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Abstract

Here, we prove some conjectures on the monotony of combinatorial and number—
theoretical sequences from a recent paper of Zhi—Wei Sun.
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1. Introduction
In [Sun], it was conjectured that the sequences of general term ai/ﬂlﬂ) a}/ " or a,l/ " are
monotonically increasing (or decreasing) for all n > ng, for a large class of sequences a =
(an)n>1 appearing in combinatorics. Three of these conjectures were confirmed recently
in [HSW]. Here, we confirm eight more of these conjectures (some partially, up to an
explicit starting index ng).

For a sequence u = (uy,),>1 and a positive integer k we write

k Kk
8O, =t = (§ Y oo (09 o (1),
for the kth iterated difference of (t, ik, - ., Up).
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2. Bernoulli, Tangent and Euler numbers

The Bernoulli numbers By, By, Ba, . . . are rational numbers given by

n
1
By=1 and kzo<”‘]: )Bk:O forall n > 1,

whose exponential generating function is

z i B,z"

es—1 n!
n=0

It is well-known that By, 1 = 0 for all n > 1. Closely connected to the Bernoulli num-
bers are the Tangent numbers 7}, and the Euler numbers F,,, defined by their exponential
generating functions

o)
Ty o 5 2k+1
_ 1 k+1-+2k+1 2.1
tan z kZ_O( ) kT (2.1)
e E Z2k
o _\k P2k
secz = kZ:O( 1) IR (2.2)

Thus, Fop_1 = 0,15, = 0, kK > 1. We recall Stirling’s formula

1 1
| = ny/ On h — < f,<—, forall n>1. 2.3
n (n/e) mne’™, where ol <0, < Tom orall n > (2.3)

Our first result gives an affirmative answer to Conjecture 2.15 and 3.5 in [Sun].

Theorem 2.1. The sequences (|an|1/n)n21, (’TQn_1|1/n)n21, (‘Egnll/n)nzl
are all increasing. Furthermore, the sequences (|Bapio| "t /| Bop|'/™) >0,
(1 Z2n 1] /[T [z 1, (|Bang2 VD /| By ™)1 are decreasing.

Proof. We start with the Bernoulli numbers. We use the formula

2(2n)!
Clearly,
1 1
C(Qn):1+2%+3ﬁ+"':1+77n7
where

1 1 1
77":2271 1+1.52n+22n+”.
3

| 2.4)
< <1+m+2(g(2n)—1)> < o
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for n > 1. Thus, putting |Ba,| = exp vy,, we have that

v log (2(20)!(2m) " (1 + 1))
no n
|
= log 2 + log(2n)! — 2log(27) + M
n n
log2 log (4 Oan log(1 + 7
= =% +210g(2n)_2+M+L_Qlog(2ﬂ-)+w
n 2n n n
1 log(1 Os,  log(1+ mp
= 2logn+c+ 2" 4 0g(167) +L+M, 2.5)
2n on n n

where ¢ = 2log2 — 2 — 2log(27) = —2 — 2log . Taking the first iterated difference in
(2.5) above, we get

A (”i) _ Ungl _Un
n n+1 n

1 log(n+1) logn log(16m)
— 2log 1+ = -
og( +n> + < 2(n+1) 2n 2n(n+1)
<92n+2 9271) + <10g(1 + nn-f—l) o lOg(l + Un))

n—i—l_n n+1 n

By the Intermediate Value Theorem

log(n+1) logn _ d (logx)

n+1 n dr \ =z a=CElnn+1)’
therefore
log(n+1) logn| log(n+1)
— < .
n+1 n n?

Using the inequalities

1 1
10g<1+> >— for n>1,
n 2n

log(1 4+ z) <z forall real numbers =z, (2.6)

with z = 7, and z = 7,11, inequality (2.4) together with Stirling’s formula (2.3), we get

2.7

A (Ul) > 1 log(n+1) log(l6m) 1 6 7
n n 2n? 2n(n+1) 12n2  227pn

and the above expression is positive for n > 3. This proves that \Bgnll/ ™ is increasing for
n > 3, and by hand one checks that this is in fact true for all n > 1.



Taking now the second iterated difference in (2.5), one gets
A®) (in) _ (Vn+2 _ Uny1 ) [ Uny1  Un
n n+2 n+1l n+1 n

) e )

n 1 (log(n+2) 2log(n+1) logn
2\ (n+2) (n+1) n
n log(16m)
n(n+1)(n+2)
Oonta  202p42 | Oop
+ — =
n+2 n+1 n
log(1 2log(1 log(1
n+2 n+1 n
We have
1 1 1 1
1 1+ —— -1 1+—)=1 1-— - 2.9
°g< +n+1> Og( *n) 0g< <n+1>2>< CESIEA
log(n + 2) 2log(n+1) logn 1 2 1
D\ e — (1 _ bl
n+ 2 n+1 * n (logn) n-+2 n—i—1+n
2
1 1+ —) — 1 14+ —
+ +20g(+n) - 1og<+ )
2logn 2 2 2
< + - +
nn+1)(n+2) nn+2) nn+1) (n+1)n?
21 4
ognt+2 (2.10)
nn+1)(n+2)
where we have used the fact that
z — % <log(l+x) <z holdsfor all =€ (0,1/2).
Next,
Oonta  20n42 | b2n 1 2.11)

n+2 n+1 n o 6n?
by (2.3). Further, by using inequality (2.6) with x = n,, * = Np41, T = Np4+2 together
with inequality (2.4), we get

log(1 2log(1 log(1 12
n+2 n+1 n 22nn,
for n > 3. Putting all these together, we have
A®) <v£) - 2 logn + 2 + log(16m) L—i— 12 ’ 2.13)
n (n+1)2 n(n+1)(n+2) 6n2 = n22n
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and this last expression is negative for n > 3. So, the sequence of general term
| Bany2|/ 1) /| By, |'/™ is increasing for n > 3, and then one checks by hand that it is
also increasing for n = 2, 3.

We next deal with the Tangent numbers. We have (see [BBD]),

Ty_1| = 227(220 — 1)'132”‘ = 42n <(22(72r?2);> (21n> ((1 - 2;) <(2n)> L (214

Since

1
1< (1 - 2271) ¢(2n) < ¢(2n),
it follows by (2.4) that

1 3
<1 - 22n> ¢(2n)=1+mn, for some 0<m, < oo (2.15)

Writing |T%,—1| = exp v, and following along calculation (2.5), we get that

1 2(2n)! log(2 log(1
n n (27)%n n n
1 log(4 0 log(1
— Slognto — 08n  loslm) | O log(Ltm) ;g
2n 2n n n

where ¢; = 4log2+c = 4log2—2 — 2log w. Comparing the last row of (2.5) with the last
row of (2.16), we see that the only differences are in the value of c, the fact that the term
(logn)/(2n) has now changed sign and the positive constant log(167) has been replaced
by the smaller positive constant log(47). Following along the arguments from (2.7) and
(2.8), we note that such changes do not induce any significant change in the subsequent
argument and so we get that the first iterated difference of v,, /n is positive for all n > 3 and
the second iterated difference of vy, /n is negative for n > 4. The remaining small values of
n are checked by hand.
Regarding the Euler numbers, we use the inequality

427+ (2n)! 4201 (91 1
ot > 1Bl > s <1+3_2n_1>. (2.17)

Since
1 1

> 1+ 3—2n—1 >1- 32n+1’

10 () (2

3

1

1

we can write

where

Writing | Es,,| = exp vy, and following along calculation (2.5), we get that

1 2201\ log(2 log(1
U glog2 4 Llog (220 0g(2/m)  log(l + 1)
n n (2m)2n n n
1 log(64 B, log(1
= 2logn 4 er 4+ 28"y 108(04/m)  Oon  log(lma) 5 g
2n 2n n n



Since now 7, is negative, instead of (2.6) we need to use
|log(1l — )| <2|z| for x€[0,1/2]

with x = —n, and n > 2. Comparing the last row of (2.5) with the last row of (2.19),
we see that the only differences are in the value of ¢ and the positive constant log(16m)
has been replaced by the smaller positive constant log(64 /7). So, in (2.7) and (2.13), aside
from replacing log(167) by log(64/7), also the terms 6/22"n and 12/2%"n need to be
replaced by their doubles 12/2%"n and 24/22"n, respectively. As in the case of the Tangent
numbers, such changes do not induce any significant change and so we get that the first
iterated difference of v, /n is positive for all n > 3 and the second iterated difference of
vp /1 is negative for n > 4, and the remaining values are checked by hand. 0

3. Apéry, Delannoy and Franel numbers

Letr = (ro,71,-..,7m) be fixed nonnegative integers and put
n T0 T1 Tm
ST (n) = gzo (k> < i i for n > 0. (3.20)

In what follows, we put r = 79 + - - - + 7. We assume that 79 > 0. When r = (r) for
some positive integer r, we get that

k
k=0

SOy =% (”) =5 forall n >0, (3.21)

where bgl) = 2™, bg) = (27?) is the middle binomial coefficient, and b%g) is the Franel
number. When r = (1, 1), we get that

n n 2 n—i—k 2
S(l’l)<”>:2<k> ( § ) =d, forall n>0, (3.22)
k=0

is the central Delannoy number. When r = (2, 2), we get that

"\ (n+k\?
5(272)(71):2(]{:) < N ) = A, forall n>0, (3.23)
k=0

where A, is the nth Apéry number. The next result answers in the affirmative the three
Conjectures 3.8-3.10 from [Sun].

Theorem 3.2. For each r such that r > 1, there exists n, such that the sequence
(5’7(:21)1/(”+1)/(S7(f))1/” is strictly decreasing for n > ny.

Proof. We start with McIntosh’s asymptotic formula for S®) (n) (see [Mc]).



Lemma 3.1. For each nonnegative integer p,

n+1/2 P R 1
)= Sk L
S®(n) = v (1 +) 5 +0 < Wl)) : (3.24)

where 0 < \ < 1 is defined by

r ﬁ(lﬁgin)w’

voT Z(1+(j—1)>\)(1+j>\)’

and each Ry, is a rational function of the exponents ro,T1, ..., Ty and .

Put f(n) for the function such that

Put S,(Lr) = exp vYn. Then

(r=Dlogn _ log(/(n)

Y

vl — 10gM + E _
n n
where ¢ = log(p'/2v=1/2(22))(1=7)/2) | Thus,

A (%) - n(n + 12)C(n +2)

_(r—=1) <log(n+2) ~ 2log(n+1) N logn>

2 n+2 n+1 n
log(f(n+2)) _2log(f(n+1))  log(f(n))
+ — + .
n 4+ 2 n+1 n

The argument from the proof of Theorem 2.1 shows that

log(n+2) 2log(n+1) N logn 2logn 0 1

n+2 n+1 n nm+1)(n+2) n3

2logn 1
- n3 +0 <n3> '
Next, write
R 1
flz)=1+—-+0| (3.25)

x x
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for some rational R as in Lemma 3.1. For simplicity, put

g(z) =1+ %-
Thus,
log f(x) _ log(g(x) , , (1) (3.26)
x x zd ) |

Furthermore, by the Intermediate Value Theorem, we have

20 ()] = 1 () Lt

‘Cg’(C)/g(C) +log(g(¢)) '

<2
1
=0 <m3>

for large enough positive integers m, simply by differentiating the form (3.26), and using
the interval for (.
Further, this shows that

log(f(n+2)) 2log(f(n+1))  log(f(n) _ (1
n+2 B n+1 + n _O< >

Hence,

logn 1
A®2) <Ul) =(r—1 o=
n (r=1) n3 + nd )’
and the above expression is positive when r > 1 for n > n,, which is what we wanted to
prove. O

4. Motzkin numbers, Schroder numbers and Trinomial coeffi-
cients

The nth Motzkin number is
[n/2]
n 2k 1
M, = E e
prd <2k><k‘)k‘—|—1

and counts the number of lattice paths from (0, 0) to (n,0) which never dip below the line
y = 0 and which are made up only of steps (1,0), (1,1) and (1, —1).
The nth Schroder number is

n
n\(n+k\ 1
5= () ()
k=0
and counts the number of lattice paths form (0,0) to (n,n) with steps (1,0), (0,1) and
(1, 1) that never rise above the line y = x.



The nth trinomial coefficient Tr,, is the coefficient of 2™ in the expansion of (z2 + x +

1)™. Its formula is
" /n\ (n—k
Tr,, = .
=2 ()

The following result gives a partial affirmative answer (up to the values of ng) to Conjec-
tures 3.6, 3.7 and 3.11 from [Sun].

Theorem 4.3. Each of the sequences (Mé/n)n>n0, (S}/n)n>n0 and (Tryll/n)n>nO is

strictly increasing while each of (M. ii{wl /Ml/n)n >ng» (Sii?+1)/51/n)n>no and
(’I‘Jrrll{érfJrl / Try/ "Vn>ng is strictly decreasing.

Proof. 1tis similar to the proof of Theorem 3.2 and it is based on the existence of analogues
of asymptotic expansions for M,,, S, and Tr,, to the one of Lemma 3.1 (in fact, as we have
seen in the proof of Theorem 3.2, the existence of an expansion with the first two terms, as
in (3.25), suffices). For example,

3 15 505 8085 505659 1
M, = 3" (11— — - O(—= 427
" 4mn3 < 16n T 51202 " 810207 T 5242880 (n5>> (4:27)

(see Example VI.3 on page 396 in [FIS]),

4432 244+ 9v2 665+ 3602 1
Sp =1\ ——— y— (3+2f)( o T o202 +O<ng> (4.28)

(see [W1]), and

1++2 3 1
Tr,, = 1-—— 4.2
. 4dmn (L+v2)" < 16n+0<n )) (4:29)
(see [W2]). We give no further details. ]

References

[AbS] M. Abramowitz, I. A. Stegun, (Eds.), “Bernoulli and Euler Polynomials and the
Euler-MacLaurin Formula”, §23.1 in Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Tables, 9th printing, New York: Dover, 1972.

[BBD] J. M. Borwein, P. B. Borwein, K. Dilcher, “Pi, Euler Numbers, and Asymptotic
Expansions”, American Math. Monthly 96:8 (1989), 681-687.

[FIS] P.Flajolet and R. Sedgewick, “Analytic combinatorics”, Cambridge U. Press, 2009.

[HSW] Q.—H. Hou, Z.-W. Sun, H. Wen, On monotonicity of some combinatorial se-
quences, Preprint, http://arxiv.org/pdf/1208.3903.

[Mc] R. Mclntosh, “An asymptotic formula for binomial sums”, J. Number Theory 58
(1996), 158-172.



[Sun] Z.-W. Sun, “Conjectures involving arithmetical sequences”, Arithmetic in
Shangrila (eds., S. Kanemitsu, H.-Z. Li and J.-Y. Liu), Proc. the 6th China-Japan
Sem. Number Theory (Shanghai, August 15-17, 2011), World Sci., Singapore,
2013, pp. 243-257; Available at http://arxiv.org/pdf/1208.2683.

[W1] S. Wagner, Personal communication, August 21, 2012.

[W2] S. Wagner, “Asymptotics of generalized trinomial coefficients”, Preprint, arXiv:
1205.5402v3.

10



