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Massively collaborative research projects, such as the
discovery of the Higgs Boson (Fundamental Physics Prize
2012)...

(There are 3,171 coauthors in the full list.)
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... or the Human Genome Project (Breakthrough Prize in Life
Sciences 2013), are now commonplace in the physical and life
sciences.

(There are 237 coauthors in the full list, some representing
institutes.)
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But mathematics has lagged behind the sciences in this regard.

(Source: J. Grossman, Patterns of Collaborations in
Mathematical Research, SIAM News Vol. 35 No. 9, Nov. 2002)
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Even today, many mathematical breakthroughs come from
individual mathematicians working in isolation for long periods
of time. For instance:

Andrew Wiles secretly worked for seven years before
revealing his proof of Fermat’s last theorem in 1993 (but
then collaborated with Richard Taylor (Mathematics
Breakthrough Prize 2014) to repair a gap in the first
version of this proof).
Grisha Perelman also worked alone for years before
releasing his preprints proving the Poincaré conjecture and
geometrisation conjectures in 2002-2003.
Yitang Zhang worked for three years by himself before
proving in 2013 that bounded gaps between primes occur
infinitely often.
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But many major mathematical achievements have also been
made collaboratively. For instance:

For much of the twentieth century, Nicolas Bourbaki (a
pseudonym for the collaborative efforts of dozens of
eminent mathematicians) systematically developed the
rigorous foundations of modern mathematics in an
influential series of textbooks.
The classification of finite simple groups (also known as
“the Enormous Theorem”) spans tens of thousands of
pages in several hundred journal articles by over a
hundred authors, from approximately 1955 to 2004. (A
more focused collaboration by Gorenstein, Lyons,
Solomon, Aschbacher, and Smith have nearly completed a
“second generation” proof of this theorem.)
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In the sciences, there are many tasks that we know how to
do in theory, but not necessarily in practice. In such cases,
the injection of massive resources (physical, financial, or
human) can make a decisive difference.
But often in mathematics, the problem is that we don’t how
do to a task, even in theory. For instance, the Riemann
hypothesis - one of the most important unsolved problems
in mathematics - would likely remain out of reach in the
near future even if we threw huge amounts of money,
computer power, and people at the problem, because we
don’t have a plausible theoretical approach to the problem
yet.
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Nevertheless, in January 2009, Timothy Gowers asked whether
mathematical research breakthroughs could be “crowdsourced”
through massive online collaboration.
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Instead of having a small number of mathematicians work in
isolation for extended periods of time before releasing carefully
polished reports, the paradigm Gowers proposed was instead
to have a very large number of small contributions coming from
a diverse group of mathematicians, each working for a short
period of time before sharing their (not necessarily complete or
correct) findings.
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After a few weeks of online discussion, the first Polymath
project was launched, using off-the-shelf online tools such as
blogs and wikis.
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Polymath1 was interested in finding a new, and purely
combinatorial proof, of the density Hales-Jewett theorem. This
combinatorial theorem can be explained in terms of
multi-dimensional tic-tac-toe games.
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Roughly speaking, the theorem says that such games
cannot end in a draw if the dimension of the game is large
enough. (In fact, the game will necessarily stop with a
winner before even a tiny fraction of the positions are filled.)
This may seem like a somewhat frivolous mathematical
statement, but it turns out to be quite a powerful
combinatorial tool, being one of the deepest results of
Ramsey theory. For instance, it can be used to prove a
result of Ben Green and myself that the primes contain
arbitrarily long arithmetic progressions.
Until the Polymath1 project, the only known proof of this
theorem was a difficult argument of Furstenberg and
Katznelson using advanced methods from ergodic theory.
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After over a month of intense activity by over two dozen
mathematicians (ranging from Fields Medalists to amateur
enthusiasts), and nearly a thousand comments across more
than a dozen blog posts, Polymath1 found a simple
combinatorial proof of the density Hales-Jewett theorem.
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Since then, there have been eight further “official” Polymath
projects, as well as some further polymath-inspired projects.
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Some projects fizzled out, but others have been quite
successful. The most recent successfully concluded project
was the Polymath8 project on bounded gaps between primes,
building upon the breakthrough in 2013 of Yitang Zhang.

Terence Tao Polymath projects



Yitang Zhang showed there were infinitely many pairs of
primes whose difference were bounded by 70,000,000.
If this bound could be lowered to 2, this would prove the
notorious twin prime conjecture.
He knew that his bound of 70,000,000 could be improved,
but left this task to others.
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Almost immediately, mathematicians began to spontaneously
improve this bound online.
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At this point, it became clear that these efforts should be run
more systematically, and the Polymath8 project was launched.
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Polymath8 naturally split into smaller groups, each working to
optimise one of the aspects of Zhang’s argument. The bound
on gaps between primes improved at a rapid rate, often multiple
times in a day.
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After almost a year of effort, with thousands of comments on 37
different blog posts by dozens of mathematicians, covering
many relevant areas of mathematical expertise, we found a
number of new techniques and insights in the subject, and also
lowered the bound on gaps between primes to 246.
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Not all Polymath projects have been as successful. Factors that
worked in our favor for Polymath8 included

intense interest in the problem from the wider
mathematical community;
a modular structure to the problem, so that people could
contribute to one aspect without necessarily being expert
with all other aspects;
a easily comprehended way to measure progress (and one
which was guaranteed to terminate!);
the generous amounts of time and effort put in by the
Polymath participants and moderators, and their
willingness to openly discuss mathematics (and
occasionally to make mistakes) in public.
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Up until now, Polymath projects have used “off-the-shelf” free
online tools to communicate: they are not ideal in some
respects, but they are easy to use, encourage casual
participation from people who might not otherwise get involved,
and require little technical support. Fancier, more customised
software might be nice to have, but at this stage does not seem
to be crucial.
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Polymath projects tend to be very good, and very fast, at
getting around minor technical “speed bumps” such as
requiring an obscure research article or substantial computer
processing power, tracking down a little-known piece of
mathematical folklore, performing a tricky computation, or
coding up a specific software task.
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They also excel at locating people with relevant expertise who
could help with the project, but would never even have heard
about the problem, or been considered as someone to contact,
if the project were done more traditionally.
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However, there are still significant limitations to the Polymath
paradigm:

Polymath projects only seem to work well when there is a
large number of people who have enough mathematical
background to understand at least part of the problem, and
comment on it. Problems that require a lot of very
specialised and technical mathematical expertise to even
comprehend are poor candidates for a Polymath approach.
(However, Polymath-style “online reading seminars” of
difficult research papers have been somewhat successful.)
We do not have a good system for formally recognising
one’s contribution to a Polymath project; research papers
from such a project are usually written under a pseudonym
(we’ve used “D.H.J. Polymath”, inspired by the first
Polymath project on the Density Hales-Jewett problem).
This is a particular issue for early career mathematicians
considering devoting substantial research time to a
Polymath project.
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Successful Polymath projects have invariably needed a
project leader to moderate and guide the discussion, and
to generally keep the momentum going. This can be very
time consuming, and only a few people have stepped
forward to do so thus far (and so we only average about
one Polymath project a year).
Polymath projects have only made progress on problems
where there was already some number of promising ways
to make progress, for instance by trying to adapt some
arguments already in the literature. For the truly difficult
mathematical problems, where all known methods have
failed and some genuinely new idea or insight is needed, it
doesn’t look as if a Polymath project would get much
further than an individual mathematician would (although
one may perhaps get a better insight as to why all known
methods fail).
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Still, we think there is a significant niche role for
Polymath-style projects to play in the future of
mathematical research, and perhaps one day we will see
truly large-scale mathematics collaborations to rival those
in the physical and life sciences.
Thanks for listening!
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