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1 Inverse Transform Representations of Delta Fct.

1.1 Inverse Fourier Transform

/2 00
5(y) = lim UTY — iy f 2™y dy = f e Ty dy

l—oo ™Y l—o0 — 12 C s
(The limits, as usual, are to be taken outside any integral containing the delta fct.)

1.2 Inverse Laplace Transform
Letting p = 27 ¢ x in the inverse Fourier Tranform gives

100

d(y) :# f ePYdp .
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1.3 Inverse Mellin Transform
In §(z—w) =5 f e? (27w dp et

z=1In(y), w=In(z), and p=s with z,y >0, giving

dlln(y) —In(z)] =5~ [y 2ds . But,
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1 INVERSE TRANSFORM REPRESENTATIONS OF DELTA FC'T. 2

o[f(u)] = Z 5[%2) (u — ;)] Z d[ ( |dfuz)

u;=zeros of f zeros of f

d[In(y) — In(x)] = d[ln(z) — In(y)] = y [z — y] . Therefore,
Sy—x) =6z —y) = 5= f y*'a7%ds , the inverse Mellin Transform rep.

— 100

Then formally, with H(x) the Heaviside step function,

0o o+ 100 0
J twey-a)dy=55 [ [ fy)yt dyatds
0 o— 00 0
o+ 100_ _
= f f(s)z~*ds , i.e., the inverse Mellin Transform of f(s) ,

identifying the Mellin transform of f(z) as

f f(z)2*~1 dz . (An appropriate contour must be chosen to obtain the

desired f(x) using the inverse Mellin transform.)

Example I: Window Function

1 o+ 100
Hy) H1l—y) = f (5 — ) x:H(y)f {5~ f y e ds} do
0 o— 100

o+ 100 1

=H(y) 5= [ v Y[ 27 de}ds
o— ioco 0
o+ 100

= H(y) ﬁ f ys‘l{%_s} ds foro<1
o+ 100

= H(y) 5 f y {1} ds foro>0

where H(x) is the Heaviside step function that vanishes for x < 0, equals % for z = 0,
and is 1 for z > 0 .



2 INTERPOLATION AND RAMANUJAN’S MASTER FORMULA

Conversely,

00 1
f H(l—xz)z*! dz = f 2*~! dx = 1 for Re(s)> 0.
0 0

Ezxample II: Dirichlet Series

Let f(x Z d(nx—1)

[eS) ) . [eS)
O( z—= _ _ .. .
= g a, f %xs Lde = g a, n~* , a Dirichlet series.
n=1 0 n=1
Conversely,
o+ 100 0 o+ 100
_ 1 —s _ 1 —S8 ,.—S8
f(7) =55 fls)x=ds = g an 55 f n=*x° ds
o— 0o n=1 o— oo
00 o+ ico ) 00 5 1) 00
1 S— _ xr— =
:E a, % f (/”ZZ xsds:g =" :E a, o(nx—1)
n=1 o— 100 n=1 n=1

2 Interpolation and Ramanujan’s Master Formula

o0

With the finite difference operator V:~'a, = Z (=1)"(*.") an ,

v;—lv;% = W’ the Newton interpolation of % = ; for Re(s) > 0.

Defining the modifed Mellin Transform and its inverse as

o+100 g+100

H@) f@) =55 [ -0 fs)ards =5 [ i f(s) Eads

o— 100 o— 100

then formally



2 INTERPOLATION AND RAMANUJAN’S MASTER FORMULA

= v vy fo f(x) % do = vtV f(j+ 1), a Newton interpolation, and

n

H(z) f(z) = H(x)z_o (—1)" f(—n) £ <RMF>

by closing the inversion contour to the left with Re(¢) > 0 and picking up the

singularities of ) if f(x) is such that }(s) has no singularities and decays

sufficiently fast in the neighborhood of infinity.

Example I11: Exponential Fct.

~
s—1

f(s) = Finite Part f e L
0

Gy d

0 n

= f {e7 — [Z (_.x)j]} 2 dr=1 for n — 1 <Re(s)<n
0 0

j! (s—1)!

= f e “_—_1 dx=1 for Re(s)>0 .
0

n o+100 o+41i00

]} = 27 f (S o 1)' r"ds = # f sin7(r7rs) (ais)!

Jj=0 o— 100 o— 100

—S

o+ioco o+i00
H(z)e™ = ;= f (s =1 a7 ds = 5 f L s

o— 100 o— 100

foroc>0.

~

N _ gs—1lgn ; _ gs—1lgn _
f(8)=v57 v f(j+1)=v, 'V} I =1foralls .



BELL / EXPONENTIAL / TOUCHARD POLYNOMIALS

Bell / Exponential / Touchard Polynomials

For the number operator z d%, (””_—;), is an eigenfunction with eigenvalue —s , i.e.,
d z=° _  _x”°
T e (—s) — —S(=9)

For ¢ > 0 and n , a natural number,

o+ioco
H(zx)e" [x d%]” exp(—z) = H(z) e® [z d%]”% f | Sin’(Tm) (“i:)! ds
o+100 -
= H(z) "5 N e )(—s)n(”is)!ds
= H(z)e" Y (—1Vj"% = H(z) ) Vi k"5 = H(x)¢u(~2)
=0 7=0

= H(z) e"dn(: L 1) e , where ¢,,(z) is the n'th Bell polynomial

i.)k:xki

(:xdcc : il

(The binomial transform has been used above:

Conversely,

MMT[e *¢,(—x)] = f e o (—x) (‘z:—_ll), dr= (—s)" for Re(s)> —1
0
= vy 'VE [=(j + 1)]" for all s, agreeing with the Newton interpolator

f(s)= Vi ok fG+1)

To determine the exponential generating fct. for the polynomials consider

H(z)expt ¢ (—z)] = H(z) e" explt ¢ (: & L :)] e

o+1i00
=H(z)e"exp(tz L)e™ =e"exp(ta L)1 f ) (x_;s)! ds




4 GENERALIZED DOBINSKI RELATIONS: CONFLUENT HYPERGEOMETRIC FUNCTIONS /

o+100
= H(z)e" 51 f Tt exXP(—t ) ds for Re(s) >0

o— 100

e [Y (1Y e8] = H(w) exp[—a (¢ — 1)]

= H(z) e®exp[ (e = 1)z L )] e™™ .
So also
exp(t x d%) G(x) = explto (:x d% )] G(z) = expl (e — 1)(: x % )] G(x)

=G(ze) .

4 Generalized Dobinski Relations: Confluent Hyper-
geometric Functions / Generalized Laguerre Func-
tions

The results of the previous sections can formally be generalized operationally as

o+ico

H(z) e* f(x L) e = H(z) e f(z L) 5 f | ) (x__;)!ds
0+ZOO ) g 100
- H(:U) el’# f_ 4 sin?ﬂs)f(_‘S) (x—s)!ds
—H(@) e floGad e
= H(z) flo(=2)] ,
giving a generalized Dobinski relation,
o+1i00 B
HE) flo(-0l =A@ e'sy [ wigfs)Ehds

with, for Re(s) > o , the Mellin transform giving the umbral hybrid Laplace-Mellin
transform

f=s)= [ e flo.(—2)] &5 do .
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Checking for consistency, substitute — ¢ (—y) for s , then formally

H) [(6(-9) = [ e o) ottt gy

0

o0

= [ erslo-ane Z_D (—1)" &y & dee
= [ e floa e 3 (-10"@) G da

o+100
z— .-yl — 1 ™ A
[— ¢ (—y)—1-1]! " H(y) e’ 274 f_ ~ sin(ws) (s—1)! (y—s)!ds
o+100
=H@y) ' [ HHTds= H(y) ' da—y)

Letting f(z) = (a:+%+ﬁ> , then

[(o (=) = () = (°57) K(=B,0+1,2) = L5(x)
where K (a,b,x) is Kummer’s confluent hypergeometric function and

L§(z) , a generalized Laguerre function. Then

H) (o) = o) (#C9) = B (e (757 2

n=0
—H@)Y_ vp (7)) %= @)Y (-0 () 5
n=0 n=0
o+1i00 8
. 1 T —st+a+ %
- H(l’) € o f sin(7rs) ( B ) (—s)! ds .

o— 100
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For the associated Newton interpolation consider the Mellin transform again.

Fl=s) = [ e flo ()] o

0

= [ e X CUrmE gy do

= [ e X v 0 e

=2 VG [ e i e

=2 VIO () =22 (0 () v A0)

=V, Vi f() -
Summarizing, the associated Newton interpolation is
f(=8) = vV f(j)
or changing variables,
fls = 1) = vi7vy £(5),
or translating the function,
fls) =V fG+1)

Specifically for f(z) = <x+g+ﬁ ), we walk through the steps again to see that the
Chu-Vandermonde identity appears:

—s+a+3 -z +a+ﬂ xSl
( ) f € ( )(571)! dz

n a+ﬂ " x5!
z oc+n n! (s—1)! dx
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:i () () =i oGy (75)
— vV <j+%+5>‘

Substituting 1 —s for s and o+ 1 for « (or translating the fct.) gives

stat+B) _ -1 jH+1+a+p

(577) = ity (7).
+ot

or for f(z) = (m 3 ﬂ),

fls) =vitvif(G+1) .

Also,
—sta+B\ _ > —z [ ¢ (—x)+atp xSl
()= S e () g
0
—x n n-+ao z" zs1
= f e e Z (—1) ( +ﬁ+ﬂ> o e da
0 n=0
o B n+o xn x.sfl
= [ X o () i e
0 n=0

and consistently

jta+8Y) _ = —z [ ¢.(—z)+atps x—I 1
< 8 )‘foe ( 3 )(—j—l)!dz

5 (x) dx
= f:oem <¢~(7:%+°‘+B> 6 (z) dx

dzJ

= (—1) L e ( ¢4(—w%+a+ﬂ) oo
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Now apply the umbral compositional inverse of ¢, (—z) to these equations.

For f(x) = 2", from the generalized Dobinski relation,

o+100
—S8

H(x) f(¢(-2)) = H(z) ¢,(—2) = H@) e [ Fim(—9)"Eods

o— 100
[eS)
ea: § ] N xj § vk

j=0

Replace x umbrally by the the negative of the falling factorial (x) , then

n

'n (— Fa n ;n n
¢n[(x)] - z : v;c J ( 1]3!( L - vnv] J =T .
k=0

The last equality follows from the Mellin transform results above with f(z) = 2™

> s—1
I e fle(—y) Ly dy
0
giving with r = —s |
f e —y y T 1 dy
On ( z—1)!

o0 n
_ k- yk y—x—l
fo € yz Vi I e W
= vIvT "

So, the falling factorial is the umbral compostional inverse of the Bell polynomial.

Recalling the formulas from above

H(x) L) = H(x) (%0 ) =B Z () =

o 00
= H(x)Y vy (757) = H@)Y ] (1) (5 &
n=0 n=0
4100
. 1 —s+a+03 —
= H(w) e’ 27 i f . sin7(r7rs) ( ’ ,Ga ) (x_s)! ds )
o— ico

and substituting the negative of the falling factorial —(s). for x gives
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[ee]
() =wavr (*9) =22 () ()

n=0
and from e * Lg(x)
S o+ioco
Z_O <n+§+ﬁ) (Z) = # f ‘ singrw) <_w+ga+ﬁ) (_sw) (—1) “dw ?diverges?

3

(1) (248) = v (= )mvp(— 1)k (o)

n=0 =0
o
_sin(mB) —(B+1)
— sin(n(a+3)) 0 (a+n>'
n=
o0
. n+a+3 s sin( wﬁ B—1 .
Note: Zo < 3 ) (n) = S (atd) a+n) can be obtained
n=
by repeated use of 2 i\r;\ ) = /\!(i 5r or by using the Kummer transformation

(pg. 505, Abramow1tz and Stegun, Handbook of Mathematical Functions) to obtain
p—Y - sin(7[3) a
€ Lﬁ(m) — sin(r(a+3)) L (a—l—ﬁ—l—l)( $) :

4.0.1 Exercises

A) Confirm that f e’t%g dt = (M )+a+ﬁ> = L(x).
0

B) Show that % = e f(x—t)= e" o(x —1).

() Show that ( *¢A<*;>*1+5> =2 (Re(B) > 1,2 >0).

n n!

D) Show that ( *‘ﬁ-(*x)*a*l) — (= 1)" Lo(z) = (— 1)nYlmatle)

where U(a, 3, x) is the Tricomi confluent hypergeometric function.

E) Show that ¢ (a, 8, 2) = ( _¢-(_z)_5> =UleBa) o that

—a (—a)!

P(=n,a+1,2) = (=1)" Ly(z)



4 GENERALIZED DOBINSKI RELATIONS: CONFLUENT HYPERGEOMETRIC FUNCTIONS /
F') Using Z sin( n" <u1n> = (ui/\) (Re(v) > —1),

= (a>—-1,2>0).

1 B @
G) Interpret A DP o Cotbre|

®)!

- BL[ Dyt ]Bt¢'(_x)+a| t=1

where D8 = 17 _FPf u d

Sl ow G Iy RS (FP=Finite Part)

A
—FP3= ¢ =i de and [ Dt )P = DJtP.

H) Interpret

1 -« —x —a—1
_(_a)!Wt t0.(—2)+p |t:1

::( [ Wt ] at¢( x)+LB— 1| _

where W, . =F P f COEde and [ Wit 70 = W0

[) Interpret ﬁD op=o.(= 5|

— gl Dyt ret-s el

J) Prove the relation

o0

« « k « A
Li(z+y)=ev >, (- DF LH@)% = 157 (@)
k=0

_ <¢.(—x—y)+a+a) _ (¢‘(—x) +¢4(—y)+a+ﬂ>
s g

starting with

sta+p) __ jta+pB
(5?) =y (7757)

K) Explore n! ( ¢‘(_32_1+"> =n! LY (z) and n! ¢4(—z73+1+n

Which of the above expressions are more fundamental
stand, for these two cases?

= nlLl(z) .

, .l.e., are valid as they
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