are homotopically
compact. Let A — A be any finite model for A. Then there exists a finite CW -
complexX contazmngA as a subcomplex, together with a weak equwalenceX - X
such that the square

o<
~
D <—— P2

commutes.

Proof. Let vx: X — X be any finite model X. Since [A,X] — [4, X] is a bijection,
there is a map f: A — X such that vx f > fva. By cellular approximation, we may
assume that f is cellular. Choose such a homotopy. Let Cx denote the mapping
cylinder of f, and let 4o : Cx — X be the evident map. Note that v¢ gives a finite
model for X, and that the diagram

Z>—>C’X
A1 x

commutes. Here A — Cx is the canonical inclusion into the top of the mapping
cylinder. Since (Cx, A) is a finite CW-pair, the lemma is proven. O

Proposition C.3. Let (X, A) be homotopically compact. If fo: (Xo, Ag) — (X, A)
and f1: (X1,41) — (X, A) are finite models for (X, A), then there exists a map
(Xo0,A0) — (X1, A1) such that the triangle

(X0, Ag) — (X, A)

s

(Xl’Al)
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commutes up to homotopy. Additionally, there exists a zig-zag of finite models

(YbaBO) —_— (Ya.aBl) I (}/2732) — (YMB’I‘)

Rl

such that (Yo, Bg) — (X, A) equals (Xo, Ap) — (X, A) and (Y;, B,) — (X, A) equals
(X1,A1) = (X, A). That is, the category of finite models of (X, A) is connected.

Proof. First use that [Ag, A1] — [Ao, A] is a bijection to produce a map g: Ag — A,
whose image under the bijection is fo|4. We may assume that g is cellular. Choose
a homotopy from fy|a to fi]a o g, and using the Homotopy Extension Property
extend this to a homotopy H: Xg x I — X such that Hy = fy. Let f/ = H;. We
now have a commutative diagram

Ag—= X,

|, b

X0*>X

and so by the Relative Homotopy Lifting Property (??77) there exists a map
h: X9 — X; such that the upper triangle commutes and the lower triangle com-
mutes up to a homotopy relative to Ag. And again, we map assume that h is cellular.
Putting our two homotopies together, we get the required homotopy-commutative
triangle.

For the final statement of the proposition we can use a four-step zig-zag as
follows:

(Xo, Ag) —2> (Xo x I, Ag x I) =<—— (X0, Ag) —> (X1, Ay)

fo JJ,N fih ~
(X, A). f1

The map labelled J is a homotopy for the triangle in the first part of the proposition.
We leave the details for the reader. ([l

For us what is very useful about the class of homotopically compact spaces is
that it includes all algebraic varieties:

Theorem C.4. If X is an algebraic variety over C then X is homotopically com-
pact.

Proof. When X is a subvariety of some C™ this is a consequence of [Hir, Theorem
on page 170 and Remark 1.10]. For the general case we do an induction on the

size of an affine cover for X. Suppose that {Uy,...,U,} is an affine cover, and let
A=UsU---UU,. Then we have the pushout diagram
U1 NA—— A

|

U, —— X,
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which is also a homotopy pushout by [DI, Corollary 1.6]. By induction we know
that A is homotopically compact. Moreover, since U; is affine it is a subvariety of
some C™, and therefore the same is true of U; N A. So both U; and U; N A are
homotopically compact by the base case. The result then follows by Lemma
below. |

Lemma C.5. Let A, X, andY be homotopically compact spaces. Then the homo-
topy pushout of any diagram X «— A —'Y 1is also homotopically compact.

Proof. Let f: A — X and g: A — Y denote the maps, and choose a finite model
A — A. By Lemma (applied twice) there exists a diagram

X=—A—=Y

~ ~ iw

X<=—A——Y.

where (X,A) and (Y, A) are finite CW-pairs. The homotopy pushout of X «— A —
Y is therefore weakly equivalent to that of X —A— }7, and the latter clearly has
the homotopy type of a finite CW-complex (in fact, in the latter case the pushout
is itself a model for the homotopy pushout). O

Corollary C.6. If (X, A) is a pair of algebraic varieties over C then (X, A) is
homotopically compact.

Proof. This follows from Theorem [C.4] and Proposition O
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