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The intense vibration thatrattles our epochis nothing more,and nothing less, than thecrest of a waveissuing from
the origin of life, which, moving at first with infinite slowness, now swells and rears. It is thus the whole evolutionary
dynamic that weighs on the momennow reachedin the adventure of living things. Our situation is unique in the an-
nals oflife, yet inscribed for all time in the logic of history.?» Frangois Meyer (1974 p. 10)1

The steady state is not a bad place for the theory of growth to statbut may be a dangerous place for it to erd Rob-
ert Solow (2000, p.7)

The analyst shouldtherefore make every effort to frame the forecasting problem so as to facilitate the utilization of all
the distributional information that is available.? Daniel Kahneman and Amos Tversky (1979, B16).

Introduc tion

At least twicein the last 10,000 yearsthe growth of thehuman economic systen has accelerated mark-
edly? developmentsthat beforehand werehardly foreseenand afterward were called theagricultural and in-
dustrial revolutions. If the growth rate is sochangeable over the very long term e question arises as to
whether growth might accelerateagain, or even deceleratenarkedly, or reverse. An insideview of the question,
one built on the specifics of the caséKahneman and_ovallo 1973, p. 29, is that anotherstep changes not in
the cards. Everunder the high variant of the population projection of the United Nationsglobal population
growth will slow from the present 1% per annum to 0.7%by 2100 (UN 2019).Meanwhile, in leading Western
econamies, gross domestic product (GDP) per capithas grown with remarkable steadinesgor along time: in
the U.S., pecapita growth has averaged 1.7%/year since 182 record that could reasonably expected to con-
tinue. Other countries have grown fasterbut such rapid expansiorniooks like transitional catch-up growth; it
proved soin Japan.These observatiors combine to suggest thathat the global economywill converge in this
century toward an aggregate growth rate of 2.5%ear or less(e.g., Lucas 200Q)

Yetthe human system could diverge fronits present momentumfor reasons undreamt of in the in-
siderd O P E E.TTHe @dsBikely causes ofarge negativeshocks are anthropogenicfor they could play out on
a human rather than geological time scalelimate change, nuclear winter, a bioengineered pandemi©¢d
2020). Another wild cardis the progress of artificial intelligence Within this century, humansmay do for the
mind what they have already done fomuscles and bonedy inventing mechanical prgulsion. We maydevise
machinesthat, while they may resemble thédhuman brainno more than a 747 resembles a seagw;jll surpass
the brain in formulating and execuing effective plans in complex situationsLike other epoch-making break-
throughs, this onecould bring major harm, but also major benefits It might permanently alter the growth rate of
the human system(Hanson 20QL).

To shedsome additionallight on the probability of suchdivergence, this paperadoptsa radically outside
view, seeking gparsimonious and statistically coherent mathematical model that capturesimportant aspects of
growth history as embodied in avery long-term series on gross world product (GWR)in order to estimate his-
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Tversky (1979) found that supplementinginside views with outside onesimproves accuracy.The insight has
spread to project management (Flyvbjerg 2006) and current affairs predictioiTetlock and Gardner 2015)The
approach embodies the impregnable Bayesian logic that posterior distributions are most accuratden incor-
porating all available information. But he blendingof inside and outside viewsneed not occur formaly; often it
is theinformal friction between multiple perspectivesthat best serves the forecaster and decisionmakemhus b
investigate an outside viewof the human trajectoryis not to presumethat it should dominate other views, only
that there isa chance of increasing insighinto a topic that could hardly be weightier.

Aswe look back in time,we quickly lose certainty abouthow many people livedand how well they lived.
Nevertheless,GWP has been estimateblack to 1 CEMaddison 2001, 2003 and evento 1 million BCE De Long
1998). The estimates contain informationOne fact that leaps from the data is thatwer the very long term the
human population and economy have expanded superexponentiallfhe growth rate has grown GWPdoubled
between 2000 and2019; hOi AT EQUS O A A @édrHags @AkmiliehriaAnhalali tGréugh population
growth) . Von Foerster, Mora, and Amiot (1960) first notedhat the differential equationy = sy' ™2, withé
conforms remarkably well to very-long-term serieson the scale of the human systemirf their case,population).
We can rewrite that as1 & {® , in whichl @is the growth rate. This functional form succinctly posits an en-
dogenousscale effecin the human enterprise anelasticity of growth to level.

Paradoxically,when projected forward, the superexponential equationsendscwto infinity in finite time .
2026. Figure 1 illustrates the paradox with respect to GWBn the graph, both axes are logarithna, with time
measuredin years till 2050. Onthese scads, a line correspondgo a solution ofthe superexponential equation
Here, aline fits GWPwell enough thatthe agricultural and industrial revolutions, the most profoundeconomic
eventssince languageshrink to gentle undulations. Yetif the line is extrapolatedforward, it never reaches 2050
even as it keeps risingProjected GWRexplodesby 2050.

That outcome seems crazy. It does not follow that the quality of the fiom that simple modeland the
accompanying projection contain no informationrelevant to the human prospect.This papertherefore works on
theoretical and statistical foundations for exploring that outside view and quantifying its limitations. Starting
with theory, the papermakes the point, not novel, thaif asymmetries are removedrom the neoclassicaimacro-
economicmodel, so that all factors are endogenousnd none grows atarate fixed outside the mode|then
steady, positiveoutput growth essentially never occursin effed, steady growth only emerges froma neoclassi-
cal-type model when assumednto it.

The b A B Anaid téchnical novelty is designed to improve statistical rigor in fitting a nonlinear dynamic
stochastic model to data Aunivariate stochasticmodel is introduced thatis mathematical kin with the neoclassi-
cal economicmodel. Thestatistical versionintegrates deterministic components of growthe production, rein-
vestment,depreciation? with stochasticity, dynamically incorporated For intuition, think of the informal equa-
tionl © i 1 7.Theterni embodiesexogenousdepreciation andappreciation.] is realized as aan-

dom, infinitesimal shock in eachinfinitesimal time step.When articulated in thestochastic calculus this model



caststhe observed GWPseries as asample path in adiffusion. One can imagine alternative historiesinder the
same probability law, in which, say,an epidemic or climate shock delays the invention of theheel by a thou-
sandyears. Quch possibilities shapethe probability distribution for GWP at any given timeTypically they fatten
the upper tail.

Though novel, his diffusion model iscloseto and inspired by models in finance, the subfield of econom-
ics that hasmost exploited the stochastic calculug.As a tool fa representing growth history, the model pos-
sesses several virtuegConditional on a starting value, the probability distribution for wat any time can be ex-
pressed analytically, which facilitates maximum-likelihood fitting . Becausethe error process is rigorously de-
fined, not adduced ad hocas in nonlinear least squaregt grounds inference in a coherent data generating pro-
cess For example, sing GWP figuresback to 10,000 BCEhe preferred estimate of the scak effectd developed
hereis T® ywith astandard error of 0.05.

One attraction of he stochasticmodel is that it cansoften the paradox of infinity in superexponential
growth, by casting explosion as possible but not inevitable. Btitat essentially does not happen here. Condition-
ing on the 2019 GWP value, the preferred estimate puts the probability ob eventual explosion at p m . The
median predicted explosion year is 2047As noted, he projection of infinity not only collides with the laws of
physics, it also lies in tension with therelative constancyof per-capitagrowth over the merely long term (See
Figure 2 on U.S. growth. Perhaps this is an example of an outside view constructively challenging an inside
view, for arguably the puzzle lies in the second half of thaonjunction. Endogenous growth theoryeasily ex-
plains superexponential growthover the very long term through the nonrivalry of innovation (Romer 199Q
Kremer 1993). Increases in all inputs, including technology, bring more than proportical increase inoutput.
There is no theory asstraightforward for why frontier per-capita growth has been nearly constani the last
200 years For, as noted, onstant growth only emerges from neoclassicalstyle models when injected into them
by assumption Jones (2003) sensibly proposes population growth as the most plausible ultimate sourcecoh-
stant exponential growth, with its rooting in biology. Yet in the U.Slong a nation near the economic frontier,
population growth has declined, from 2.9% per annum in the 1820s to 0.7% in the 2010s (Bolt et al. 2018\
2019). Without so natural atheory for steady growth, itis hard to completely rule that out the possibility that
the steady growthis a temporary, century -scaledeviation from superexponential growth or atransition al step
to subexponentialgrowth.

The notion that the growth of the human system has been accelerating malgo seem to clash withan
even more growth-pessimistic line ofevidence» evidencethat returns to R&D investment havebeen fallingover
the last century. In the phrasing of Bloom et al. (2020), ideas are getting harder to finBut this contradiction is
more apparent than real. If conventional inputgo production such as capital and labr together enjoy constant
returns to scale, therall inputs, including technology,enjoy increasing returns. Inthe model developed here,
under plausible parameter choices the overallincreasing returnsto scalegenerate superexponential growth

evenasreturns to investment in total factor productivity (TFP)fall. | notionally interpret the scale effect 0f0.55

2 But see Nufio and Moll (2018) for an application to macroeconomics.



as implying an averagereturns elasticity of p& uor investment in TFPover the last 12,000 years

If the superexponential prediction of infinity is not easily refuted by a compelling theoryfor steady
growth in the industrial era, nor by signs of declining returns to R&Dwhat should we make oft? One reading is
that the extrapolation is directional: output will not go infinite, but may yet greatly increase, the most plausible
cause beingAl. Orthe humansystemcould implode, if escalating economic activity undermines an essential in-
put such as natural resources. A reading that embraces both possibilities is that over the long term the world
systemis lessstable thantraditional growth theory andthe last two aenturies of growth suggest

Sectionl of this paperreviews previous work and elaborates on the motivation for diffusion modeling
in econometrics Then, © bridge from familiar theory to the econometrics, section 2 developsa deterministic,
multi -factor model of growth with Cobb-Douglass productionlike those in Lee (1988) Kremer (1993), and Jones
(1995). The sectionnext observesthat when explosionor implosion occurs,it does so simultaneously in all fac-
tors, so that the system comes to be well approximated by a collection of univariadéferential equations. But in
the multivariate model, the timing of this denouementis in general intractable Section3 proposes representing
the deterministic but intractable behavior of this multivariate systemwith arandom, univariate, andmore trac-
table stochastic differential equation It introduces the stochasticdiffusion. The exposition,mostly deferred to an
appendix, fills somegaps in existing presentations othe Feller (1951b)/Cox-Ingersoll-Ross (1985; CIR) diffu-
sion. Section4 constructs data series for population and gross world produtsince 1 million BCE as well as for
gross domestic product GDB/capita in France, as a proxy foproductivity at the economic frontier. Sectian 5
fit sthe stochastic modelto these seriesand checksfor robustness andgoodness éfit. Section6 works to extract

meaning fromthe outsider-i T A Aprofedfion of infinity . S:ction 7 concludes

1 Previous work

The literature modeling human development over thevery long run is rather short. Meyer (1947) is per-
history consist of four datesseen asnarking developmental upswirgs, which themselvesarrived acceleando:
4500 BCE, 550 BCE, 110DE and 1750CE Meyer explains the acceleration witha pseudoscieriific riff on Hei-
senbergd @hcertainty principle .

In the fall of 1960,two more firmly grounded articles on the history of human populationappeared In
Scientific AmericanDeevey(1960) presents a coarsehuman population series back to 1 million BCEDeeveyde-
pictsthe serieson log-log scalesas inFigure 1, with a rising series ofwavesfor the toolmaking, agriaultural, and
industrial revolutions. The overall linearity on these scalegmpliesarace to infinity somewhere around the pre-
sent.

In ScienceVon Foerster, Mora, and Amiot (1960jmore fully surfaces the paradox of infinite extrapola-
tion, providing both a microtheory for and evidenceof superexponential growthin human population. The pa-
per begins by considering the differential equatiorfor exponential growth and decay:

w i ()
4



In human populations, the growth ratei is determined by the balance between natality and mortalitvVon Foer-
ster, Mora, and Amiotobservethat in exponential growth, the rate of expansionis not anemergent property(alt-
hough they do not use that tern). That is, if two subpopulationsgrow at ratei then their union does too.As a
consequence, a microtheoryor exponential growth of a systemneed not posit interactions amongconstituents.
But arealistic microtheory of growth of the human systendoesposit interactions. These may bénhibitory , as
when individuals compete for limited resources or synergistic, as wheninnovations are copied. Then, scale mat-
ters for it affects the quantity of suchinteractions.
Von Foerster, Mora, and Amiot therefore generalizgl) to what | write as
O (o 8 (2)

Whend T, theparticular solution is

W W i 607 h 3
in which ois time andw is the initial value.lf & T, wgoesto infinity attime6 @ ji OThistendency be-

comes clearerif we rewrite (3) as

p
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W 8 (4)
Von Foerster, Mora, and Amiot fi{4) to a2,000-year-long world population seriesusing least squareg though
how this nonlinear estimation was carried out in the age of the slide rule is uncleaMost likely 6 wasfirst esti-
mated somewhat informally, at Friday the 13" of November 2026 Holdingo fixed, (4) is log-linearind ¢, and
canbefit with ordinary leastsquares in logarithms

More recently, Kapitza (1996), Varfolomeyev and Gurevic{2001), Korotayev (2007), Johansen and Sor-
nette (2001), and Dolgonosov (2016)fit versions of (4) to very long-term series for population or GWPThe last
two take data from De Long (1998), whichis the first paperto venture a GWP seriesovering a million years.
Typically in these papersthe differential equation is solved, and the solution is fto GWP as a function of time
The methods are ot precisely described and evidently do not produce standard errors

Also since 1960, authors have theorized mechanisms that accelerate population and economic growth.
Kuznets (1960, pp. 328c wq HT ET 00 1 60 OEAO OEOEI C bi pOi AABIBT xEIT OAA
discoveries can benefit all people. Arrow (1962) models learning by doing, in which accumulated gross invest-
ment drives labor productivity. Boserup (1965) focuses on technological change agriculture induced by in-
creasing population density Inthe initial wave of research on endogenous growth, Romer (1986, 1990), Gross-
man and Helpman (1991), and Aghion and éWwitt (1992) insert parallel ideas into the neoclassicalradition .

Arelated literature modelsthe major economic transitionsin history. Most of thepapersseek to repro-
ducethe industrial revolution with a structure featuring two production regimes, such asagriculture and manu-
facturing or research andfinal goods Optimizing agents allocate a resource across thesegimes, or elseto in-

vestments whose productivity differs between the regimessuch as education of childrerThe allocations are



influenced by, and sometimes influence,reaggregatetrend such as productivity growth in manufacturing3
Jones (2001) goes farthest ialibrating such a modeto historical data, fitting a system that endogenizes tech-
nology and fertility to series forpopulation and GWP/capita starting in 25,000 BCEE EA OOT EAEAA COT x (
of Galor and Weil (2000) is pehaps the most comprehensive; its interplay between fertility, educatiortechnol-
ogy, and land carexplain the Malthusian era, the industrial revolutionand the demographic transition.The
models ofBecker, Murphy and Tamura (1990) and Acemoglu and Zililtib (1997) are more unitary, the first em-
phasizing the role of human capital accumulation, the seconbe difficulty of diversifying away investment risk
in a pre-industrial economy. Notably, the Becker, Murphy and Tamura system possesdes/- and high-income
equilibria, which CE OA O O OtAdpath ok histiy.iLayerl&f {2003a, b)contemplates stochasticity in the
form of mortality shocksOA Oi AA OAPEAAI EAO86

Sui generign the literature is Hanson (2000), which models GWP over 2 million years asdhsum of ex-
ponential growth terms with different time constants. The terms help the model match the wavder the
toolmaking, agricultural, and industrial revolutionsET  $ AAOA U8 O bBdf-éxpnaentialgstaie Aquation O O |
can be derivedfrom a particular differential equation of motiore a first-order, multivariate, linear homogenous
systenm? Hanson (2000)does not invoke this theoreticalmotivation. The economic model is that the exponen-
tial growth dynamics leading to all themajor economic revolutions were present in our apdike ancestors 2 mil-
lion years ago buttook different amounts oftime to burst forth to measurable levels. After identifying the pa-
rameters shaping each of these components, Hanson (2000) studies theirtitics, notes the tendency for accel-
eration, and projects the timing and magnitude of th@extexponential growth mode Hanson siggessthat its
doubling time will be measured in days. If this reasoning were pursued further, ta cascade of revolutionsasin-
gularity would occur. In this sense, the Hanson approach, though built on exponential growpirpducessuperex-
ponential.

Lee (1988)and Kremer (1993) most influence themodeling done here Lee (1988) introduces a model
of long-term human developmentwith one fixed factor,natural resources, andwo endogenousfactors, popula-
tion and technology. The three combinein Cobb-Douglas productionto determine output. Population growth
rises with output per capita, per the Malthusiantheory. Butpopulation growth slows with technological ad-
vance, whichcanexplain the worldwide fall in fertility sincethe 1950s Meanwhile technology growth is increas-
ing in population, per Kuznets,which allows for an economic takeoff

Lee expresses these relatiorigps in an unusualfunctional form. The dynamical systenis

b Al b #h
where 0 is a 2vector consisting of population and technologythe natural logarithm is taken elementwise, ‘Ais
¢ ¢,and#is¢ p.Thisis an inhomogeneous lineasystem inl b, whose solution forl b is an affinecombina-

tion of exponential growth terms 4 The solutions for 0 are therefore doubleexponentials, which can growever

3 Goodfriend and McDermott (1995)Galor and Weil (2000),Laitner (2000), FerndndezVillaverde (2001), Jones
(2001), Kogel and Prskawetz (2001)Galor and Moay2002), Hansen and Prescotf2002), Hazan and Berdugo
(2002), Tamura (2002), Lagerlof (2003a, b)Doepke (2004).
41f _ h_ are the eigenvalues ofAand’l Al are corresponding eigenvectors, we havé d "1 'Q TQ A .
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faster, yet which, in contrast to(4), never reach a singularity.

Kremer (1993) adopts the model of Lee and then uniquely in the literature? brings modelto dataus-
ing econorretrics. Focusing on populationKremer outdoesVon Foerster, Mora, and Amiot (1960pby assembling
apopulation seriesreaching backa million years. Theearliest observations comefrom Deevey (1960).Lacking a
GWP series of comparable spaikKremersimplifies the theoretical model by (usually) assuming that income per
person is fixed ata Malthusian equilibrium. A bivariate model for output and population becomesa univariate
onefor population. Kremer also roots the model in the neoclassi¢dradition, in which a central dynamic is the
reinvestment of output into factors. Taking production as CobbDouglasproduces an equation of motion for
population of the form (2). In this way, the Kremer reformulation of Leerestores the potential for singularity.

In the econometrics+ O A | Aapéndent variable is the compound annual growth rate between obser-
vations of population. Estimation is by nonlinear least squaregNLS)and is from aneconometric point of view
dynamic: the estimator is challenged with explainingeach observation conditional on the previousA finite -dif-
ference analog of theequation of motion (2) is estimatedrather than the solution (4). Applied to the population
seriesthrough 1960, the cusp ofthe global fertility decline, Kremer (1993, Table VI, col. 2¢stimatesthe scale
effectd at 1.22 (standard error 0.112).

A point of departure for the present paper is the observatiorthat even inthe distinctively well -devel-
opedtreatment of Kremer (1993), theeconometric model isnot based ona coherentdata generating process
(DGP) For intuition, notefirst that essentially all observation spacingsin the Kremer dataare multiples offive
years.Sowe could take a model for the quinquennial DGPas the building block for DGPs foobservations of any
spacing The fiveyear DGPcorresponding toNLS is

I A T R I

% I (5)

6 ATO
Given a realizatiorj ,we have®w ® W ) 1 T .Substituting the five-year lag of thisformula
into itself gives the implied model fordecennially spaced observationsThe algebrais complexbecauseit ex-
pressesthe way a shock in one period folds inteubsequentnonlinear dynamics It produces a random variable
which, as a model forl0-year growth, differs from the 10-year analog of(5). Error components suchf and]
are notmerely addedor averaged Yet it is the 10year analog of(5) that NLS brings to decadal observationst is
in this sense thatNLSis internally inconsistent.

Note that while for intuition we imagined a data set in which some observations are spaced quinquenni-
ally or decadally, the logic applies even when observations are uniformly spacefl.dynamic NLS econometric
model does notcapture how moment-to-moment stochasticity interacts with nonlinear dynamicsto shape the
error distribution for each observation. Rather, it expediently tacksn i.i.d,finite -variance error onto a deter-
ministic model. A plausible consequence is modeling a faailed process with a thintailed DGP.

The presentpaper more rigorously addresses the evolution otochastic, dynamicnonlinear processes,
using stochasticdifferential equations. By passingto the infinitesimal limit in time steps, the stochastic calculus
produces modelsthat are internally consistent in the sense justentioned. This should allow for more efficient
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and consistent estimation of the parametersind provides a sounder basis for inferencelt also explicitly intro-
duces a notion of contingencyn history, recognizing that many paths are plausible? not just the pristine solu-
tions to adeterministic differential equation.

2 Adeterministic model of long -term development

As a prelude to the stochastic modelhts section presents aleterministic model ofeconomic develop-
ment, following Lee (1988)and Kremer (1993). The sectionexamines the conditions undemwhich the levels and
growth rates of factors in the systemare stable. And itanalyzesthe limiting behavior whenthe systemdiverges.
This analysis will bring some perspective to the explosive dynamics in human history. And it whielp show how
the mathematical form of the stochastic model isonnected tomacroeconomicgrowth theory.

2.1 A model

A single, global production process produces outpubfrom inputs o 8 fo . Theinput @ is special it is
technology? non-rival, imperfectly excludable,highly persistent (Romer 1990). The CQremaining factors canin-

clude capital, labor, andnatural resources Production is Cobb-Douglas:
W w 8

The exponentson the conventional factors, M h ,sum to 1, giving constant returns to scaleHowever,when
we take a factorsuch as resources as fixedvewill drop it from the model for simplicity, reducing theformal
order of homogeneity. Within this structure, technologymight be taken asfactor-neutral, with | p, equating
it with TFP. Ortechnology might augmentlabor alone, in which casethe two would carry the same exponent.

The equations ofmotion for the factorstake a sharedform, which capturesthree influences: reinvest-
ment of output, modulation of this reinvestment by the level of technologyand exogenous depreciation or ap-
preciation:

W oo 1 ws (6)

For depreciation,] 1. The investment ratesi  simultaneously specify theallocation of output and convert
from its units to the units of the factors. Thew term allows the level oftechnologyto influence reinvestment in
each factor,isoelastically. This term generalizes a structure inJones (1995)that makestechnology modulate the
productivity of investment in technologyonly. %o canbe interpreted asadjusting the quantity or the productivity
of investment. The latter interpretation staves off violation of the constrainthat total reinvestment cannotex-
ceed output.

An examplemotivates the generalformulatio n. Indexing with letters instead of numbers, we set

® 60 0 OY h (7)
in which the factors aretechnology (6, synonymous withw ), excludablebusiness investmentcapital (0 ), popu-
lation (0), human capital("O), and natural resource’Y). For now, Yis fixedat 1, and dropped. We equate popu-

lation with labor force.As in Solow (1957), echnology is factorneutral.



Table 1 displaysillustrative parameter choicesfor this model.| make three comments on the choices
First, all factors areendogenous for all "0} 1t This structural symmetry makes sense in théong view,
since in the long run all inputs are affected by output. The symmetry alsmdermines manyarguments for cast-
ing technology as augmenting a single factor such as labor (Uzawa 1961; Kennedy 1964; Drandakis and Phelps
1966; Acemoglu 2003) Those argumentstypically distill to the conclusionthat for output growth to be stable
technology must augment a stable, exogenously growing inpuiiere there are no suchThis is one reason tech-
nology is factorneutral in (7).
Secondas in Lee (1988)the two componentsin the equation of motionfor population can produce a
Malthusian equilibrium. Holding 0 fixed, investment ofeconomic product in creation and sustenance of life
(i 6 ) can balancethe predation of mortality (| 0 with | 7). However, thatdynamic alone cannot explain
the historically novel drop in worldwide fertility since midcentury Galor (2012) agues that the dominant
causalchannelfor the fertility drop hasrun from improving technology in production tohigher demand for hu-
man capital to a parental investment shift from child quantity to child quality, as contemplated inBarro and
Becker(1989).The® factor, with %o 11, expressesa version ofthis effect, as doethe 6  factor in the hu-
man capital equation with %o %0 .7
The lastcommentis that the equation of motion for technologyresembles theRivera-Batiz and Romer
(1991) O1 AA A N épédifitafioh fér dnnovation, which takes the homogenous output goods the input to
the production of technological advanceThis distinguishes it from anoher common form, in whicha factor
stock such as) or "Ois the input (Romer 1990). If returns to investment of the output good into innovation are
increasing then%o. 1t On the other hand, each advance may make the nbatder (Jones 1995).Substituting
(7) into (6) and specializingthe latter to technology,
6 i6 o0 0 O 1 68 (8)
In simulating growth history since 25,000 BCE, Jones (2004, 23) chooses an idea production functiorsimilar
tod O 0 and takes in the present notationp %o  T®. | therefore choose%o 1@ for illustration .
Replicating the substitution in (8) for all factors producesa dynamical systenin the four variableso, 0,
0, and"Q The system can baestated in the abstractions of linear algebraReturning to numerical indexes, éfine
thecolumnvector6 @ g andthevectors™, »,#,and” analogously Denote by z the elementwise product
of vectors. Define the exponential functionof avector asapplying elementwise. More generally,define exponen-
tiation of a column vector by arow vector or matrix via"I" h 'l . Thenthe systemis
6 120 A #2068 (9)
With the parameter choices inTable 1,

5 Technology is commonly taken to augment labor alone. By the Uzawa Theoréhan economy achieves constant,
growth then technology can only augment exogenous, constantly growing factors. But here we will assume no factors
are exogenous and as a result theystem will not attain constant growth.

6 Worldwide total fertility fell from 4.97 live births per woman in 1950755 to 2.47 in 201520 (UN 2019, file FERT/4).
(1T xAOAOR ET OEA OdGiisEhaEEatk Af char@é ratiieEthad tBelldveD debhaology that influences
education investment(Galor and Weil 2000Lemma 1).
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where the prime indicatestransposition. We canalsowrite (9) as

15 "lzo” 48 (12)
Formally, "Ais constructed as follows.Let Roethe Q p -vector of p §&@n identity matrix ; andd Gthe square
matrix whose entries are0 except in theO-indexed column, which holds™ . Then

AR aa & (13)

The concisestatement (12) invites a generalization:’Acould be freed from thesingle-output assumption
embedded in(13) and allowedany entries. For example,factors other than technologycould modulatefertility .
Several broad cases then emergé.’A  ,the model is purely exogenousf some but not all rows ofAaret § O
the model ispartially endogenous the factors corresponding to the zeroed rowsire exogenouslf "Ais irreduci-
ble? if the graph of influences implied byAis strongly connected(Meyer 2010, p. 671)? then the system isfully
endogenousEvery factor affects the growth of everyfactor, directly or indirectly.

Even with the single-output restriction (13), the systemevidently admits no general closeeform solu-
tion.8 Toillustrate potential dynamics, Figure 3 therefore depictstwo simulations of(12) with the parameters in
Table 1. Formally, time is measured in years the depreciation rates are anual? so the horizontal axis is
marked in years. The two simulations differ only in their starting point, and only slightly.Sincethe process we
seek to modelbegins inancienttimes, it takes population as the initially plentiful factor. It starts at1 while the
other inputs start at asharedsmaller value In one scenario this value is8t ¢ p ;gnx¢he other, 18t o p .Mth the
lower value,depreciation rules the day (orepoch), creating a poverty trap.The higher garting value is chosen
at the risk of seeming pretension to realismso that thesystemescapes the trap and thenexplodes around
1800.

The simulationsconfirm that a multivariate endogenous growth system camaintain something close to
stasis for a long stretch, then explodeut it is evidently impossible to determinewithout simulation whether
and whenit will do so from given starting values Wewill therefore focus onthe equilibrium and disequilibrium

dynamicsof such systemsn the next subsections

2.2 Equilibri a
We will examine the conditions for existence and stability of equilibd in (12), first in the levels of in-

puts and output, then in their growth rates.

8|f # , the system admits a ongparameter subset of solutions in closed formé i j 6 o, inwhichi h R
i h 1j7 ,andinwhich exponentiation and division of vectors by vectors takes place elementwigeis the sole
free parameter, the time of joint explosion or collapse.

10



If one of the factors is exogenous, then it is ngery interesting to ask whether the systentan achieve
stasis(zero growth) in all variables. Soassume that’l .And assume that theexponent matrix "Ais invertible .

Then, settingl bto in (12) and solving the solution to the first-order condition for stasisis

z

0 # 1A h (14)
where division of vectorstakes placeelementwise? By (11), autput at this point is & #j 71 A 8Applying a
standard method in the analysis ofcontinuous-time dynamical systemswe checkwhether at this point of stasis
the Jacobian of12) is stable, i.e.,whether all its eigenvalueshave negative real partlf so, thenthe equilibrium

0" is asymptotically stable, meaning thathe systemconverges too” if starting adequately close to itThe Jaco-

bian works out to

T1d
Tl b
where the secondz operator broadcasts across the columns 64, applyingto each in turni0 Substituting with
(14) into (15),

"z 62z "AR (15)

= #2A8

The conditions under which # 2 "Ais stablecan be characterized in two ways, one simpteone more exact
The simpler methodfocuses on the sign of theleterminant ¢ z "As If it is negative then the number of

eigenvalues off 2 "Awith negative real part is odd and cannot be 0. Therefore the number of eigenvalues df 2

"Awith positivereal part is odd and nonzero, and # z "Ais unstable. Thus aufficient condition for instability is

m $z2A AEALS AsWhent 2 when exogenous influences only cause net depreciatienthis con-

dition distillsto s "As 1L In the single-output model (13),it works outthat s AS »~ SR p P %o
(seeappendix A.1). So asufficient condition for instability is

y’ P % >R p T8 (16)
An intuitive caseis whens» R pands ~ 1, wherethe 1T subscriptsindicate deletion ofrindexed

entries, thus restriction to conventional factorsThat caseembracesthe Jones (1995) modelin which conven-
tional factors experienceconstant returns to scale(» R p) andtechnologyis the only input whoserein-
vestmentrate varies with the level of technology { ). Then, (16) merely demands 1T if the marginal
product of technology is positive which it effectively is by definition, stasis is unstable

That intuitive case does not quite embrace the exampsmulated earlier, which has» R Tidora-
ther than 1, the difference owing tothe dropped static factor, natural resources.(The simulated example does

satisfy » Tbecauseéo T, %o %o , and| | .) But this opening for stability is narrow: (16) still

9If an entry of "lis 0, then the correspondingexogenous)factor cannot experience zero gowth unless its entry in is
also 0, in whichcase growth in(12) is always zero and the corresponding entry ob is not identified by the first-order
condition.
wEquivalently,T T BT 1 b AEAQ@EATA
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holds as long a$éo w!l Even the cautionary assessment ddloom et al. (2020)of the current marginal
productivity of R&D does notpoint to such a lowvalue. Their methodsusing aggregate datdor the U.S. in 193Q
2015 suggest%o g1z

The more precise statement of the conditions for stability develapthe characteristic equation of #2’A
and reiterates that the solutions must have negative real part Notice thatwe can rewrite (16), which originates

in gt 27As T in a certain way.Express theintended rewriting as

$2A m—=>» R 0 % p8 (17)

(This assumeSko  p.) A parallel statementapplies tothe characteristic equation

s#2A B mes — R —— p8 (18)
R N P = %60
inwhich_j #h _R #.(See appendixA.3, which also discusses some degenerate exceptionBlugging_ Tt
into the left of the secondequation in (18) yields the corresponding expression in(17)? which we have just
seenexceeds lunder plausible parameter choicesBy examination, cecreasingthe complex expression in(18) to
achieve equalityrequires driving _in a positive direction; and a positive_ indicates an unstableJacobianin par-
ticular, a root _ must shift more in the destabilizing, positive direction the more that technological advance stim-
ulates further advance o is higher) or stimulates other factors (theother elements of are higher).Positive
stimulus to factors from technology destabilizes stasis even more.
In sum, n the fully endogenous modelstasis isunstable under reasonable parameter choices.
There might be greater hopdor stable growth in an endogenous systenDefiningd 1 b, wecande-
rive a direct equation of motion for 0 by differentiating (12) with respect to time. It works out that
0 0 # 2A® (19)
This allowsusto view the system as one in whiclgrowth rates are the state variablesand to analyzesteady
statesin the same way as beforég314 The corresponding Jacobianis
10

7 0 # 2’A AE AQS (20)

Supposed” is a root ofthe right side of(19), aself-perpetuating vector of input growth rates. If allinputs receive

11 |n the example developed in sectioR.1,€ # 2 "Ais positive, so the PerrorFrobenius theorem pertains. The posi-
tive eigenvalue of # z"Ais 1 less than the Perron root of # z "Aand the associated eigenvector is the (positive) Per-
ron vector of ¢  # 2 "A Rather balanced growth or shrinkage in all factorgonstitutes the most purely destabilizing
direction away from stasis.
12 Bloom et al. (2020, Table 7, row 1) estimates a parametgrat 3.1, which corresponds to a value of ¢& for the %.0f
Jones (1995) (Bloom et al. 2020, note 25). However, those pap@&anceive of labor as the input to the production of
ideas, rather than the moneydenominated reinvestment flowi @as here. Bloom et al. thus deflates that flow by an
index of high-skill wages in order to arrive at a measure of research effort. To mdgithe Bloom et al. calculations to
OEA O1I AA ANOGEDPI AT 06 OPAAEEAEAAOQEIT i o dddAflate iBsfedibnthefebnsum& EAE OE
price index. The estimates becomie  t8tand %o 088 3AA OEEO PAPAOBO AT AA AOAEEOA:
13 One cannot nove so neatly to growth space under the more general constarglasticity-of-substitution production.
14 Aslong as #, it is an attainable growth state, in the sense that there is a vector of positive factor levelat which
the system grows a. In partticular, solving for 6 in (12) giveso o #jTA .
12



somereinvestment, so that none igpurely exogenous, therwheno  ©°, the first factor on the right of (19) is
entirely non-zero. Thenfor constant growth (6 ), the second term’A0°, must be . If "Ahas full rankthen
0 2 which returns us to the analysis ofbtasisjust above And in the single-output economy(13), for "Ato be
rank-deficient, SAs 11, andequality rather than inequality must hold in (16), which was justcastas unrealistic.
Turning that reasoningaround, if none of the elements of is positive (exogenousfactors are netdepre-
ciative) and if ’Ahas full rank, then constant, positive growth is in generalimpossible in the model(12). Typical
behavior, rather, is for factorgrowth rates to converge to the respective depreciation rates or diverge to posi-
tive infinity.
The prospect for stable growth brightendn the partially endogenous modelThis isespeciallythe caseif
technologyis exogenous So suppose there is at least one exogenous factor in the modeke’Q @ndQ &sub-
scripts to denotethe parts of the various vectors and matrices corresponding to exogenous and endogenous fac-
tors. For the exogenous factors) # and the corresponding rows of Amay be taken as . As forthe endoge-
nous factors, sincethe entries of 6 # are nonzero,for (19) to be still requires
PO’ Apr0 Ap0 AR0 Ay# 8
Then,assuming’A  is invertible, solving for 6° givesthe steadystate growth rates for endogenous factors
o} ArAqt 8
The equilibrium output growth rate is
o » 0 » 0 ) > AR Ay # 8
As in theneoclassical model, ie growth rates of exogenous factorg# ) operate asmultipliers in the equilib-
rium output growth rate. To investigatestability here, we plug the formulas ford® and6® into the Jacobian
(20), and checkits eigenvalues We get:
1o 00 # ZA 00 # ZA
10
The non-zero eigenvalues corresponding toendogenous factorsare those of the uppedeft block.
The earlier results on the stability of # z"A the Jacobian at stasigansfer by analogyto 6° # 2
A .Before we assumedhat the first factor in  # 2 7A namely #, was positive. Now we haveassumedl the

samefor the first factorof 6° # 2°A  .Replacing #with & # ,(17) and(18) transmogrify to

a

ph (21)

o} A ¢ T )
# i R 5 %

¥ # 2A; & 0 m —> R 08 (22)
R o =3Ft P i =<.| %o

Thesetwo conditions? one simpler, one exact speak to thestability of growth in the partially endogenous sys-
tem. In fact, theycreate room for stable constant, positive growth. If we imagine that » R ,the endogenous

-

contribution to production, falls, then » will tend too as well, reducing thelikelihood that the sufficient
condition for instability of equilibrium growth (21) will be satisfied. By the same reasoning as aftét8), this

will alsomake it more plausiblefor eigenvaluesolutions in (22) to have negative real part. The scope for
13



stability is especially great iftechnology is exogenousfor then™ does not figure inthe construction of A  ,
andwe take%o Tand” in (21) and (22). Then(21) issimply » R p, whichwe assume is impossi-
ble, since technology is not among the endogenous inpuéd the remaining inputs have at most constant re-
turns to scale.More geneully, the left side of the inequalities in(17) and (21) emerges as thedegree of endoge-
nous scale effecivhen this exceeds 1, the system contains explosive propensiteanwhile, Appendix A.4shows
that in the partially endogenous caseif is precisely when (21) does not hold that the equilibrium growth rate ¢
is, under reasonable assumptionspositive.

This exploration of stability in a mathematical family embracingthe Solow-Swanmodel with Cobb
Douglas productionillustrates a few points. First,within this larger family, instability is the rule, in both levels
and growth rates. From this standpoint, two features of theSolow-Swanmodel neverthelessassure convergence
toward constant, positive growth: the presencef exogenous factorsand the assumption that these factors grow
at constant rate. Ineffect, constant growth is assumed into th&olow-Swanmodel and rather than emerging
from it (Jones 2003)

2.3 Disequilibria

As a fully endogenousystemapproaches a singularity in one variable, that development will drive all
other variables to diverge at the same moment, or to collapse to the pudepreciation path. For once one entry
of 6 goes tozero orinfinity , all entries ofo® ' © in the equation of motion (12) must do sa Typically, the
path of each diverging variable will be increasingly well approximated by anivariate model, in which deprecia-
tion loses relevanceand the acceleration of growth becomes dominated e largest (or only) positive eigen-
value of’A And as shown in thediscussionafter (16), an endogenous systemwith the single-output structure
(13) hasa positive eigenvalueunder a broad range of reasonable parameter values.

For a moreprecise statementand demonstrationof theseassertions,let _ gy be the eigenvalues of
"A indexed from highest to lowestreal part,and " a correspondingeigenvectorbasis Assume_ is real. This is
the case, for example, in theingle-output systemunder instability condition (16). For then, appendix A.2 shows,

the eigenvalues ofAare p, with multiplicity 'Q p, along with

N % %
h % p ﬁRc > ﬁRc a > 8 (23)

Condition (16) works out to beequivalentto_  mand_ 11, so under assertedly plausible parameter values

that satisfy (16),_ is the sole positive eigenvalue.

Writ e
i b I8y (24)

for some coefficientst. Substituting that into equation of motion (12), assuning that the potentially superexpo-
nential growth term ¢ is large enough to justifydropping the depreciation term#, and taking the logarithm of
both sides

14



R IR EAe SRR I T o AR I T (25)
Inthe A © Hblimit, assuming’l , the elementwiseratio of (25) to (24) is_ RThus as theeigenvector with the
greatest eigenvaluecomes to dominatethe composition ofl b,

N =~ A

I Td _1 b8 (26)
Exponentiating both sidesof that approximation,
1d o 8

This is a special case dhe general system(12), with ascalarmatrix replacingA andit is in this sense
that as the system approaches a singularity, &@pproximates a collection of univariate systemswith sharedscal-
ing factor _ .

Partly on the basis of tle observation that a diverging multivariate system approaches a set aiivariate
systemswith a sharedscaing rate, we will turn in the next sectionto a univariate model for GWPThe matrix’A
will become thescalar§. If we take the univariate empirical modelasa reduction of a multivariatetheoretical
model that is more realistic but too complex to identify, he discussion abovemotivates viewing the estimated®
as thelargest eigenvalue ofan otherwise unknown A Equation (23) suggests onavay to interpret estimates of
68 ) £ xA OAOGAOO Ol in thefprevioGssubeetiBrOie inkh AR A | pRhdA 6~ T, and

if we continue to assume p, so that technologyis TFP, thenthe largest eigenvalue is

5 %o %o 8
= C P -
Solvingfor %o,
% 6 638 (27)

This equationwill link univariate estimation results tothe returns elasticity for investment in TFPin a multifac-

tor context. Finding®  p will suggest that returns toinvestment in innovation are diminishing.

3 Stochastic modeling

The models contemplated in the previous sectioare deterministic: parameter values and initial condi-
tions exactly govern the path of the systerfor its lifetime. This section introducesstochastidty . The resulting
model dynamically incorporatesshockswhile still allowing a superexponentialcomponent ofgrowth and acom-
ponent of constant appreciation or depreciation This allows for different outcomesto result from the same
starting point and producesfat-tailed distributions at each time point Yet the distributions can bestated analyt-

ically, which facilitates fitting to data.

3.1 A univariate stochastic model

The stochastic model developed here ishosen to beunivariate, for tractability . In addition, the previous
sectionproduced a broaderrationale: asmultivariate systemsexplode, theyconverge to collections of univariate

systems.In adeterministic multivariate model, the timing of any takeoff depends on the starting values and
15



exact dynamics in a way that is complex and hard to analyZe.a discretetime variant, the dynamicsmight be
chaotic: deterministic yet sensitive to parameters or starting valueswith a fractal boundary between parameter
regions leading to qualitatively different outcomes A stochastic model cacapture some of the characteiof an
analytically intractable, determinate process with a more tractable, less determinate process.

We start with the univariate subcase ofthe multivariate system(9):

Qw iw 1 Q8 (28)
Whendh 1 this equation is solved bya change of variablegoh @ ! . That produces
Qw 1 6wéiQb (29)
whose particular solution is
l .
W EN Q Th (30)

where w is the valueat 6 1L The solution forwfollows directly. Notice that ifthere is depreciation( 1) but
also explosive propensity § 1), wgrows exponentially away fromij 9 2 whether upward or downward
depending on which side othat value wstarts on. If downward, then wreaches 0 in finite time.lt follows that
® ® ! decays over infinite time orexplodes in finite timedepending onwhether starts above orbelow
1ji 1 .InFigure 3, the multivariate systemexhibited a similar bifurcation.
The stochasticmodel adds to (28) a randomterm with a particular form:

QO id  1OQ0, OO Q08 (31)

Following typographic convention in the literature on stochastic differential equations SDE$, | havereplaced
the deterministic wwith the random &. The two familiar terms in the multiplier on'Q @onstitute the drift coeffi-
cient. The novel Q w represents the progression of a Weiner processvhose sample paths are€ontinuous ran-
dom walks with fractal complexity, and whose cumulative varianceat time 0equals 0. For reasons soon to be
stated, the multiplier on Q w, the diffusion coefficient,is chosen to beproportional to the geometric mean of the
two drift components Together, hesedefinition s make & a random vaiiable whose distribution at each timeois
determined by & as well asi B f , and, . As a shorthand] will call (31) OEA OOOPAOAGDPI 1T AT OEAIT 6
though it is also capable of exponential and subexponential evolutiohd Tmord T

The mathematical construct of theWeiner processrepresented by Q w, is the heart of the stochastic
differential equation. It is what allows the data generating process across a microsecond, if compounded enough,
to equalthat acrossa millennium. It addresses the methodologicadoncern emphasized in sectior.

Sochasticity induces a distinction betweendistribution and instance. We canimagine an infinite num-
berofOOT 111 06006 1T £ x1 Ol e dafiedB3P @uh 10J00G0 BGE, Argl Al elolihgGiccdrding
to (31) with the sameparameters. In one, the wheel is invented a thousand yeaesarly; in another, itis never

invented. Yet thedistribution for GWPat each momentevolves deterministically .

The diffusion coefficientin (31),, @& ,governs how the variance of the stochastic component

grows with ®; it is chosenfor tractability more than realism.For with this specification, assumingd T, the
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SDEremains solvable via the change of variablessedto solve(28):
oh ol s (32)
To see this, @fine, as the inverse of thatransformation, Q& h & .) O Etdcliasticcalculusdictates howin-

crements ofthe randomly evolving variable® depend on those ofd (Oksendal 2014)

QO QO AW %‘Q & Qoh (33)

where Q% representsan infinitesimal increment ofthe quadratic variation of &.15 Sincein the It6 calculusQw t
Q  Q@ndQa’Qo Qa'Qw T substituting (31) into (33) results in

QO 1 & 61 ?66 p Q6 , 600 (34)

Collectingthe constant terms with

T « Y o B o B o
oh m—Hhhh o69dh 61 —m—0m7M— (35)
G G
gives
0y M Qo b Qb 8 (36)

This SDEstochastically extendH29). It corresponds tothe Feller (1951b) diffusion, andis applied in finance as
the CoxIngersoll-Ross CIR;1985) model, though CIRimpose® mandc Tt Thedistribution of & < , or solu-
tion, admits an analytical form, somethingmost SDEsdo not.16

Cox (1996 [1975])first proposed extending aCIRtype model via a power transform like (32) 17 How-
ever, Coxthenimposesi T, in the above parameterization. This produces th€onstant Elasticity of Variance
(CEV)modelin his context and a purely exogenous growtBystemin ours. Cox further requires ¢ 6 T1.The
diffusion (31) embracesthe CEVas a special cas@long with one-dimensional Brownian motion, the Besselpro-
cessthe squared Besseland, in a limit, geometric Brownian motion. Figure 15 in appendix B.3shows how these
and other commonmodels areconnectedthrough parameter restrictions and thepower transform.

As amodel for very long-term economicseries,the superexponential diffusionhasvirtues and draw-
backs. The analytical formulas for the solutions obviate the need for Monte Carlo simulatiomuring maximum
likelihood estimation (on the complexities of which, see Hurn, Jeisman, and Lindsay 200iR)addition, its con-
nection to the Feller/ CIRassures existencand uniquenessof continuous sample pathsin a contextin which
general theory does not assursuch(Cox and Ross 1976, note 6An SDEcapable ofsuperexponentialgrowth
will typically contain a super-linear drift component such asi Q ¢appearingin (31) whend  p). This term is
not Lipschitz continuous over the positive reals: there is nglobal upper bound on the magnitude of its slope

with respect to @. YetLipschitz continuity is assumed in standard proofs of existence and uniqueness of SDE

15 We use the ItGinterpretation of stochastic differential equations, according to which each infinitesimal innovation
‘Q w is independent of all developments up to time.
16 The solutions are solutions of the Kolmogorov forward/FeynmarKac equation discussed in appendils.
17 As CIR (1976, note 6) observes, Feller (1967, pp. 322%) earlier pointed out the general principle that one stochas-
tic process with a known generator can be constructed frm another via a monotone transformation.
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solutions (e.g., Oksendal 2014, Theorem 5.2.8 It is therefore not certain that anarbitrary SDEQd @& Q0
, © Qb ,with @t super-linear, has(unique) solutions with continuous sample pathsBut in the present case,
sincesample paths for® are known to be continuous the same holds fotd & J

The price of that assurance ithat the Guperexponentiabmodel (31) fixes thefunctional form for the
diffusion coefficient in relation to the drift coefficient, as the paramete enters both. Any departure from that
restriction would make it impossible to reach thd-eller/CIR in (34). This inflexibility may cause modelffits to
misestimate the stochasticity in economic history.

Another drawback lies in the univariate character of the modeFor millennia, income perpersonen-
joyed little clear trend. The obvious explanation for this stability, the Malthusian model requires two interacting
factors. A univariate modelmay fail to reproduce both the long stretch of relative stasis and the recent centuries
of takeoff.

3.2 Transition densities and sample path sunder the Feller/CIR diffusion

Feller (1951b) first studied the solutions to (36)? in particular how they are shaped by conditions on
the behavior of sample paths at théd Tmboundary. Despite that work and the popularization of the Feller dif-
fusion through CIR (198), | have found nounified treatment of the solutions and the corresponding boundary
conditions. There are two standardsolutions; but like Clark Kent and Supermarthey never appearin the same
placeat the sametime, which gives our knowledge of them #olkloric quality. Here | will only state the twocom-
mon solutions, leaving their demonstration toappendix B. These statementghen transfer to @, the potentially
superexponential variable via the power transform.

We first define two families of probability densities, whichwill form the basis of distributions for& s

at each timeo. Let "Q &N ‘Q & 3| bethe standard gamma densityThen the noncentral ... density is

QWi h QTR pQah T p (37)

Andwhat | call theFeller densityis

Q h h MM_MH  pQuH p8 (38)

_is alocation parameter and a shape parameterWrite "Q for "Q and™Q as a pair.Figure 4 plots the two
for_ pand’ o8th ¢®M h o8t For each value of,"Q and’Q arethe same colorin the figure;"Q is
dotted while "Q is solid. When' is aninteger, the two coincide. Otherwise, the twdork toward the left; in
some casedQ goesto infinity.

To fashion these densities intdime-indexed diffusion solutions, wesettheir input sto depend on the

18 |In fact, (36) is not Lipschitz either, since/i¢® dhas unbounded slope ag)© 1t Nevertheless, theory assures exist-
ence and unigueness of solutions (Yamada and Watanabe 1971). Alternatively, one can observe thab for p, the
terms of (31) are locally Lipschitz, which assures existence and uniqueness until an explosion time (Van Handel 2007,
Theorem 5.6.2). Again, the result for the Feller/CIR variabléd bootstraps to .
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Feller/CIR parameters ¢y ) andd) the initial valueé , and 0. Specifically, we plug intd37) and (38) with

o EE m (39)
wh Gjofi _h Gjokhi’ h @ p
After multiplying by the Jacobians of the changes in variables froén to & to & thedensitiesfor & g are

o . Q O W ..
QS h —=="Q R p 8 40
i p e P (40)
To translate thesesolutions for the Feller/CIR into onesfor the superexponential, we transform lastly with &

& 7 and multiply once more ty a correspondingJacobian

Q HW

‘4 R B R R 9 2 o a (41
wh ’ [R/] O@HEZ’ P

But for the moment, wefocuson™Q , not"Q .Thetwo solutionsQ differ in the behavior of sample
pathsatthe® mboundary.™Q is realized by instantaneougeflection there and™Q by absorption. Thesebe-

haviors, as well as otlkrs intermediate between them,are components of thestochasticmodeling vocabulary:
Absorption at zeromight represent permanent civilizational collapsewhile reflection could represent recovery.
The reflecting and absorbingsolutions eachlose physical or economicplausibility for certain ranges of
the constant drift factor d(equivalently, of’  ¢) & p).Foratd 1 the drift term ¢ Qi (36) becomes the
only non-zero componant, the only source of motian. The term canonly drive reflecting (upward) motion if ¢

1. So the reflecting solution’Q requires@ Tt It turns out that whenTt @ ¢ the modesty of the upward drift

causesthe density to approachinfinit y near the reflecting boundary. In contrast, when® ¢ the density ap-
proaches0 near the boundary. The stronger upward drift makes the boundaryfully escapable it  1mand un-

attainableif & 1 Meanwhile, the absorbing solution™Q is compatiblewith negativedrift (& 1) or modest

positive drift T & ¢ Because of tle absorption, probability mass accumulatesit the boundary, in the amount
ofp 'O _N " ,where™O tIj is the cumulativestandard gamma distribution. This mass pointis not expressed
in (40).

Figure 5 depicts"Q , the absorbing and reflecting solutions for the Feller/CIR diffusiorfor selected pa-
rameters. Inall plots,& & p;and® p, bestowing a component of exponentiatlecay. From top to bot-
tom,’ p®h T®h T, meaningdd>  T®hH TWhH pP®.In each plot, tme runs along the horizontal axes. Den-
sity values are shown by color, yellow indicating high and dark purpléow. The figures also show how the mean,

median, and mode evolvé® The figures omitthe implausible caseof "Q  with *  1tand™Q with p.

19 Means are computed analytically, accordg to formulas in sectionB.9.2 Medians and modes are computed numeri-
cally, starting from the analytical distribution formulas.
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Onlywhenmt ® & p ' mare"Q both plausible and distinct. Feller (1951b) determines that

within this parameter range, the Feller/CIR diffusion admits infinitely many plausible solutions, but does not
find explicit statements of them. Members of the solution set differ in the boundary beh@awv of corresponding
sample paths. Ito and McKean (1965)Jevelopsthe theoretical tools for understanding these possibilitiesbut
historically, the tools have not been applied to the Feller/CIR.

Theory points to two additional dimensions of boundary belavior whenTt & ¢ which arepoten-
tially relevant for modeling the human trajectory First, the®  mboundary may besticky or slowly reflecting
On a given sample path, each sojourn atsticky boundaryis instantaneous Yet the path may return with infini-
tesimal immediacyand infinite frequency, at leastwithin afinite spell, sothat total time spentat the boundaryis
positive. Like a fat Cantor setthe set of times atwhich the path is at zerohaspositive Lebeggue measureyet is
nowhere derse (Engelbert and Peskir 2014. Peskir (forthcoming) develops sicky solutions for the squared
Bessel processPeskir andRoodman (forthcoming) extends these results to the Feller/CIR.

The secondaspectof boundary behavior that becomegompatible with valid solutions when drift is
modestly positive (Tt @ ¢) is perhapseasier to visualize, if less intuitivelynamed: elasticity. While at the
boundary, a path hasa fixed, positive probability per unittim e of beingkilled. Akilled process does not stay at
zero for eternity. Rather, it halts. That distinction becomesmeaningfulin conjunction with stickiness. Without
the added possibilityof killing, a particle will inevitably escape a stickyboundary, just as every atom in a radio-
active sample will eventually decayWith killing , the path mighthalt before escaping

Transferring the various Feller/CIR boundary behaviorsto the superexponentialdiffusion introduces a
conceptualcomplication. If @ reflects (absorbs) at 0 then® @ I with & Tureflects (absorbs)at Hs. This
notion is best interpreted probabilistically: when the boundary Hbis reflecting, the probability that a sample
path will dwell permanently there, i.e., explode, isero; at all times, probability massis diffused across b .

When Hbis absorbing, theprobability of explosion ispositive.

3.3 Monte Carlo testing

Totest the superexponential diffusion model asthe basis for a maximum likelihoodML) estimator, and
to compare it to NLS as applied in Kremer (1993),run a Monte Carlo simulation. Firstl fit the model to a GWP
seriesusing data and methodseported in the following sections(estimates fromcolumn 4 of Table 3, below).
Using theresulting parameter estimates, along withthe starting GWPvalue of $1.6 billionfor 10,000 BCE | gen-
erate 10,000 sample paths according ta finite-difference (Euler-Maruyama) approximation of (31) with a time
step of 0.1 years| run eachpath until it reaches25,000 yearsor $100 trillion 2t | sampleeachto mimic the ob-

servation spacing in theGWPseriesintroduced in the next section with the same number of observations36,

20 Molchanov (1967, remark 1) proposedorming the infinite family of convex linear combinations ofQ and™Q , ap-

parently with fixed coefficients. However, these novel solutions are not in general Markovian. The rate of escape of
probability mass from the boundary does not remain iniked proportion to the amount of probability present there.
21 Both estimators apply here tend to diverge for sample paths that, unlike the historical series, are dominated by de-
cay. So | discard paths that end lower than they start. | generate 1,222 pathred retain 1,000.
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and the same relative spacings. For example, if a pattaches $100 trillion in 6,000years, roughly speakinghalf
the time of the actual series, then the final observations come evefiye yearsinstead of everyten as in the ac-
tual series To each path e samplead, | apply NLSfor (5) and ML for (31).22

The simulation showsthat ML estimation of thediffusion model is more efficient NLS converge98.8%
of the timeand ML 97.1%. When ML converges NLS has a much highetispersion: in estimating the scale effect
0,NLSand MLhavestandard deviations of 0.136 and 005, respectively.ML is essentially unbiased when it con-
verges (bias is T8t 11 iWpo-tailed T Pwhile the NLShas a bias of 18t p @wvo-tailedy T8t M)nSeeFig-
ure 6.

Theory foreordains this result: ML is efficient whencorrectly specified.Yet the exercisehelps quantify
the added precision fromML. And itis meaningfulin that while the NLSmodel isinternally inconsistent, as

noted in sectionl, the DGPmost consistent with NLSin spirit is the superexponentialdiffusion.

4 Data

The empiricsbelow will focus on GWRbserved over the very long termwhile paying modestattention
to global population, GWP per capita, and frontier GDP/capit@&ihe univariate stochasticmodel defined in the
previous sectionis appropriate for GWP in that it posits thatafracti T T £ O AEAOUS8 O HOT AOAO
sources ofits productivity (i® ) andalso allowsdepreciation (| @). The modelis somewhatless apt forpopu-
lation since it would cast populationas the sole source cts own OO A E T O A3 brtiindthe crucial role
of economic variables The model isalsoless apt for a ratio such as GWP/capit&or while it is standard in mod-
elsthat make population exogenous tomathematically abstract from it by takingvariables on a gr-capita basis
(Salai-Martin and Barro 2004, p. 28)such a factoringbecomes impossible when population is endogeus.
Then, GWP/capitas an inherently multifactor concept GWP/capita per se is not invested in GWP/capita
Withal, the graphs ofpopulation and GWP/capitaalso look like hockey sticks, so it is interesting how well the
superexponentialdiffusion fits them.

The GWP and populatiorseriesgatheredhere are extended back a million years with caution.
Szathmary (2015)perceives seven major transitions in the history of lifeMost occurred whencompeting
units? genesprokaryotes, individual animals? gangedup. Thelast of the seven washe development of natural
language40,000z50,000 years agoArguably it was then that techmlogy gained its modern, alchemical charac-
ter. Through language, humans couldhare ideasmore quickly and flexibly than any organism beforeln light of
this structural break, it may be best to applythe models developed above only to data from the lagéw myriads
of years.

Many authors providelong-term population series(Carr-Saunders1936; Huxley 1950, Woytinksy and

22 Since the NLS estimating equatioh & i 1§ islinear but for exponentiation byd, it is fit by analyti-
cally concentrating out the other parameters, then iteratively maximizing the profile likelihood fob. The NIS esti-
mates are the starting points for the ML fitsAs in Kremer (1993) the dependent variable in NLS is the compound an-
nual growth rate. To address heteroskedasticity, observations are weighted by the time spans between them.
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Woytinksy 1953, Putnam 1953, Bennett 1954; Deevey 1960; Cipolla 1962; Clark 1967; Durand 1967, 1977;
McEvedy and Jones 1978; Biraben 1979; Blaxter 1986; Maddison 2001). The estimates are not independent. Ra-
ther, a consensus has evolved as authors have cegior adjusted earlierfigures or extended them back, incorpo-
rating information from sources such as ancient censuses and studies of population densities supportable with
given forms of agriculture23 As a result, available global populatiofigures rarely disagree on overlap by more
than 30% (Durand 1977, Table 5; Cohen 1995, Appendix 2). Among these sources, McEvedy and Jones (1978)
provides the most observations before the Common Era. Maddison (2001, p. 230) generally prefers their figures
and Kremer (193) relies on them for 10,000 BCE1900 CE2425 | also use them.

Estimates of population before 10,000 BCE akspeciallyuncertain? population not only of Homo sapi-
ens but the genudHoma Deevey (1960, p. 196posits a human population of 0.125 million in1 million BCE, 1.0
million in 300,000 BCE, and 3.34 million in 25,000 BCE. Kremer (1993) incorporates these numbesst, alling
OEAI O& OOU UA ApBandon (2000fpeeferd thé ehtidaids bf @H060 in 2 million BCE (Hawks et al.
2007) and 05 million in the period 0.5z1.0 million BCE (Weiss 1984). However, these newer valuggay not be
more reliable. Hawks et al. (2007) infer from genetic evidence the occurrence opapulation bottleneck 2 mil-
lion years agq but that speaks to the size of Breeding population from which modern peopleare descenckd, as
distinct from the total population then extant. Meanwhile, the Weiss (1984) calculation is in the manner of
Deevey and appears to contain an ordesf-magnitude error.26 | follow Kremer (1993) in using the Deevey fig-
ures sincethese have not been obviously improved upon.

Estimates of GWP and GWP/capita ardominated by the lifework of Angus Maddison. Maddison (2001,
2003) calculatesGWHPfor 1, 1000, 1500, 1600, and 17001820, 187Q 1913, and more recent yearsOnly De
Long (1998) has extended the Maddisorstimatesback; starting from the Maddison (1995) estimates for 182@Q
1992, De Long develops a series starting in 1 million BCE.

| take the Maddison (2010) global estimates as thespine for GWP/capita seriesIn so doing, | agaires-
chew someprevious tactics for extending series to ancient dates in this case, those of De Long (1998J.0 ex-
tend the Maddison (1995) GWPseriesbefore 1820, @ Longmakesa Malthusian argument when the binding
limton T DOI AOETT EO EOI AT 08 b OWR/EAS $hGuill beXoldvadby Ocbidmge Af A E AT
the same sign in population. De Long observes that GWP/capita gmopulation growth are indeed strongly, pos-
EOEOAT U AT OAARAORA OEORDAAEOE AAT 660U O1 OE1I 01 O6CEI U 7

23 On the intellectual history, see Caldwell and Schindimayr (2002).
24 However, for Asia in 1 CE, Maddison (2001, Appendix B) tends to take higher estimates from other sources.
25 A recent synthesis of these estimates appears in Klein Goldewijk et al. (2017), which cites for{pnedern values
McEvedy and Jones (1978), Maddison (2001), and LiBiacci (2007), the last of which appears to copy Biraben (1979).
While the methodology of the synthesis is not documented, there is no suggestion that it injects new informatidine
main contribution appears to be interpolation of estimates with comprehensive geographic resolution and even tem-
poral spacing. Such imputations are presumably valuable as inputs to climate modeling. But they can harm when the
imputed variable is theobject of modeling, by adding spurious information content.
26 Weiss (1984, p. 641) assumes an inhabited area of 13.3 million square miles, 34.5 million%kmnd a population
density of 0.28/km2, which yields 9.65 million people rather than the stated 0./illion. In correspondence, Kenneth
Weiss was quick to assume that there is an error in the paper. For 300,000 BCE, Deevey (1960) has 0.0124ma an
inhabited area of 85 million kn?, for a total of 1 million.
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percentage point of population growth.De Longapplies thisassociationto population growth rates from Kremer
to estimate GWP/capitabackto 1 million BCE. But it may not be that meaningful toextrapolate the relationship
between population growth and GWP/capita froman eraof divergencefrom Malthusian equilibrium to anera
dominated byit .27

The otherDe Longtactic discarded heretakes on board the argument of Nordhaus @97) that standard
measures of output growth grossly underestimate, because they do not fully capture the gains in quality and di-
versity of goods and services. As a rough adjustment, De Long injects an extra quadrupling into GWP growth be-
tween 1800 and 20M. Yet seemingly the reasoning applies before 1800 toim: many places product quality and
diversity increased between800 and 1800. Since | cannot quantifithese gainsl avoid such adjustments.

)y ATAEIT O A ' 70TAADPEOA OAOBAahd H02013 vhiletaRihgladubsis® A1 OA O
ence level of $400year for 10,000 BCE and earlier. Before 1500, | interpolate log GWP/capita to dates for which
population estimates are availabléoy assuming that log GWP/capita grew in proportion with log populatior?8
This makes some sense given the lorigrm, positive assogation between population and income. But itmay
understate short-term Malthusian effects. For exampleaverageincome in Europeis thought to have risenafter
the Black Death. Yein the series constructed heresince GWP/capita is interpolatedin positive associationwith
population, GWP/capita falls between 1300 and 14Q0rom $551 to $541.In the empirics, | check forsensitivity
to switchingto$ A , TT1 ¢c8 0 AZAZECOOAOS8

Growth in GWP/capita can be factored into frontier growth and catclup growth. Frontier growth is im-
portant becausein can be the only source of permanent overalbWP/capita growth.| proxy for the frontier with
&OAT AAh A AET EAA AOEOAT AU A Al il AETAOQGEITT 1 &£ AAOGA AOAE
and Roman timesThe Maldison Project Bolt et al.2018) estimates ncomein the Gallic region back tdl. CE Cov-
erageof Franceis strong startingin 1280, thanks tothe analysisof Ridolfi (2016) of wages and pricesin primary
sources such asecords for work on the ChartresCathedral. | extend this series backby copying GWP/capita
valuesfor 5000 and 10,000 BCH extendit forward from 2016 with growth rates from the IMF (2020 series
NGDPRPPPPCPEH

Table 2 displays the datafor population, GWP/capita, GWP (their product),and GDP/capita for France

27 The conceptual basis for the extrapolatiots further muddied in the De Long (1998) implementation by a mix of
time period lengths:e.g, the observation of GWP/capita in 1800 is associated with average population growth in the
next 50 years while that in 1960 is matched to the next five. In the ent, the De Long (1998) extrapolations did not
perform especially well in predicting the pre 1820 estimates that Maddison subsequently published. For example,
where Maddison (2010) perceives a decline between 1 and 1000 CE from $467 to $453 and then aloigd 500 to
$566, the De Long (1998) method produces the opposite: a substantial rise in those first 1000 years, from $404 to
$494, then a slight climb in the next 500, to $512n addition, reverse-engineering reveals a few undocumented and
debatable choces in De Long (1998). The regression that is for the basis for extrapolation is run on a data series that
itself contains imputations, e.g., for 1800, 1850, 1875, 1920, 1925, and 1940. And before serving as the independent
variable in the extrapolation, pre-1800 population growth rates are smoothed via a thresmbservation moving aver-
age, without adjustment for the uneven spacing of observations. For example, the smoothed, growth rate for 1 CE is
the simple average of the annualized growth rates for 200 BEE CE, ¥14 CE, and 14200 CE.
28| also incorporate updates for Western Europe from the Maddison Project (Bolt and van Zanden 2014), which in
turn draws on new scholarship on the evolution of material standards of living in that region. But the Maddison ér
ject updates do not estimate global totals, so Maddison (2010) remains the foundation.
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As explained in footnote25, population estimates in the HYDE climate modeling ddtaseare not used
here. However, one element of that data set is taken up: an indicator of the uncertainty of estimates. Klein
Goldewijk et al. (2017, p. 8) expresses the uncertdy as +1% for the year 2000 and thereafter, 5% for 1900,
+25% for 1700, £75% for 1 CE, and £100% 10,000 BC¥aluesin between are linearlyinterpolated. The authors
do not ascribep values to these ranges. | incorporate these uncertaintpdicators, cal them"Q, as observation
weightspj p ¢'Q in the regressions?® This weights ancient observations already deemphasized by their
sparsity? a third as much as the modern ones, siné@ p for former andx 18t dor the latter.30

One potential elaboration is to study data for continental regions such as Eurasia and AfriBait it is not
pursued here.Fits to regional databefore significant global integration, sayn 1500, could provide independent
tests of the modelUnfortunately, the available data do not appear to support regionalization of the time series
approach. The series for Eurasia dominates the world total throughout, so restricting to the region does not af-
fect results much. The series for the Americas before contacttWiEurope is too short and uncertain to support
formal modeling 31 The same goes for Africa, if distinguished from Eurasfa.

5 Estimation

Using MLl fit the superexponentialdiffusion to the data. The modeling is dynamic: he log likelihood for
eachobservation is computed with (41), conditioning on the previous observation The reflecting and absorbing
models (Q ) are estimated,and the better fit reported. Sticky models turn out not to be relevant becauseis
estimatedto be well outside mip . Observations are weighted by the HY DBased weights described abovén
addition, to test the hypothesis oexponential growth, | fit the CEV. Recall that this imposds Tin (31), the

marker of constant, exogenous growth

5.1 Estimates for GWP

I model four versions of the GWPseries: with and without prez10,000 BCE observations, with and with-

out annual data after 1950. The latter variation bears explainingdf the diffusion model is correct, it requires no

29| also setQ pfor o 10,000 BCE.
30 A rough theory for the weighting runs as follows. Since we estimate with dynamic maximum likelihood, the princi-
pled question ishow measurement error affects the log likelihood for each observatiot conditional on the previous

one,® . If the process were pure Brownian motion, wittto @ 11, and if there were no measurement error, then
the distribution & g  would be normal, with variance¢ pwith oh 0 o . The log likelihood would be 1@ t

1 Eoot d & jchowheret ¢ isthe circle constant. Butify and® are measured with normally dis-
tributed errors of variance " Q® and Q& , and if these errors are independent, thed & is measured with nor-
mal error of variance of approximatelyQd  "Q® ¢'Q . If this error is in turn independent of the process,

then it adds to the variance of measred & while preserving normality. The likelihood becomes 1@

I Igoo ¢cQd + & @ COO ¢'Qd . Focusing on the second term, which contains the squared change,
incorporating measurement error as described multiplies the term byj p ¢Q® j ¢® o If we take® as a scale

proxy for the rising variance ¢ pthen we can take the ratio as roughlgj p ¢Q .
31 McEvedy and Jones (1978) provide estimates only for 10,000, 9000, 6000, 5000 BCE and 1, 1000, and 1500 CE.
32 Diamond (1997, ch. 10) argues that the predominately norttsouth orientation of the African land mass created nat-
ural ecological barriers to dissemination of innovations, which long isolated suBaharan Africa from Eurasia.
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adjustment for variation in observation spacingFor example, ftting the model to a serieswith annual rather
than decennial data after 1950vould not spuriously overweight the postwar era. The likelihood assigned to
each observation would properly quantifyits information content. That said, @ assumption that may become
suspect d high sampling frequency is that the seriess Markovian. It is possible for example that since 1950,
the series contairs a trend from which GWPcyclically deviates and return® in other words, that the true Mar-
kov process is hidder#3 Modeling the annud data availablestarting in 1950 might mix some shortterm, trend-
reverting behavior into what is before thena sparserseries.The negative association between level and subse-
guent change woulddownward-bias estimates of the longterm propensity for growth. Two parameters figure in
the relevant term in the growth equation,i @ ; since this phenomenon would occur only in the naern, high
observations, the downward bias might load mainly ontd. This motivates estimation with only decennial data
after 1950 (including the 2019 observation).

Table 3 reports results for the four samples In estimation, the primary parameters are not those in the
SDE(31) for the variable ®? noti,6,] , and, . Instead,the estimation parametersare more closely linked tothe
Feller/CIR SDE(36) for the related variable® . Thethreearel thG and’ @ & p. The finalestimation pa-
rameter is an exponent] hwhich equals pJ¥6 34 The superexponential SDEparametersare then derivedand
their standard errors computed with the delta method all are alsoin Table 3.35

Resultsfor the full seriesare in column 1. They put the depreciation rate of the prodictive potential of
humanity at o® v p 1 /year (standard error p® v p 1T ).Such a low rate is implausibléf read as applying
to physicalor human capital, but canmake sensef the essentialproductive stock in thelong run isideas The
investmentrate i is also smalljf with expected signatp&@ w p 1 (s.ec® p p 1 ).Perhaps for most ofhis-
tory, lived near subsistencepur speciesinvested slowly in knowledge. Or perhapsthe productivity of such in-
vestment was low Meanwhile, the scale effect is estimated at 0.518 (s.e.0.0275). According to equation(27),
the implied returns elasticity for investment in TFPis about p&.

These results flow from theabsorbing-barrier model, whose fit yields a higher likelihood than thee-
flecingmodeld 3 ET AA OEA OAAOOE A Othe Zerd idAnddty@or thel Fell & ER vafebidO O ET 00
and GWP is modeled a ¢ ' ,and sinced is estimatedto be positive, () experiences an absorbing barrier
at Hb. In the mathematicaluniverse of the fitted model, there is positive probability of explosion.

Column 1 ofTable 3 includesresults that interrogate this propensity for explosion.Gven an initial GWP
level &, the probability that a sample path willnot eventually explodeis™O & ¢j N * . (Appendix B.9.1de-
velopsthis and relatedformulas.) Setting & to the GWPvalue for 1 million BCEA #r Willion, this probability is

0.978. Conditioning instead on the 2019 GWP ofA x &0 O E ] tHe rbbiability of no eventualexplosionis just

33 Regarding GDP/capita in fronier economies, a stream of literature starting with Nelson and Plosser (1982) favors
the unit-root view. Other research challenges it.
34 Usually, the power seriesrepresentations ofthe densities™Q in (37) and (38) converge fast enough, requiring
computation of at most the few million terms around the peak term For extremely large values of  qestimation is
ET OOAAA AAGAA 11 (ATEAI 8O AOUI pOI OEA A @b A(NSE,ed. 104GEpIOEA |1
if ' | w_the largeorder approximation (NIST, eq. 10.4.1).
35 The translation inverts the definitions(35):i [ &p  'A @, I W@ Andd il .
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v p R .Givingnon-exploding samplepaths an explosion date ofb, the medianwait till explosionis

i o GdjsO mdN ' ja&ln this casestarting from 20196 GWP the median explosion date is 2060 (s.e.
~9years). Strange as that result isa likelihood ratio test rejects theexponentially growing CEVmodel as an al-
ternative (T8t )T

The results are perhaps better conveyed graphicalhAsthe estimateshold that] mand6 T they
correspond to the casaliscussed after(30), in which the starting value determines whether the explosive pro-
pensity overcomesthe downdraft of depreciation. But in the stochasticmodel, both outcomescaneventuate
from any starting point. Figure 7 illustrates this richnessby plotting 99 rollout s of the full-samplemodel fit. The
empirical GWP series is in rednd the simulation rollout s in greys. One rollout attains sustained growthand ex-
plodes within aquarter million years. Therest never escape decayl his simulation accords with theanalytically
derived 0.978 chanceof no eventual explosion.

On its face this result says that theattainment of civilization? indeed, the survivalof our genusto this
point? was improbable.This tension betweenmodel and reality admits at least twoexplanations. One is thathe
iTAAl EO O1 OGCEI U Ai OOAAO8 ) &£ OlohextiBckioh llusttatesat® lardnebpic® A A £E A
principle (Carter 1974). Conditioning on the fact that such a paper as thisas beenwritten, the retrospective
odds of takeoff are high.The otherexplanationis that the model issubstantially incomplete? which surely it is.
The inability of the univariate model to capture the Malthusian equilibration between income per person and
population appears torender it unrealistically unstable: notice all the sample paths diverge from observed his-
tory. And it mayask too muwch tofix the same parameter values before and after the evolution of language.

To better conveythe model fit, Figure 8 changesthe presentation in several waysInstead of99 rollouts
from the starting point, 10,000 are run. Another 10,000 are run from th€019 observation. For eachbundle, the
median as a fuition of time is depicted with a black line, while the 8, 10h, etc., quantiles are marked with
changes in shathg. The time axis isiow logarithmic in yearstill the medianexplosiondate of 206Q Finally, to
convey uncertainty in the model fit along wih the modeledstochasticity, each rolloutincorporates a different set
of parameters, drawn randomly froma joint distribution. For this purpose, the estimates of theprimary parame-
ters,i WA h A Brdassumed to balistributed multivariate normal, with the covariance produced by the ML
estimator. In the figure, the distributions emerging fromthe initial and final observations clash.

Retaining only decennial observations aftet 950 changes the resultsstatistically but not qualitatively
(Table 3, column 2).The estimate ofthe overall scak effectd rises from 0.515 to 0.629(s.e. 0.0407) Thissug-
geststhat trend reversion in the annual data doesdownward-bias the estimates ofthe scale effectThe median
explosion year moves from 206 to an eye-popping 2041.

Next$ AAOAU | p wo rlQ,600 BAEBIGdn/AtiomeOGWPare dropped (columns 3 and 4of Ta-
ble 3). The scale effect) falls to 0.429 (s.e. 0.04.6) with annual data after 1950 and to 0.552 (s.e. 0.@92) with
decennial dataUnder the latter estimates, theprobability of no eventual explosionfrom the starting GWP value
of $1.6 billion in 10,000 BCHEs a merep® o p T , quite opposite thefirst estimate of 0.978 Conditioning on
2019 GWR the resultsnow put the medianexplosion at 2047 (s.e.8 years).
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I mildly prefer this last specificationsince it skirt s the structural break ofthe birth of languageand per-
hapsreducesmisspecification by taking decennial observations after 1950The scale effect estimate for GWP
0.55,implies areturns elasticity for TFPof about p& uvSample pathsunder the fit mimic history: seeFigure 9
and Figure 10. In the diffusion plot in Figure 10, observed GWPlargely stays between the 40 and 60th quantiles
of the simulations. And the diffusion emergingfrom the last observation cohereswith that emerging from the

first.

5.2 Robustness and goodness of fit

While it is clearthat GWP growthhason averagerisen with GWP,much of thedata buttressing that gen-
eralization is uncertain. And errors in the ancient observations mightdistort the estimation of the probability
and timing of explosion.To test for suchsensitivity, | rerun the preferred regressionafter multiply ing all GWP
observations byQ , whereQis the HYDE uncertainty indicator Recall that"Q ranges from 1 in the earliest ob-
servations t0.01 in the most modern. | do the same after multiplying b@ . The results are not sensitive to
these changesThe first one lowers the estimate of6é from 0.552 t00.492 anddefers the median explosion year
from 2047 to 2050. The second yields 0.616 @2043.

| also estimate againsthe De Long (1998) GWP seriefor 10,000 BCE2000 CE in orderto check for
sensitivity to the method of interpolating GWP/capita This change mattersnore, but notqualitatively. With the
preferred serieshalted in 2000 for comparability, switching to the De Long data lowershe estimate ofd from
0.595 t00.517. The mediarexplosion, conditioning on the 2000 GWRralue, shifts from2031 to 2022.

A more cutting concernis aboutgoodness of fitThe superexponentialgrowth component of themodel
captures the first-order pattern of acceleration The stochastic componentaptureshow GWP oscillatecaround
this longer termtrend> but not fully, it turns out. | checkgoodness of fit as follows. If théest-fit model is cor-
rect, then the quantiles of the observations within the distributions predicted for thenunder the best fitshould
be i.i.d uniform. | checkthe uniformity of these quantiles with the KolmogorovSmirnov (KS) test andcheck
their independenceby examining their serial correlation. As shownalong thebottom of Table 3, the regressiors
with annual data after 1950fail both tests. Thosewith decennial data after 1950do passthe KS test butperhaps
only becauseshrinking the samplereduces power.

For the preferred regression Table 3, col. 4) Figure 11 plots the quantiles that are the subject of thee
tests.While the distribution of the quantilesmay beformally indistinguishable from uniform, the seriesindeed
contains episodic patterns that violate the Markovian diffusion model The data points for 1820, 1870, and 1913,
the zenith of the industrial revolution , ascend steadilyThen, starting in 1960, the quantiles descend monoton-
ically, indicating that GWRgrowth hasfailed to accelerate as much as predictetlVhile the univariate diffusion
model capturesimportant aspectsof GWP history, iteaves much out

SinceFigure 11 is built from a fit of data through 2019, t effectively asks whetherGWP history issur-
prising conditional on it having happened That is appropriate for tesing goodness of fitWith modifications, the
figure canavoid this circularity and better addresswhether certain historical developmentsbroke with the past

Figure 12 is like Figure 11 except thatthe quantile for each observationis computed after fitting the absorbing-
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boundary model only to previousobservations. Also, likethe diffusion plots in Figure 8 and Figure 10, the distri-
butions are simulated while incorporating parameter uncertainty(with 10,000 rollouts and 10,000 time steps).
Convergence often fails for the earliest observations, evidently because of small samples, but stalslaeund

1500. Figure 12 accentuates the impression left byrigure 11. Cbservationsduring the first century of the indus-

trial revolution are high while those since 1960 are low

5.3 Estimates for series other than GWP

Asarguedat the start of section4, the univariate stochastic model ismore suitedto GWP thanpopula-
tion and income per capita. Neverthelesst is interesting to testit against the other variablesEstimates from
the preferred sample» starting in 10,000 BCE, decennial observations after 1950are in Table4. Three new
variables are modeled: world population GWP/capita; and GDP/capitain the frontier economyof France.Diffu-
sion and quantile plots constructed the same way d&gure 10 and Figure 11 are gathered inFigure 13.

In all cases, the likelihood isgainmaximized by assuming an absorbing barrier ab  1and taking
6 1 which maps that barrier to +bfor @. In all casestherefore, the model perceives a positive probability of
explosion. The results for population broadly resemble those for GWP, whicghperhaps expectedn light of the
dominance ofpopulation growth in GWP growth for most of history. Compar@able46 O A1 foGdWP p
(which is copied fromTable 3, column4) with the next column. The estimates fof, 8, and hardly differ statis-
tically. As a result the estimate of6 is about half the 1.03 attained via NLS iKremer (1993, Table VI, col. 1). The
stochasticity coefficient,, is largerthan for GWR perhaps to accommodate the surprise of thglobal fertility de-
cline. This surprise presumably also explains the defermermif the median explosionyear to 2175(s.e. 47.6).

The fitsto GWP/capitaand frontier GDP/capita areworse? see columrs 3 and 4of Table4 and the bot-
tom two-thirds of Figure 13. The superexponential tendency is nowneasured aggreater, presumably because of
the suddenness of the acceleration of these variablesfew centuries agoThe exponentd is estimated ata high
1.699 (s.e. 0335) for GWP/capita and0.945 (s.e. 0.262) for frontier GDP/capitaThis helps explain why he me-
dian rollout under the bestfits for both GWP/capita and frontier GDP/capitaexplodes by 6600 BCE

6 Onthe meaning of singularities

The results just presented are at once unsurprising anighplausible: unsurprising becausethe accelera-
tion in the expansion of thehuman systemover the very long termis recognized; implausible because of the
conflict with the recent experienceof relatively steadyglobal growth, not to mentionthe laws of physicsWhat
should we make of the conflict?

It is easy to dismiss theoutsider-i T A Aimplic&tions for historical base rates or base distributions for
growth change® to concludethat a good model for thepasttells us little about the future. After all, the progres-
sion of human affairs is complexand could follow different patterns in different eras.Yetto declarea complete
structural break istoriskh  ET  OEA x1 OA E Imltiplyidg entifed Withodit@ec&34ity) Airditig to har-

vest the mostinsight from the tension between outside and inside viewsl will start from the claim that the
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outside viA x &uperexponentialdynamic remains relevant, then yield ground.

Jhansen and Sornette (2001pbserve thatsingularities in model are a sign thatit is being stretched be-
yond therealm of state spacdor which it is appropriate. Beyond that realm, some factor once neglected no
1TTcA0O AAT AAh 1 EEA OEA EAAO OEAO OEA OPAAA 1T &Z£ 1ECEOD
always mathematical idealisations of natural phenomena: theare not present in reality but foreshadow an im-
bl OOAT O OOAT OEOEIT 10 AEAT CA 1T &£ OAcCEI Aso j*1T EAT OAT Al

In GWP growth, vihat might be the factor once neglected that no longer can beSee threecandidates
First, the superexponentid singularity is formally an artifact of passing to the infinitesimal limit,the very analyt-
ical stepthat makes possiblethe ordinary and stochastic calcul. In real economies, technological advanand
reinvestment of output of capital donot occur as econtinuous sequence of infinitesimalimpulses, each instanta-
neously propagated.This is why finite-difference simulations of the abstract economiedefined here do not in
fact reach infinite output but terminate upon numerical overflow. With an adequate system for representing
large numbers, the simulations could be continueébr an arbitrarily long time. The infinitesimal approximation
may hold well enoughat ahypothetical growth rate of 1% per year, but perhapsnot at 1% per hour.

The upshot ofthis concession, howeverseems only to be that while GWRIll not go to infinity, it will
still get stupendously big.Doesthat suffice for realism?Conceivably.In the lastcentury or so, human beings
have built machines that solvechallengesevolution took millions of years to solvelocomotion on land, flight,
vision, calculation, communicationWe havenot made machines as good ass at formulating and carrying out
effective plansin complexenvironments, which arguably is the Holy Grail ofAl research But we mightyet. This
would open major new production possibilities Hanson 2001;Yudkowsky 2008; Bostrom 2014). Even more
radically, if Al is doing the economic modeling a century from now, it may count the welfare of artificial minds in
GWP. Their number would presumably dwarf the human population. As absurd as this scenario may so.ard
Al revolution could be seen aastage in the unfolding that began with talkative, toolmaking apes.

While it is impossible to dismiss sucHantastic possibilities, we should not let them distract from other
shortcomings in themodels developed hereA secondfactor that becomesdangerousto ignore as the models
divergeis the consumption sidethat is, the allocaton of output among consumption and investment irvarious
inputs. The neoclassically inspired model in sectiof articulates aCobb-Douglasproduction process whichim-
plies a microtheory of optimizing agentson the production side Butwhile it gives flexibility to investment rates
by modulating them isoelastically withthe technologylevel, this formulation is fixed-coefficientin spirit. It is not
grounded in a theory ofoptimizing agentsthat adjustto, and even foresee, radically changing circumstances
Fixed coefficients maydo limited harm in amodel converging to a steady stateThey becomemaore problematic
in a systemthat diverges.

Thethird neglected factorET  OE E O B A b Aodi dbecily itofolysics. ThE indel€d daesnot rec-
ognize thatthe output of theterrestrial economy is effectively capped bythe flow of negative entropy from the
001 AT A OEA AAOOE-Bdegeir 1971 ADalE 197y)Cpnvehtior@l@bdelgobscureshe link be-

tween economic activity and entropyby taking production to extract flows of output from stocks of inputs while
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leaving theinputs unchanged which is thermodynamically all but impossible Depreciation is modeledasdecou-
pled from how much the stocks are used in productionwhich still implies that production per se hasno thermo-
dynamic consequenceThe limit imposed by nature is not theoretically inviolablesincethe locus of valuation of
output is the mind of the consumer, and humans might have a taste for entrgdyut that possibility seems aca-

demic.

In the multivariate model insection 2.1, the finitude of natural resources does in fact damp economic
growth. The factor'Yis fixed at one and assigned a Cokibouglas exponenbf 0.1, so that the remainingnon-
technologyinputs have diminishing returns to scale, at 0.8But that does notprevent explosion.Might the rela-
tionship betweenthe artificial and the natural be captured more realisticallywith in this mathematical frame-
work? The best that can be donés to introduce a combination of exogenousppreciation in natural resources
and endogenousdisinvestment in them, the entropic corrosion from economic activity. A simulation appears in
Figure 14. The modeland initial values arethe same as thexploding case inFigure 3 except that the reinvest-
ment coefficienti andappreciation rate] are changed from0 and Oto T8t @nd 18t 11. pike population, the
stock of resourcesYis taken as initially plentiful, at 1. From there, the slow increase inY (in green) hastens the
explosion by about 1000 yearsBut the approach ofexplosioninitiates a plummet in 'Y, which quickly brings out-
put (& inred) to zero. Making the new factor sufferendogenous harmdeflectsthe explosiveimpulse downward.

The scenariois, onehopes,unrealistic, not least becausef the second neglected factor, the response of
agents to changing circumstance¥.etthe augmented modekuffices to demonstrate thata fully endogenous
acceleratinggrowth model need not generate infinities. Thus the presence of infinities in certain simplifications
of such models ones neglecting natural resource dynamics is not a logical basigor dismissal of the whole
class

Sadly,natural resource depletionis not the onlyplausible route to Armageddon(BostromandGE OET OE ¢
2008; Ord 2020). Some categories of global catastrophic risk are ancient, such as pandemics, while ottezes
made possibleby modernity, including nuclear winter and, conceivably, an Akparked collapse This may be the
true message of therifinities: not that society will literally explode or implode, but thatthe human project is in-
trinsically unstable. When more broadly contemplating the human past and prospect¢ traditional focusin

growth theory on the steady stateseemsnarrow.

7 Conclusion

Solow and Swan built theneoclassical modeln the 1950sto explain the relative stability of frontier -
economydevelopmentover previous decades Comingafter the Depression and during the Cold Wathe model
spoke to concerns of the dayit offered hope that Western economescould experiencesteadily rising prosper-
ity . The modelsgenerated thisprediction through a kind of humility, leaving determinants of major inputsout-
side thetheory, and tending toendow the inputs with constant growth as a placeholderWhen studying the very
long term, removing those asymmetric restrictions seems more realistic as a matter grinciple and evidenceln

the very long run, surely all the conventional factors population, capital, etc? are endogenous to outputand to
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each other And fully endogenous modelsliverge, therebyeasily explaining the acceleration ofgrowth in the
historical record. Perhapsthis framework, alongwith the stochasticdata generatingthat gives it econometric
rigor, resonates more with concerns of ourday: pandemics,the propensity of thehuman system to attack its
ecological foundations the benefits and dangers of artificial intelligence.

A throughline of this paper, motivated by the outsideO E A intér&3t in base rateshas been the search
for amathematical representation of history that balance parsimony and realism,if emphasiing parsimony. A
four-parameter, univariate model that integratesscale effects depreciation, anddynamic stochasticity canrec-
ognizably approximate GWP history since 10,000 BCE. Tiseak effectis estimated at 0.55 for GWPThissug-
gests a returns elasticity for investment in TFP of p& uvover the very long term Perhaps ideas have always got-
ten harder to find, even asthe capacity to search for them thanks to previous innovation® has growneven
faster.

A model emphasizing parsimonydeserves critique for realism; and a modelvith a coherent statistical
foundation supportssuch critique, for it can quantify its own failings. Theutsider model developed herestrug-
gles to reproduce the combination of a million years of neastasis anda few millennia of explosion. Even when
restricted to the more explosive phase, the modés$ surprised by the industrial revolution and the relatively
slow, steady growth of recent decades phenomena that morerichly specified models can better explain such
AO OEA OO E £E A Galg &l Wel(EO0OODEAT QU6 1T &

By the same tokenthe natural inside view ofthe growth prospectin the current century? that popula-
tion growth will slow or halt and per-capita GWP growth will converge to a modest frontieeconomy rate» de-
servescritique for neglecting the base rates revealing in the longetlerm history.4 EEO DPADAOS O ET OAOGC

gests that a naivenside view underestimates the propensity for instability in the human system.
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Table 1. Parameter values in simulated Cobb -Douglas economy

Input Parameter Value  Notes and sources
Technology | 1 Factor-neutrality
(0 i 0.025  ~ global R&D/GDP (World Bank 2019, series GB.XPD.RSDV.GD.ZS)
%o ™ Corresponds to%. 1@ in Jones (2001, p.23)
I 181 1T £ Small but not 0
Capital (0) | 0.3 Mankiw, Romer, and Weil (1992, Table Il, col. 1)
i 0.25 ~ global gross capital formation/GDP (World Bank 2019, serieNE.GDI.TOTL.4S
%o T
I T8t o Mankiw, Romer, and Weil (1992, note 6)
Population | 0.3 Chosen so | T, close to typical value for labor share in GDP
(0) i 0.2 ~ global health spending/GDP (World Bank 2019, serieSH.XPD.CHEX.GD)Z#ter dou-
bling to add nutrition, etc.
%o L) Sign from Galor (2012) finding that technological advance shifigvestment from child
guantity to quality; magnitude arbitrary
1 T8t ¢ Corresponds to life expectancy of 50 years
Human cap- \ 0.3 Mankiw, Romer, and Weil (1992, Table Il, col. 1)
ital ('O i 0.04 ~ global education spending GNI (World Bank 2019, seriesNY.ADJ.AEDU.GN)YS
%o T %o
1 81 G 1 IBarro and Lee(2000, eg. § also equates population and human capital attrition
Natural re- | 0.1
sources (Y) i 0 Held fixed
%o 0
1 0

Note:| parameters are exponents in CobiDouglas production of output.i parameters are investment rates of output into inputs%o
parameters are elasticities of this investment to technology. parameters are exogenous appreciation/depreciation rates.

39



Table 2. Preferred estimates of population and gross world product, 1 million BCE 72019 CE

GDP/ GDP/
GWP/ GWP capita, GWP/ GWP capita,
Population capita (billion France Population capita (billion France
Year (million) (1990 $) 19909%) (2011%) Year (million) (1990 $) 1990%) (2011%)
1000000 BCE 0.125 400 0.05 1969 CE 3,616 3,613 13,063 17,908
300000 BCE 1.0 400 0.40 1970 CE 3,691 3,725 13,751 18,771
25000 BCE 3.34 400 1.34 1971 CE 3,770 3,797 14,315 19,486
10000 BCE 4 400 1.60 658 1972 CE 3,846 3,901 15,004 20,175
5000 BCE 5 404 2.02 664 1973 CE 3,923 4,081 16,009 21,097
4000 BCE 7 409 2.87 1974 CE 3,998 4,097 16,378 21,571
3000 BCE 14 421 5.90 1975 CE 4,071 4,086 16,634 21,316
2000 BCE 27 433 11.7 1976 CE 4,141 4,213 17,448 22,154
1000 BCE 50 444 22.2 1977 CE 4,214 4,308 18,154 22,888
500 BCE 100 457 45.7 1978 CE 4,286 4,422 18,953 23,427
200 BCE 150 465 69.7 1979 CE 4,363 4,500 19,632 24,075
1CE 168 467 78.4 1,050 1980 CE 4,440 4,511 20,026 24,292
200 CE 190 463 88.0 1981 CE 4,515 4,523 20,419 24,413
400 CE 190 463 88.0 1982 CE 4,587 4,500 20,644 24,893
500 CE 190 463 88.0 1983 CE 4,676 4,539 21,226 25,080
600 CE 200 462 92.3 1984 CE 4,757 4,668 22,201 25,305
700 CE 210 460 96.6 1985 CE 4,838 4,748 22,967 25,549
800 CE 220 459 101 1986 CE 4,921 4,832 23,779 26,047
900 CE 240 456 109 1987 CE 5,007 4,932 24,692 26,581
1000 CE 265 453 120 1988 CE 5,093 5,056 25,753 27,621
1100 CE 320 512 164 1989 CE 5,181 5,133 26,592 28,460
1200 CE 360 551 198 1990 CE 5,269 5,149 27,133 29,031
1300 CE 360 551 198 1,469 1991 CE 5,352 5,141 27,517 29,158
1400 CE 350 541 190 1,853 1992 CE 5,436 5,163 28,065 29,449
1500 CE 438 625 274 1,748 1993 CE 5,518 5,201 28,702 29,113
1600 CE 556 629 350 1,661 1994 CE 5,599 5,305 29,705 29,656
1700 CE 603 658 397 1,748 1995 CE 5,682 5,443 30,927 30,135
1820 CE 1,042 712 741 1,867 1996 CE 5,762 5547 31,962 30,415
1870 CE 1,276 884 1,128 3,086 1997 CE 5,842 5,688 33,229 30,987
1900 CE 1,563 1998 CE 5,921 5,718 33,855 31,941
1913 CE 1,793 1,543 2,767 5,733 1999 CE 6,000 5,850 35,099 32,872
1920 CE 1,863 2000 CE 6,077 6,057 36,806 33,967
1940 CE 2,299 2,181 5,013 6,650 2001 CE 6,155 6,161 37,918 34,434
1950 CE 2,528 2,104 5,318 8,531 2002 CE 6,232 6,303 39,281 34,618
1951 CE 2,572 2,191 5,635 8,984 2003 CE 6,308 6,526 41,167 34,707
1952 CE 2,618 2,250 5,891 9,154 2004 CE 6,374 6,782 43,228 35,465
1953 CE 2,666 2,320 6,185 9,351 2005 CE 6,463 7,001 45,249 35,817
1954 CE 2,717 2,353 6,393 9,731 2006 CE 6,544 7,276 47,610 36,439
1955 CE 2,769 2,457 6,804 10,198 2007 CE 6,625 7,504 49,711 37,068
1956 CE 2,823 2,524 7,125 10,608 2008 CE 6,707 7,626 51,148 36,928
1957 CE 2,880 2,567 7,394 11,124 2009 CE 6,790 7,478 50,775 35,642
1958 CE 2,939 2,596 7,631 11,277 2010 CE 6,873 7,814 53,704 36,141
1959 CE 2,996 2,665 7,984 11,481 2011 CE 6,956 8,051 56,003 36,691
1960 CE 3,042 2,764 8,407 12,170 2012 CE 7,040 8,234 57,969 36,571
1961 CE 3,082 2,821 8,695 12,698 2013 CE 7,124 8,422 59,994 36,632
1962 CE 3,136 2,902 9,101 13,271 2014 CE 7,207 8,623 62,147 36,527
1963 CE 3,201 2,965 9,492 13,757 2015 CE 7,291 8,821 64,310 36,827
1964 CE 3,266 3,118 10,184 14,509 2016 CE 7,374 9,021 66,519 37,124
1965 CE 3,333 3,218 10,725 15,078 2017 CE 7,457 9,266 69,093 37,863
1966 CE 3,402 3,326 11,315 15,701 2018 CE 7,539 9,493 71,566 38,458
1967 CE 3,471 3,381 11,738 16,298 2019 CE 7,620 9,663 73,640 38,911
1968 CE 3,543 3,494 12,379 16,890

Notes:Population figures: for before 10,000 BCE from Deevey (1960); for 10,000 BQE00 CE from McEvedy and Jones (1978); for 1590
2010 from Maddison (2010); and for 201%18 from UN (2019, file POP/11). GWP/capita figures: through 10,000 BCE set to $400, thelsu
sistence estimate of Maddison (2001, p. 260); for 1 CE, 1000 CE, and 1810 from Maddison (2010), incorporating revisions for Western
Europe in Bolt and Van Zanden (2014); for other years before 1500 geometrically interpolated with respect to populatipand for 2011718
extrapolated forward using growth rates from IMF (2020, serieNGDP_RPQHMoney valuesin GearyKharnis dollars of 1990.Figures for
France from Bolt et al. (2018), except that those for 10,000 BCE and 5000 BCE are the GWP/capita figooaverted from dollars of 1990 to
dollars of 2011 and those after 2016xtrapolated forward using growth rates from IMF (2020, seriesNGDPRPPPPCPQEH
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Table 3. Diffusion fits to GWP

1 million BCE;2019 CE

10,000BCE2019 CE

All observations

Only decennial
data after 1950

All observations

Only decennial
data after 1950

Primary estimation parameters

~

(A 713.45 712.62 713.33 P®0
(0.186) (0.253) (0.229) ] Yp
w c8tuv pm 98 wpm PO pT P pT
(VP wp ) (c® mpm) (xp wpm) X pm
: 251.75 z1231 29380 26 & W
(9.520) (4.019) (16.38) X8 0w
r z71.930 71.588 72.329 P®po
(0.103) (0.103) (0.226) T @ C
Boundary type Absorbing Absorbing Absorbing I AOT OAF
Accessible lmundary location H H H H
(determined by sign off )
Derived superexponential diffusion parameters
i P wpm X& Y pm opg pm pg x pm
(c&p pm) Cmprm (P& T p ) v o pm
0 0.518 ™ 0 T 0.429 ™ U ¢
(0.0275) T X (0.0416) I T w¢
1 Z080UL p T Zp8to pm 208 @ p T 208 X p T
(PP UL pmT) @S p T (PO Y p ) pPEX pT
o8 X pTt 8Py pm TPwpTm Y pT
(t&v pm) P pT (v pm) W ppm
%o (returns elasticity for TFP) 71.412 70.959 71.900 71.261
(0.130) (0.144) (0.267) (0.211)
(Unstable) steady state (billion $) 0.0771 TP 1.158 @ WT
(0.0246) g X T (0.688) ™ qu
P[no eventual explosion | 0.978 T™pp 0.146 pHo ph
initial GWP] (0.0718) ™ TTQ (0.554) P8t p 1
Median predicted explosion year| H H 3620 puLCX
initial GWP (8413) oC QO
P[no eventual explosion | u8tTt p R X&¢ pR og wph wWwoe ph
final GWP] (o1 pR ) o pR (cBo p®& ) 8 pH
Median predicted explosion year| 2060 CMmT P 2073 CMmT X
final GWP (9.117) o LW (14.09) B CC
Likelihood ratio test: CEV model (exponential growth)
. P o@m N AIY Lo O/
N T8t T T Tt T Tt Tt T 1t T8t T T
Goodness of fit: quantiles of observations in predicted distributions i.i.d. uniform
Kolmogorov-Smirnov (1) 0.000 0.488 0.005 0.489
No serial correlation (1) T3 T TT T8I T O TBU T Tt T3 U X

Observations

100

38

97

35

Notes: In columns 2 and 4, post950 observations are decennial rather than annual, except that the 2019 observa
tion is retained. Results are maximum likelihood estimates using diffusion model correspondng to the stochastic
differential equation Q@ ¢ @QO MO dxo with & & representingGWPand’ h ¢ & p&Estimates of
the superexponential diffusionparametersi A hand, are then derivedaccording to footnote35.% 6 pj 6 is
OEA AOOEI AOAA OAAT A AEEAAO EI isthebeldl ok Fio @rift,] T ji ET IFomukOE "
for the probability of no eventual explosionand median wait till explosionare in the textd ikelihood ratio test is for
the restriction to the constantelasticity-of-variance model, which has 1, for exponential growth.Kolmogorov-
Smirnov test is for the hypothesisthat the quantiles of observations in predicted distributions are uniformly dis-
tributed. Standard errors in parenthesesthose for derived quantities computed with the delta methodObserva-
tions weighted for precision as described in sectiod.

Table 4. Diffusion fits to GWP, population, GWP/capita, and France GDP/capita series, 10,000 BCE z2019, decennial
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observations after 1950
Population (mil-

France GDP/capita

GWP (billion $) lion people) GWP/capita ($) (6))]
Prjmary estimation parameters
N Ip®Q p B w Ip & ¢ P& T
e Y p ™ Ty pBOp T pPE 0 w
w PR p T Grw p T Rppm Qg pm
oYX pTT vdp pTI o pm o oprT
& Y 0@ 21@pm ®dqm
X8 0w p G 080 @ X o® X ¢
f 2pgpo IpX wo I P w Zpstu Y
™ ¢ q ™ p Y ™ P @ T8 w0
Boundary type I AOT OAt  Absorbing Absorbing Absorbing
Accessible lnundary location H H H H
(determined by sign off )
Derived superexponential diffusion parameters
i p8 X p T Wwepm pPE T p R P8 ¢ p T
Vo pm oY pTI od @ pR o Y pT
o} ™ U ¢ ™ L Y PH ww T8 T U
TEBIT W( T8 X w T® O U T ¢ q
1 208 X p T 20§ 1T p T g P pT WP
PR X pT p&rw p T Cpopm & pm
)X pT ChwprT V& p pTt X& 1T pTm
W ppm XX pT ¢PpopT Wy pm
(Unstable) steadystate (billion $) TBLQ WTT ™ oY ¢ @&p (@]
™ qu P8t @ X p odr C yap
P[no eventual explosion | pHP o p R pR p p R ™ QT ™ X G
initial GWP] pg&te p 1 8o ph ™ p T ™ o1
Median predicted explosion year| initial puUCX pywop 6822 BCE 6674 BCE
GWP oCoOQOo [QEONAYY) pPXCgUL GTTU
P[no eventual explosion | oo p R g pR oXuv pHh o®p pR
final GWP] T8¢ pHR o UL pR wpoph o®p pR
Median predicted explosion year| final CmTX 2175 Cmg Y 2065
GWP U CC (47.60) UBTT T (43.11)
Likelihood-ratio test: CEV model (exponential growth)
. p O &XC 41.64 T Bl G 5.780
n T 1T T 0.000 0.000 0.016
Goodness of fit: quantiles of observations in predicted distributions i.i.d. uniform
Kolmogorov-Smirnov () 0489 0.795 T8ip W 0426
No serial correlation () T3 TT X 0.000 TBrL T 0.0467
Observations 35 37 gu 21

Notes:See notes tdable3.
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Figure 1. Gross world product, 10,000 BCEz2019 (billion $ of 1990)
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Note: Section4 documents the construction of this data series.
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Figure 2. U.S. gross domestic product per capita, 1820 z2016 ($ of 201 1)
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Source: Bolt et al. (2018).
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Figure 3. Factor stocks and output in simulated, fully endogenous Cobb -Douglas economy, two scenarios with
slightly different starting points

5 —_
o
g
=
=
—
<
[=11]
2 0
[
=
w
=
E
)
=
Q
— \
—l=_:=;
L —————m
_5 ]
1 1 I 1
0 500 1000 1500 2000
Years

— Physical capital (K) — Population (P) — Human capital (H) — Technology (4) = Qutput (¥)

Note: Plots are based on simulations of the economy {8) and (10). Time increment in simulations is¢ p 1 . Initial pop-
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Figure 4.Plots of ] . erYfh fory 8h 8mBh 8
04-

s
S
"

X
Notes: For each value of,"Q and™Q have the same color. Wheh is an integer, the two coincide. Otherwise,;Q is marked
by short dashes andQ by solid lines. Point mass accumulations ab Ttunder "Q  are not depicted.”Q is a valid probabil-
ity distribution for p,asisQ for’ T
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Figure 5. Feller/CIR diffusion [, L[ hethfh for h 8h 8h 8,with< $+

Notes: The absorbingand reflecting-boundary solutions are’@ and"Q . In each plot, the horizontal coordinate is timed, and the vertical &

& . Dark purple indicates the lowest densities and yellow the highest. White lines show the evolution of, from upper to lowtre mean, me-
dian, and mode. But the mode is not defined and not plotted for the diffusion with unbounded densiypproachingzero. Plots are omitted
for cases that do not yield proper diffusions. Point accumulations &  Tboundary, when it is absorbingare not depicted because their

densities are infinite.
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