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Extremal Problems, Reconstruction Formulas and

Approximations of Gaussian Kernels

Felipe Ferreira Gongalves, Ph.D.
IMPA, 2016

Supervisor: Emanuel Carneiro

In this Ph.D. thesis we discuss 3 different problems in analysis: (a) best
approximations by functions with compactly supported Fourier transform for
a variety of functions in one and several variables; (b) reconstruction of entire
functions of exponential type via interpolation formulas involving derivatives;
(c) a central limit theorem for operators, which characterizes the operators

given by centered Gaussian kernels as the limiting family.

Nesta tese de Doutorado discutimos 3 problemas diferentes em analise:
(a) melhores aproximagoes por fungées com transformada de Fourier suportada
em compactos para uma grande variedade de fungoes de uma e varias variaveis;
(b) reconstrugao de fungoes inteiras de tipo exponencial através de férmulas de
interpolagao envolvendo derivadas; (¢) um teorema central do limite para oper-
adores, que caracteriza os operadores dados por nicleos Gaussianos centrados

como a familia limite.
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Chapter 1

Introduction

This Ph.D. thesis is composed by four independent chapters that are
embedded in two central themes: Approzimation and Reconstruction. This

thesis compiles the developments of the following research articles:

[A1l] Extremal Problems in de Branges Spaces: The Case of Truncated and
Odd Functions (with Emanuel Carneiro), Mathematische Zeitschrift 280
(2015), 17-45.

[A2] Interpolation Formulas with Derivatives in de Branges Spaces, Trans.

Amer. Math. Soc. (to appear).

[A3] One-Sided Band-Limited Approximations in Euclidean Spaces of Some
Radial Functions (with Michael Kelly and José Madrid), Bull. Braz.
Math. Soc. 46 (2015), no. 4, 563-599.

[A4] Interpolation Formulas with Derivatives in de Branges Spaces II (with

Friedrich Littmann), Preprint (2015).

[A5] On Selberg’s Box—Minorant Problem (with Jacob Carruth and Michael
Kelly), Preprint (2015).

[A6] A Central Limit Theorem for Operators, Preprint (2015).



In Chapter 2 we find extremal one-sided approximations of exponen-
tial type for a class of truncated and odd functions with a certain exponential
subordination. These approximations optimize the L'(R,|FE(z)|~2dx)-error,
where E(z) is an arbitrary Hermite-Biehler entire function. This extends the
work of Holt and Vaaler [47] for the signum function. We also provide peri-
odic analogues of these results, finding optimal one—sided approximations by
trigonometric polynomials of a given degree to a class of periodic functions
with exponential subordination. These extremal trigonometric polynomials
optimize the L'(R/Z, d¥)—error, where di is an arbitrary nontrivial measure
on R/Z. The periodic results extend the work of Li and Vaaler [51], who
considered this problem for the sawtooth function with respect to Jacobi mea-
sures. This chapter describes the results of article [A1] which is a joint work
with Emanuel Carneiro (IMPA — Brazil).

In Chapter 3 we derive interpolation formulas involving derivatives for
entire functions in reproducing kernel Hilbert spaces. We extend the inter-
polation formula derived by Vaaler in [73, Theorem 9] to de Branges spaces.
We extensively use techniques from de Branges’ theory of Hilbert spaces of
entire functions, but a crucial passage involves the Hilbert—type inequalities
as derived in [18]. Next, we extend our interpolation result to L? de Branges
spaces for which the structure function F(z) of Hermite-Biehler class satisfies
an additional hypothesis. Finally, we give three applications: (1) we derive an
interpolation formula for entire functions of exponential type where the nodes
of interpolation are the zeros of Bessel functions; (2) we prove a uniqueness
result for extremal one—sided band-limited approximations of radial functions
in Euclidean spaces; (3) we derive a condition for sampling and interpolation
with derivatives in Paley—Wiener spaces in analogy with the work of Ortega—

Cerda and Seip [64]. This chapter compiles the results of articles [A2] and



[A4], the last one being a joint work with Friedrich Littmann (North Dakota
State Univ. — USA).

Chapter 4 is separated in two independent, but correlated parts. In
the first part we construct best approximations by band-limited functions in
many variables for a class of functions that are subordinated to Gaussians. The
majorants that we construct are shown to be extremal and our minorants are
shown to be asymptotically extremal as the type becomes uniformly large. We
then use our methods to derive periodic analogues of the main results. In the
second part we study the problem of minorizing the indicator function of a box
by a function with Fourier transform supported in the same box in such a way
that the integral is maximized. This problem dates back to the work of Selberg,
in which he developed a method to construct minorants of the box by using
one—dimensional minorants and majorants of the same box. The drawback is
that Selberg’s minorant usually have negative integrals. First, we show that
the interpolation strategy, which is very powerful in the one—-dimensional case,
fails to provide candidates in higher dimensions. Secondly, we prove that the
integral of the best approximation decreases as the dimension N increases,
and converges to zero as N — oo. Finally, we derive explicit positive lower
bounds for dimension N < 5 and we estimate the critical N such that a
quantity related to Selberg’s construction vanishes. This chapter summarizes
the results of articles [A3] and [A5]. The first one is a joint work with Michael
Kelly (Univ. of Michigan — USA) and José Madrid (IMPA — Brazil), while the
second one is a joint work with Jacob Carruth (The Univ. of Texas at Austin
— USA) and Michael Kelly.

In Chapter 5 we prove an analogue of the Central Limit Theorem for
operators. For every operator K defined on C[z] we construct a sequence of

operators Ky defined on C|xy,...,zy]| and show that, under certain orthogo-



nality conditions, this sequence converges in a weak sense to a unique operator.
We show that the family of limiting operators C coincides with the family of
operators given by centered Gaussian Kernels. Inspired in the approximation
method used by Beckner in [4] to prove the sharp form of the Hausdorff-Young
inequality, we show that Beckner’s method is a special case of this general ap-
proximation method for operators. In particular, we characterize the Hermite
semi—group as the family of limiting operators C associated with any multi-
plicative semi—group of operators. This chapter contains the results of article

[A6].



Chapter 2

Extremal Functions of Exponential Type

2.1 Preliminaries
An entire function F' : C — C, not identically zero, is said to be of
exponential type if

7(F) = limsup || " log |F(2)] < oc.

|z| =00

In this case, the non—negative number 7(F") is called the exponential type of
F(z). We say that F(z) is real entire if F(z) restricted to R is real valued.
Given a function f : R — R, a non-—negative Borel measure do on R, and a
parameter 0 > 0, we address here the problem of finding a pair of real entire

functions L : C — C and M : C — C of exponential type at most § such that
L(z) < f(z) < M(x) (2.1)
for all x € R, minimizing the integral

/R {M(2) - L(z)} do(2). (2.2)

In the case of Lebesgue measure, this problem dates back to the work
of Beurling in the 1930’s (see [73]), where the function f(z) = sgn(x) was
considered. Further developments of this theory provide the solution of this
extremal problem for a wide class of functions f(z) that includes, for instance,

even, odd and truncated functions subject to a certain exponential or Gaussian



subordination [14, 15, 18, 19, 20, 26, 40, 53, 55, 56, 73]. Several applications
of these extremal functions arise in analytic number theory and analysis, for
instance in connection to: large sieve inequalities [47, 60, 67, 68, 73|, Erdos-
Turdn inequalities [19, 45, 51, 73], Hilbert—type inequalities [16, 18, 19, 40,
55, 62, 63, 73], Tauberian theorems [40], inequalities in signal processing [26],
and bounds in the theory of the Riemann zeta—function [8, 10, 9, 22, 32, 34].

Similar approximation problems are treated, for instance, in [41, 33].

In the case of general measures do, the problem (2.1) - (2.2) is still
vastly open. In the remarkable paper [47], Holt and Vaaler considered the
situation f(x) = sgn(z) and do(x) = |z|**™' dz with o > —1. They solved
this problem (in fact, for a more general class of measures) by establishing an
interesting connection with the theory of de Branges spaces of entire functions
[6]. This idea was further developed in [16] for a class of even functions f(x)
with exponential subordination and in [9, 56] for characteristic functions of
intervals, both with respect to general de Branges measures. In particular,
the optimal construction in [9] was used to improve the existing bounds for
the pair correlation of zeros of the Riemann zeta—function, under the Riemann

hypothesis, extending a classical result of Gallagher [32].

The purpose of this chapter is to complete the framework initiated
in [16], where the case of even functions was treated. Here we develop an
analogous extremal theory for a wide class of truncated and odd functions
with exponential subordination, with respect to general de Branges measures
(these are described below). In particular, this extends the work of Holt and

Vaaler [47] for the signum function.



2.1.1 De Branges Spaces

In order to properly state our results, we need to briefly review the main
concepts and terminology of the theory of Hilbert spaces of entire functions
developed by de Branges [6]. More information about these spaces and their

L? version can be found in Appendix 6.1.

We briefly review the basics of de Branges’ theory of Hilbert spaces of

entire functions [6]. A function F'(z) analytic in the open upper half-plane
Ct={zeC: Im(z) >0}

has bounded type if it can be written as the quotient of two functions that are
analytic and bounded in C*. If F(z) has bounded type in C* then, according
to [6, Theorems 9 and 10|, we have

limsup y~'log |F(iy)| = v(F) € R.

Yy—00

The number v(F') is called the mean type of F'(z). We say that an entire

function F': C — C, not identically zero, has exponential type if

limsup |z| ' log |F(2)| = 7(F) < oo.

|z| =00

In this case, the non-negative number 7(F') is called the exponential type of

F(z). If F: C — C is entire we define F* : C — C by F*(z) = F(z) and if
F(z) = F*(z) we say that it is real entire.

A Hermite—Biehler function E : C — C is an entire function that

satisfies the inequality

[EG)| < |E(2)]



for all z € C*. We define the de Branges space! H*(E) to be the space of

entire functions F' : C — C such that
IF|I% 2=4|F($)|2|E($)\2d$ < 00, (2.3)

and such that F//E and F*/E have bounded type and non—positive mean type

in C*. This is a Hilbert space with respect to the inner product

(F.G)p = /R Fl2) (@) |E(x)[ 2 da.

The Hilbert space H%(E) has the special property that, for each w € C, the
map F +— F(w) is a continuous linear functional on H?(E). Therefore, there

exists a function z — K (w, z) in H?(E) such that
F(w)=(F,K(w,"))g. (2.4)
The function K (w, z) is called the reproducing kernel of H?(E). If we write
A(z) = %{E@) FER)) and B() = {B()- E'()}, (29)

then A(z) and B(z) are real entire functions with only real zeros and E(z) =

A(z) —iB(z). The reproducing kernel is then given by [6, Theorem 19|

_ E@E (W) - E*(:)E(w) _ B(2)AW) — A(2)B(w)
K(w,z) = 2mi(@ —2) = —— : (2.6)

When z = w we have
7K(Z,2) = B'(2)A(z) — A'(2) B(z). (2.7)
We may apply the Cauchy-Schwarz inequality in (2.4) to obtain that

|[F(w)]* < | FIEK (w, w), (2.8)

'In the next Chapter we will be dealing with L? de Branges spaces which we denote by
HP(E). For this reason we use the notation H?(E) instead of H(E), which is the usual
notation for an de Branges space.



for every F' € H*(E). By the reproducing kernel property (2.4) we have
K(’LU, Z) = <K(’LU, ')7 K(Z, )>E

Thus, K(w,w) > 0 and |K(w,2)|* < K(w,w)K(z,z). Also, it is not hard to
show that K(w,w) = 0 if and only if w € R and F(w) = 0 (see [47, Lemma
11]).

We denote by ¢(z) a phase function associated to E(z). This is an
analytic function in a neighborhood of R defined by the condition ¥ E(z) €
R for all real x. Using (2.6) we obtain that

oK)
# @) = M ERP

>0 (2.9)

for all real z and thus ¢(z) is an increasing function of real x (see [6, Problem
48]). We also have that
A(z)? B(x)? A(z)B(x)

(@) — — + 27
E(z)?  |E(2)) |E(z)]?

for all real . As a consequence, the points ¢ € R such that () =0 mod 7
coincide with the real zeros of B(z)/E(z) and the points s € R such that
©(s) = m/2 mod 7 coincide with the real zeros of A(z)/E(z) and by (2.9),
these zeros are simple. In other words, the function B(z)/A(z) has only simple

real zeros and simple real poles that interlace.

The zero set of the function B(z) plays a special role in the theory of
de Branges associated with a function E(z) with no real zeros. In this case,
the zeros of B(z) coincide with the points ¢t € R such that ¢(t) =0 mod 7.
The following result can be found in [6, Theorem 22].

Theorem 2.1.1 (de Branges). Let F(z) be a Hermite—Biehler function with

no real zeros. Then the set of functions {B(z)/(z—t)};, where t varies among



the real zeros of B(z), is an orthogonal set in H*(E) and for every F € H*(E)
there is a constant ¢(F') > 0 such that

J

Moreover, ¢(F) = 0 for every F € H*(E) if and only if B ¢ H*(E). In this

case we have

2 F(t))?
dz = B(tz):o % + ¢(F). (2.10)

E(x)

F (1)
= BO—1)

where the convergence is in the norm of the space.

Remark. An analogous result holds for the function A(z), or more general,

to any function of the form e’ E*(z) — e ¥ E(z), 6 € R.

2.1.2 Main Results

For our purposes we let F(z) be a Hermite-Biehler function of bounded
type in C*. In this case, a classical result of Krein (see [50] or [47, Lemma
9]) guarantees that E has exponential type and 7(E) = v(E). Moreover, an
entire function F(z) belongs to H2(F) if and only if it has exponential type
at most 7(F) and satisfies (2.3) (see [47, Lemma 12]).

Let du be a (locally finite) signed Borel measure on R and denote by
p(x) = du((—oo,z])) its distribution function. Assume that it satisfies the

following properties:

(H1) The measure du has support bounded by below (or equivalently, p(x) = 0
for all x < C for some C' € R).

(H2) The function u(x) verifies

0<p(x) <1 (2.11)

10



for all real x.
In some instances we require a third property:

(H3) The average value of the distribution function u(x) is 1, that is

?Jlggoé —: p(x)de = 1. (2.12)
Remark. We remark that the constant 1 appearing on the right-hand sides
of (2.11) and (2.12) could be replaced by any constant C' > 0. For simplicity,
we normalize the measure (by dilating) to work with C' = 1. Observe that
any probability measure du on R satisfying (H1) automatically satisfies (H2)
and (H3). Measures like dpu(A) = X(0,00)(A) sinaAdA, for a > 0, which were
considered by Littmann and Spanier in [57] (giving the truncated and odd

Poisson kernels in the construction below), satisfy (H1) - (H2) but not (H3).

Let du be a signed Borel measure on R satisfying (H1) - (H2). We

define the function f,(z2), the truncated Laplace transform of this measure, by

fi() = /Re_’\z du(N), if Re(z) > 0;

0, if Re (z) <0.

(2.13)

Observe that f, is a well-defined analytic function in Re () > 0 since

fu(2) :/Re_)‘z dp(N) :/ze_’\z,u()\) da, (2.14)

R

where we have used integration by parts. If we write

11



under the additional condition (H3) we find that (below we let supp(du) C

(a,00))

£u(07) = lim f,(z) = lim / ze M p(A)dA = lim 22e D () dA

x—0t z—0t a
= lim ze Y (t/x) dt:/ te~tdt
=0t [ o 0
=1,

(2.15)

by dominated convergence. Our first result is the following.

Theorem 2.1.2. Let E(z) be a Hermite—Biehler function of bounded type in
C* such that E(0) # 0. Let du be a signed Borel measure on R satisfying (H1)
- (H2) - (H3). Assume that supp(du) C [—-27(E),00) and let f, be defined by
(2.13). If L:C — C and M : C — C are real entire functions of exponential
type at most 27(FE) such that

L(x) < fu(z) < M(x) (2.16)

for all x € R, then

[ {010 - L)} [E@ o 2 o 217)

Moreover, there is a unique pair of real entire functions L, : C — C and
M, : C — C of exponential type at most 27(E) satisfying (2.16) for which the
equality in (2.17) holds.

Our second result is the analogous of Theorem 2.1.2 for the odd function

Ful2) = fu(2) = fu(=2). (2.18)

Note that if dy is the Dirac delta measure we have ﬁ(a:) = sgn(z).

12



Theorem 2.1.3. Let E(z) be a Hermite—Biehler function of bounded type in
C* such that E(0) # 0. Let du be a signed Borel measure on R satisfying (H1)
- (H2) - (H3). Assume that supp(dp) C [—27(E),00) and let ﬁ be defined by
(2.18). If L : C — C and M : C — C are real entire functions of exponential
type at most 27(F) such that

L(z) < Ju(z) < M(x) (2.19)

for all x € R, then

[ {000 - L)} @ o = 2 220)

Moreover, there is a unique pair of real entire functions Zu :C - C and
Mu : C — C of exponential type at most 27(F) satisfying (2.19) for which the
equality in (2.20) holds.

Remarks.

(1) There is no loss of generality in assuming E(0) # 0 and supp(du) C
[—27(F), 00) in Theorems 2.1.2 and 2.1.3. In fact, since f,(x) and ﬁ(aj)
are discontinuous at z = 0, if £(0) = 0 the integrals on the left-hand
sides of (2.17) and (2.20) always diverge. Given € > 0, if the set {x €
R; pu(x) > 0} N (=00, —27(F) —€) has nonzero Lebesgue measure, we find
by (2.14) that f,(x) > C.ze®™EF9)2 for x> 0, and there is no entire
function M (z) of exponential type at most 27(E) satisfying (2.16).

e minorant problem for z) can be solved without the hypothesis
2) Th i bl f " b lved with he h hesi
(H3). We give the details in Corollary 2.3.1 below.

13



(3) Note that we are allowing the measure dyu to have part of its support on the
negative axis. In principle, our function f,(x) could increase exponentially
as & — oo and does not necessarily belong to L'(R,|E(x)|"*dz) (the
same holds for L(z) and M(z)). When f, € L*(R,|E(x)| ?dx) (resp.
f; € LY(R,|E(x)|"*dx)) it is possible to determine the corresponding

optimal values of

/RM(a:HE(x)erx and /RL(xHE(x)erx

separately. This is detailed in Corollaries 2.3.2 and 2.4.1.

Remark. We use two main tools in the proofs of Theorems 2.1.2 and 2.1.3.
The first is a basic Cauchy-Schwarz inequality in the Hilbert space H?(E)
that shows that the optimal choice for M(z) — L(z) must be the square of
the reproducing kernel at the origin (divided by a constant). The second tool,
used to show the existence of such optimal majorants and minorants, is the
construction of suitable entire functions that interpolate f,(z) at the zeros
of a given Laguerre-Pdélya function. The latter is detailed in Section 2.2 and
extends the construction of Holt and Vaaler [47, Section 2], that was tailored

specifically for the signum function.

There is a variety of examples of de Branges spaces [6, Chapter 3] for
which Theorems 2.1.2 and 2.1.3 can be directly applied. Another interesting
family arises in the discussion of [47, Section 5]. In the terminology of de
Branges [6, Section 50], these are examples of homogeneous spaces and their

definition can be found in Appendix 6.2.

For a given o« > —1 there exists a Hermite-Biehler function FE,(z)

satisfying the estimate

e < |Ea(e)|? < Claf** forall [p 21, (221)

14



for some ¢,C' > 0 and such that for each F' € H?(E,,) we have the remarkable
identity

/R F (@) |Ea)| 2 da = c, / F(@)? 224 da (2.22)

with ¢, = 727297 T(a + 1)72. Also, by the discussion in Appendix 6.2 we
have that F' € H?*(E,) if and only if F(z) has exponential type at most 1 and
either side of (2.22) is finite.

Identity (2.22) makes H?(E,) the suitable de Branges space to treat
the extremal problem (2.1) - (2.2) for the power measure do(z) = |z|**! d.

In order to do so, we define

Au(6, 1) :inf/R{M(x) L)} P de,

where the infimum is taken over all pairs of real entire functions L : C — C
and M : C — C of exponential type at most d such that L(z) < f,(z) < M(x)
for all 2 € R. If there is no such a pair we set Ay (6, 1) = 0o. Define A, (6, )
considering the analogous extremal problem for the odd function J?;L The

following result follows from Theorems 2.1.2 and 2.1.3.

Theorem 2.1.4. Let « > —1 and 6 > 0. Let du be a signed Borel measure
on R satisfying (H1) - (H2) - (H3), and let f, be defined by (2.13) (resp. }L
be defined by (2.18)). We have

4 20+2 . B )
An(6,p) = Pla+DT(a+2) ()7, if supp.(dllt) C [=9,00); (2.23)
o0, otherwise;
and
An(6, p) = 2l (a+1)M(a+2) (%)2%2, if supp(du) C [—4, 00);
et o0, otherwise.

(2.24)
If Ay (9, ) (resp. &x(é, (1)) is finite, there exists a unique pair of corresponding

extremal functions.
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Proof. To see why Theorem 2.1.4 is indeed a consequence of Theorems 2.1.2
and 2.1.3 we proceed as follows. For x > 0, we consider the measure dy,
defined by du,.(Q) = du(kQY), where Q is any Borel measurable set and x€ =
{rkA; X € Q}. A simple dilation argument shows that

AL (6, 1) = KT A, (/15, p,ﬁfl) and &a(é, p) = k22 ﬁa (/{5, u,.fl),

and we can reduce matters to the case 6 = 2. Now let L(z) and M(z) be a
pair of real entire functions of exponential type at most 2 such that L(z) <
fu(x) < M(z) for all z € R, and such that (M — L) € L'(R, |z|**™' dz). By
(2.21) we have that (M — L) € L'(R,|E,(x)|"?dz). Since (M(z) — L(x)) is
non-negative on R, according to [47, Theorem 15| (see also [16, Lemma 14])
we can write M(z) — L(z) = U(2)U*(z) with U € H?(E,). Therefore, by
identity (2.22) and Theorem 2.1.2, we have

/{M |;1:]2°‘+1d93—/|U |a:|2°‘+1d3:

— ! [ IW@P B2 o
= [ (M) - L@} 1Bufo)] e

> ¢ K, (0,0)7"

where ¢, = 127271 '(a + 1)72 and

Ka(0,0) = BZX(OLA&(()) - 27r(a1—|— 1)

This establishes (2.23). A similar argument using Theorem 2.1.3 gives (2.24).
]

As illustrated in the argument above, in order to use the general ma-

chinery of Theorems 2.1.2 and 2.1.3 to solve the extremal problem (2.1) - (2.2)
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for a given measure do, one has to first construct an appropriate de Branges
space H2(E) that is isometrically contained in L?*(R,dc). In particular, this

construction was carried out in [9] for the measure

do(z) = {1 . (m;;m)?} da,

that appears in connection to Montgomery’s formula and the pair correlation

of zeros of the Riemann zeta—function (see [61]), and in [57, 59] for the measure
do(z) = (2° + a*) dx,

where a > 0, that appears in connection to extremal problems with prescribed

vanishing conditions.

2.2 Interpolation Tools

2.2.1 Laplace Transforms and Laguerre-Pdélya Functions

In this subsection we review some basic facts concerning Laguerre-Pélya
functions and the representation of their inverses as Laplace transforms as in
[46, Chapters IT to V]. The selected material we need is already well organized

in [16, Section 2] and we follow closely their notation.

We say that an entire function F' : C — C belongs to the Laguerre-

Pdlya class if it has only real zeros and its Hadamard factorization is given

by
£ o
F(z) = 70 e b H (1 — i)ez/xf, (2.25)

rl T
j=1 J

where r € Z*, a,b,z; € R, with @ > 0, z; # 0 and Z;; xj_2 < oo (with
the appropriate change of notation in case of a finite number of zeros). Such

functions are the uniform limits (in compact sets) of polynomials with only
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real zeros. We say that a Laguerre-Pélya function F'(z) represented by (2.25)
has finite degree N' = N (F) when a = 0 and F(z) has exactly N zeros counted
with multiplicity. Otherwise we set N'(F) = co.

If F(z) is a Laguerre-Pélya function with N (F) > 2, and ¢ € R is such
that F(c) # 0, we henceforth denote by g.(t) the frequency function given by

9¢(t) L/ - Fezs> ds. (2.26)

T 2mi ico
Observe that the integral in (2.26) is absolutely convergent since the condition
N(F) > 2 implies that 1/|F(c+ iy)| = O(|y|™2) as |y| = oo. If (11,72) C R
is the largest open interval containing no zeros of F'(z) such that ¢ € (1, 7),

the residue theorem implies that g.(t) = gq4(t) for any d € (71, 75). Moreover,

the Laplace transform representation

Fzz) = /Rgc(t) e dt (2.27)

holds in the strip 7 < Re (2) < 72 (the integral in (2.27) is in fact absolutely

convergent due to Lemma 2.2.1 below). If N'(F') = 0 or 1, we can still represent
F(2)7! as a Laplace transform on vertical strips. In fact, if N'(F') = 1, we let
7 be the zero of F(z), written in the form (2.25). If 7 = 0 then (2.27) holds
with
F'(0)™! Xb,00) (1), for ¢ > 0;
9:(t) = { —F'(0)! X(—oop)(t), forc<O.

If 7 # 0 then (2.27) holds with

—7 F(0) ey o1 o) (1), for ¢ > 7
9e(t) =

| rF(0)! ey Loy (t),  fore< .

If N(F) =0 then (2.27) holds with

9:(t) = F(0)7"é(t - b),
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for any ¢ € R, where ¢ denotes the Dirac delta measure.

The fundamental tool for the development of our interpolation theory
in this section is the precise qualitative knowledge of the frequency functions
ge(t). This is extensively discussed in [46, Chapters II to V] and we collect the

relevant facts for our purposes in the next lemma.

Lemma 2.2.1. Let F(z) be a Laguerre—Pdlya function of degree N > 2 and let
ge be defined by (2.26), where ¢ € R and F(c) # 0. The following propositions
hold:

(i) The function g. € CN=2(R) and is real valued.
(13) The function g.(t) is of one sign, and its sign equals the sign of F(c).

(1ii) If (11, m2) C R is the largest open interval containing no zeros of F(z)
such that ¢ € (11,72), then for any 7 € (11, T2) we have the following

estimate
190 ()] < €™ VEER, (2.28)
where 0 < n < N — 2.

Proof. Parts (i) and (ii) follow from [46, Chapter IV, Theorems 5.1 and 5.3].
Part (ziz) follows from [46, Chapter II, Theorem 8.2 and Chapter V, Theorem
2.1]. ]

2.2.2 Interpolation at the Zeros of Laguerre-Pdlya Functions

In this subsection we construct suitable entire functions that interpolate
our f,(x) at the zeros of a given Laguerre-Pélya function. In order to accom-

plish this, we make use of the representation in (2.27) and Lemma 2.2.1. The
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material in this subsection extends the classical work of Graham and Vaaler in
[40, Section 3], where this construction was achieved for the particular function
F(x) = (sinmx)? of Laguerre-Pélya class.

If F(z) is a Laguerre-Pélya function, we henceforth denote by ap the
smallest positive zero of F(z) (if no such zero exists, we set ap = 00). Let
9(t) = Gap2(t) (if ap = oo take g(t) = g1(t)). If du is a signed Borel measure
on R satisfying (H1) - (H2), it is clear that the function

grdult) = [ gt =N = [ = Np =g xut)  (220)

satisfies the same growth conditions as in (2.28) for 7 € (0, arp), for 0 < n <
N — 3, with the implied constants now depending also on du. We are now in

position to define the building blocks of our interpolation.

Proposition 2.2.2. Let F(z) be a Laguerre-Pdlya function with N'(F) > 2.
Let g(t) = gap2(t) and assume that F(ap/2) > 0 (in case ap = 400, let
g(t) = g1(t) and assume F(1) > 0). Let du be a signed Borel measure on R
satisfying (H1) - (H2), and let f,(z) be defined by (2.13). Define

0
A (Fp, 2) = F(z)/ gxdu(t)e ™ dt for Re(z) < ap, (2.30)

—00

As(F,p,2) = fu(z) — F(2) /0009 xdp(t)e ?dt  for Re(z) >0. (2.31)

Then z — Ay (F, p, z) is analytic in Re (2) < ap, z — Ay(F, pu, z) is analytic
in Re (z) > 0, and these functions are restrictions of an entire function, which
we will denote by A(F,u,z). Moreover, if supp(du) C [—7,00), there exists
¢ >0 so that

AE1,2)] < (2] X0 2) + [F(2)]) (2.82)
forall z =2+ 1y € C, and

A(F, 11, 6) = fu(§) (2.33)
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for all £ € R with F(§) = 0.

Proof. We have already noted in (2.14) that z — f,(2) is analytic in Re (2) > 0
when dyu satisfies (H1) - (H2). If N(F) > 3, from (2.29) and Lemma 2.2.1
(14i) we see that the integrals on the right-hand sides of (2.30) and (2.31)
converge absolutely and define analytic functions in the stated half-planes.
If N(F) = 2, it can be verified directly that g(¢) is continuous and C' by
parts, and that the function ¢’(¢) thus obtained has at most one discontinuity
and still satisfies the growth condition (2.28). Therefore (2.29) holds and, as
before, this suffices to establish the absolute convergence and analiticity of
(2.30) and (2.31) in the stated half-planes.

Now let 0 < < ap. Using (2.29), (2.27) and (2.14) we get
A(F o) = Aa(F i) = =Fyla) + F(@) [ o w(t) e
— =)+ Fa) [ [ ge=npeara
— _fu(0)+ ) /R ( /]R Jt—Net dt) u(n) da
= —fu(z) + F(x) /R < /R g(s)e ™" ds) e pu(A) dA

= —f.(z) + /Rxem p(A) dA
= 0.

This implies that Ay (F,pu, z) = Ao(F,u,2) in the strip 0 < Re(z) < ar.
Hence, z — Ai(F,p,z) and z — As(F,p,z) are analytic continuations of

each other and this defines the entire function z — A(F, A, z). The integral
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representations for A and (2.29) imply, for Re (2) < ap/2, that

A(F, 1, 2)| < |F(2) |/ O G

(2.34)
<|F(z I/ 9| u(t) e ter2at,
while for Re (z) > ap/2 we have
JACE, 1, 2)| < [fu(2)] + |F(Z)|/ ' ut) et er /2 dt. (2.35)
0

Since supp(du) C [—7,00) we use (2.14) and (H2) to obtain, for Re (2) > ap/2,

| £u(2 |_‘/ A)dA /e—ARW)dA'

_ |Z‘ eTRe(z 2|Z’ TRe(z)
Re (2) T ap

< 2|

(2.36)

Estimates (2.34), (2.35) and (2.36) plainly verify (2.32). The remaining iden-
tity (2.33) follows from the definition of A. O

Proposition 2.2.3. Let F(z) be a Laguerre-Pdélya function that has a double
zero at the origin. Let g(t) = gan/2(t) and assume that F(ap/2) > 0 (in
case ap = +o0, let g(t) = ¢1(t) and assume F(1) > 0). Let du be a signed
Borel measure on R satisfying (H1) - (H2), and let f, be defined by (2.13).
With z — A(F, i, z) defined by Proposition 2.2.2, consider the entire functions
2> L(F,p,z) and z — M(F, u, z) defined by

L(F,p,z) = A(F,pu,z)+ g+ du(0) Fiz) (2.37)
and
M(F, 11, 2) = L(F, 1, 2) + ;,Zé’;; (2.38)

The following propositions hold:
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(1) We have

for allz € R and

for all £ € R with F(€) =0,
(i4) We have
Fx){M(F, p, ) = fu(x)} = 0
for all € R and
M(F,11,€) = fu()
for all € € R\ {0} with F(€) =0. At ¢ =0 we have
M(F, 1,0) = 1.

(7i1) The equality

2|F(z)
22 F(0)

[M(F,pt,2) = ful@)| + | fulz) = L(F, p,2)| =
holds for all x € R.

Proof. Part (i). For x < 0, using (2.29), (2.30) and (2.37) we get

o) = EF ) = —F @) [ el = @)}

and, for z > 0, using (2.29), (2.31) and (2.37) we get

fu(z) = L(F, pi, ) /{g*u — ¢ % p(0)} e dt.

23

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)
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If N(F) > 4, integration by parts in (2.27) shows that the Laplace transforms
of ¢'(t) and ¢"(t) in the strip 0 < Re(z) < ap are z/F(z) and 2*?/F(z),
respectively (here we use Lemma 2.2.1 (i4i) to eliminate the boundary terms).
Since F(ap/2) > 0, we conclude by Lemma 2.2.1 (ii) that ¢'(t) and ¢”(¢)
are non-negative on R. In particular, ¢’(¢) is also non—-decreasing on R. If
N(F) =2 or 3, it can be verified directly that ¢'(¢) is non—decreasing on R. In
either case, this implies that ¢’ * p(t) is non—decreasing, and (2.39) and (2.40)
(for £ # 0) then follow from (2.44) and (2.45). For £ = 0 we see directly from
(2.33) and (2.37) that L(F,u,0) = 0.

Part (it). For z < 0, using (2.29), (2.30) and (2.38) we get
0

M@m@—hMZF@/

—0o0

{g’ *pu(t) — g’ * pu(0) — F,?é()) } e~ dt,
(2.46)

and, for z > 0, using (2.29), (2.31) and (2.38) we get

M(F, p,x) = fu(x) = —F(x) /OOO {g’ s pu(t) — g # p(0) — FEEO)} et dt,
(2.47)

In order to prove (2.41) it suffices to verify that

o+t = o+ 0] < ot (2.48)

for all t € R.

If N(F) > 4, we have already noted that the Laplace transform of ¢”(t)
in the strip 0 < Re(z) < ap is 22/F(z). Since F(z)/2z? does not vanish at
the origin, we see from Lemma 2.2.1 that ¢”(¢) is non—negative and decays
exponentially as [t| — oo. By a direct verification, the same holds for N'(F) =

3, where ¢”(t) might have one discontinuity. Thus ¢”(¢) is integrable on R and
by (2.27) we find

/ g () dt = 27" (0)L. (2.49)
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We are now in position to prove (2.48) for N (F) > 3. We have already noted
in part (7) that ¢’(¢) is a non—decreasing function. Therefore, for ¢t > 0, we use
(H2) and (2.49) to get

g % ult) — d % u(0) = / (9t =) — /(= 2)} () dA

// (s —A)dsdA

=2t F"(0

An analogous argument holds for ¢ < 0. If N(F) = 2, we have F(z) =

TF"(0) e 2% and g(t) = F,/ (t b) X (b,00)(t), and (2.48) can be verified directly.

For ¢ # 0, the interpolation property (2.42) follows directly from (2.46)
and (2.47). At £ = 0, since L(F,u,0) = 0, it follows from (2.38) that
M(F,pu,0) = 1.

Part (ii7). Identity (2.43) follows easily from (2.37), (2.38), (2.39) and (2.41).
]

2.3 Proof of Theorem 2.1.2

Recall from (2.15) that under (H3) we have

f.(0%) = lim f,(z) =1.

z—0*t
Optimality. Let L(z) and M(z) be real entire functions of exponential type
at most 27(F) such that L(z) < f,(z) < M(z) for all z € R and

/R{M(x) — L(z)} |E(z)| 7 dz < oco.

Since (M (z)—L(z)) is non—negative on R, by [47, Theorem 15] (or alternatively

[16, Lemma 14]) we may write

M(z) — L(z) = U(2)U*(2)
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with U € H?*(E). Since f,(07) = 0 and f,(0%) = 1, we find that |U(0)]> =
M(0) — L(0) > 1. From the reproducing kernel identity and the Cauchy-

Schwarz inequality, it follows that
2
1< |U0))* = (U, K(0,))s|” < IUENK(0,)]E = [U% K(0,0), (2.50)
and therefore

[ 1) - L} E@) 2 de = [ W) )| do
R R )
K(0,0)°
This establishes (2.17). Moreover, equality in (2.50) (and thus in (2.51)) hap-
pens if and only if U(z) = ¢ K(0,2) with |¢[ = K(0,0)~!. This implies that

we must have

(2.51)

= Ull% >

K(0,2)?

M(z) — L(z) = W (2.52)
Existence. By multiplying F(z) by a complex constant of absolute value
1, we may assume without loss of generality that F(0) € R. Since E(z) is a
Hermite—Biehler function of bounded type, we see that £*(z) also has bounded
type. The companion function B(z) defined by (2.5) is then a real entire
function of bounded type with only real zeros. By [6, Problem 34] (see [49] for
a generalization) we conclude that B(z) belongs to the Laguerre-Pdlya class.
The function B(z) has exponential type and it is clear that 7(B) < 7(E). Note
also that B(z) has a simple zero at z = 0 (since E(0) # 0 we have K(0,0) > 0

and, by (2.7), z = 0 cannot be a double zero of B(z)).

Applying Proposition 2.2.3 to the function B?(z), we construct the
entire functions

L.(2) = L(B? u,2) (2.53)

and
M, (2) = M(B?, u,z). (2.54)



It follows from (2.39) and (2.41) that
Lyu(z) < fu(z) < My()

for all z € R. From (2.32), (2.37) and (2.38) if follows that L,(z) and M,(2)
have exponential type at most 27(F). Finally, from (2.6), (2.7), (2.37) and
(2.38) we have that

B?(z) K(0,z2)?

My(2) — Lu(2) =
w2 = L) = B = R0
and as we have seen in (2.52), this is the condition for equality in (2.17).

Uniqueness. From the equality condition (2.52) and the existence of an

optimal pair {L,(2), M,(z)} we conclude that this pair must be unique.

2.3.1 Further Results

Without assuming (H3) it is possible to solve the minorant problem
for f,(x). However, we do have to assume that the companion function that

generates the nodes of interpolation does not belong to the space H?(E).

Corollary 2.3.1. Let E(z) be a Hermite—Biehler function of bounded type in
C* such that E(0) > 0. Let du be a signed Borel measure on R satisfying
(H1) - (H2). Assume that supp(dp) C [—-27(E),00) and let f,(x) be defined
by (2.13). Assume that B ¢ H*(E). Let L,(z) be the real entire function of
exponential type at most 27(F) defined by (2.53). If L : C — C is a real entire
function of exponential type at most 21(E) such that

L(z) < fu(z)

for all x € R, then

/R {fulz) = L(x)} |E(z)| 7 dz > /R {fulz) = Lu(2)} |E(z)| 2 dz.  (2.55)
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Proof. From (2.43) and (2.53) we observe first that the right-hand side of
(2.55) is indeed finite. If the left-hand side of (2.55) is 400 there is nothing to
prove. Assume then that (f, — L) € LY(R, |E(x)|~?dx). We use the fact that
there exists a majorant M, (z) (not necessarily extremal anymore) defined by
(2.54), and from (2.43) we see that (M, — f,) € L*(R,|E(x)| *dz). By the
triangle inequality we get (M, — L,) € L'(R,|E(z)|?dz) and (M, — L) €
L'(R,|E(x)|~?dz). Since the last two functions are non-negative on R, from

[47, Theorem 15] (or alternatively [16, Lemma 14]) we can write
My(2) = L(z) = U(2)U"(2)

and

with U,V € H*(E). This gives us
Lu(z) = L(z) = U(x)U"(z) = V(2)V"(2).

Since B ¢ H*(E), from [6, Theorem 22] the set {z + E(£)7 K (€, 2); B(€) =
0} is an orthogonal basis for H?(E) (note here that if F(£) = 0, the function
E(¢)7'K (&, 2) has to be interpreted as the appropriate limit). We now use
Parseval’s identity and the the fact that L,(z) interpolates f,(x) at the zeros
of B(z) to get

A{Lu(x)—L(x)}lE(x)|deZ/R{IU(fC)!Q— V(@) } [E()] 7 da

TP —[V(©)*} {Lu(6) — L)}
- > - 5
= K9 o KED
{/u®) - L(©)}
= Z > 0.
o, KED
This concludes the proof of the corollary. ]
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When f, € L'(R,|E(z)|"?dz) it is possible to determine the precise

values of the optimal integrals in our extremal problem separately.

Corollary 2.3.2. Let E(z) be a Hermite—Biehler function of bounded type in
C* such that E(0) > 0. Let du be a signed Borel measure on R satisfying
(H1) - (H2). Assume that supp(dp) C [—-27(E),00) and let f,(x) be defined
by (2.13). Assume that

/R (@) [E (@) dz < oo (2.56)

and that B ¢ H*(E).

(¢) Let L,(2) be the extremal minorant of exponential type at most 27(E)
defined by (2.53). We have

/]R (@) | B S fﬂéi (2.57)

£>0

B(§)=0

(i1) Assuming (H3), let M,(2) be the extremal majorant of exponential type
at most 27(E) defined by (2.54). We have

—2 _ 1 fu(g)
/M ) |E(z)] 2 de = 700 T ; Ko (2.58)

Proof. We first prove (ii). The function M,(z) is non-negative on R and
belongs to L'(R, |E(z)|2dx) from (2.56) (observe in particular that E can-
not have non-—negative zeros in this situation). From [47, Theorem 15] (or

alternatively [16, Lemma 14]) we can write

M, (z) =U(2)U*(2) (2.59)

with U € H?*(E). We use again the fact that the set {z — E(fgj B(&) = 0}

is an orthogonal basis for H?(E) since B ¢ H?*(E) [6, Theorem 22]. From
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Parseval’s identity and the the fact that M, (2) interpolates f,(z) at the zeros
of B(z) (with M,(0) = 1) we arrive at

[ 'Us;;?

_ Mu(€) fu
_BZ_ K(&&)‘Koo Z
(§)=0 B(g

This establishes (2.58).

We now prove (¢). In this case, we still have a majorant M, (z) (not
necessarily extremal anymore) and the factorization (2.59) still holds. From
(2.43) we see that (M, — L,) € L'(R,|E(z)| ?dx) and we can write again

M,(z) — L,(z) = V(2)V*(z), with V € H?*(E). This gives us

L,(z2)=U)U"(z) = V(2)V*(2). (2.60)

Using Parseval’s identity again, and the fact that L, (z) interpolates f,(z) at

the zeros of B, we arrive at

/RL#(JU)IE(x)IdeZ/R{IU(CC)!Q—IV(SU)IQ}!E(CE)Ide
_ TP = VP _ Ly(§)
p K¢ 2 K(¢,€)

B(£)=0 B(£)=0
_ £(€)
- Z K(€.€)

B(§)=0

This establishes (2.57) and completes the proof. O

2.4 Proof of Theorem 2.1.3

Optimality. This follows as in the optimality part of Theorem 2.1.2, just

observing that
Fu(07)=—=1 and f,(07)=1.
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Existence. We use Proposition 2.2.3 with the Laguerre-Pélya functions B?(z)

and its reflection B?*(—z) to define

L#(Z> = L(BQ(Z),/L, z) _M(B2(_Z)nua —2) (2.61)

and

MM(Z) = M(BQ(Z>’ K, Z) - L(BQ(_Z)v M _Z)' (2'62)

These are real entire functions of exponential type at most 27(E) that satisfy

Lu(z) < fulz) < M, (x)

for all z € R. As before, from (2.6), (2.7), (2.37) and (2.38) we find that

— L B 2K(0,2)°
H(Z) — Lu('z) - B’(O)Q 22 K(070)2 ’

and this is the condition for equality in (2.20).

Uniqueness. It follows as in the proof of Theorem 2.1.2.

2.4.1 Further Results

Corollary 2.4.1. Let E(z) be a Hermite—Biehler function of bounded type in
C* such that E(0) > 0. Let du be a signed Borel measure on R satisfying (H1)
- (H2) - (H3). Assume that supp(dp) C [-27(E),00) and let J?u be defined by
(2.18). Assume that

AﬁMMMMQM<w (2.63)

and that B ¢ H*(E). Let z“(z) and Mu(z) be the extremal functions of
exponential type at most 27(E) defined by (2.61) and (2.62), respectively. We

have

T -2 1 ;
J B =+ X Ry
B(§)=

0

31



and

A7 2 1 A/;
Jﬁ‘ﬂ4ﬁ<x)’1?(x)‘ = o T ;((§§2>-

££0
B(£§)=0

Proof. From the integrability condition (2.63) we see that E(z) cannot have
real zeros and we may use (2.61), (2.62), (2.59) and (2.60) to write

Ly(2) = (1(2)U7 (2) = Vi(2) V7' (2)) — Ua(2)U3 ()

and
M,(2) = Us(2)Us (2) — (Us(2)U; (2) — Va(2) Vi (2)),

where U;,V; € H*(E). Once we have completed this passage from L' to L?

the remaining steps are analogous to the proof of Corollary 2.3.2. ]

2.5 Periodic Analogues

In this section we consider the periodic version of this extremal problem.
Throughout this section we write e(z) = €™ for 2 € C. A trigonometric

polynomial of degree at most N is an entire function of the form

N

W(z) = Z ar e(kz),
k=—N

where a5, € C. We say that W(z) is a real trigonometric polynomial if W(z) is
real for z real. Given a periodic function F : R/Z — R, a probability measure
dd¥ on R/Z and a degree N € Z", we address the problem of finding a pair of
real trigonometric polynomials £ : C — C and M : C — C of degree at most
N such that

L) < F(z) < M() (2.64)
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for all x € R/Z, minimizing the integral
{M(z) — £L(z)} dd(z). (2.65)

R/Z
When d# is the Lebesgue measure, this problem was considered, for instance,
in [7, 19, 51, 73] in connection to discrepancy inequalities of Erdos-Turdn
type. For general even measures dv, the case of even periodic functions with
exponential subordination was considered in [5, 16]. In [51], Li and Vaaler
solved this extremal problem for the sawtooth function

— x—LxJ—% 71f‘$¢Z7
Wc)‘{o L if v € 7

with respect to the Jacobi measures.

The purpose of Section 2.5 is to extend the work [51], solving this
problem for a general class of functions with exponential subordination (which
are the periodizations of our functions f,(x) and ﬁ(x), including the sawtooth
function as a particular case) with respect to arbitrary nontrivial probability
measures d¢ (we say that d¢ is trivial if it has support on a finite number
of points). The main tools we use here are the theory of reproducing kernel
Hilbert spaces of polynomials and the theory of orthogonal polynomials in the
unit circle, and we start by reviewing the terminology and the basic facts of
these two well-established subjects. In doing so, we follow the notation of

[16, 52, 69] to facilitate some of the references.

2.5.1 Reproducing Kernel Hilbert Spaces of Polynomials

We write D = {z € C;|z| < 1} for the open unit disc and 0D for the
unit circle. Let n € Z* and let P, be the set of polynomials of degree at most
n with complex coefficients. If ) € P, we define the conjugate polynomial
Q*"(2) by

Q" (z) =2"Q(z ). (2.66)



If Q(2) has exact degree n, we sometimes omit the superscript n and write
Q*(z) for simplicity.

Let P(z) be a polynomial of exact degree n + 1 with no zeros on 9D
such that

|P*(2)] < |P(2)] (2.67)

for all z € D. We consider the Hilbert space H,,(P) consisting of the elements
in P,, with scalar product

(@Q, R)a.(p) = R/ZQ(G(@) R(e(x)) | P(e(x))| ™ d.
From Cauchy’s integral formula, it follows easily that the reproducing kernel

for this finite-dimensional Hilbert space is given by

P(2)P(w) — P*(2)P*(w)

1 —wz

K(w,z) =

)

that is, for every w € C we have the identity
(Q, K(w, N2, p) = Qw).
As before, we define the companion polynomials
AG) = {PEH P} and B() = L{P(:) - P'(2)},

and we find that A(z) = A*(z), B = B*(z) and P(z) = A(z) —iB(z). Since
the coefficients of 2% and 2" of P(z) do not have the same absolute value
(this would contradict (2.67) at z = 0) the polynomials A(z) and B(z) have
exact degree n + 1. From (2.67) we also see that A(z) and B(z) have all of

their zeros in 0D.

The reproducing kernel has the alternative representation

1—wz
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Observe that

K(w, w) = (K(w, -), K(w, )2, p) = 0
for all w € C. If there is w € C such that K(w,w) = 0, then K(w,-) =0
and Q(w) = 0 for every @ € P,, a contradiction. Therefore K(w,w) > 0 for
all w € C. From the representation (2.68) it follows that A(z) and B(z) have

only simple zeros and their zeros never agree.

From (2.68) we see that the sets {z — X((, 2); A(¢) = 0} and {z —
K(¢,z); B(¢) = 0} are orthogonal bases for #,(P) and, in particular, we

arrive at Parseval’s formula (see [52, Theorem 2])

) RO Q)P
Q1. r) = . (2.69)
) A(CZ)ZO K(¢. ) %:Zoﬂqc,c)

2.5.2 Orthogonal Polynomials in the Unit Circle

The map x — e(z) allows us to identify measures on R/Z with measures
on the unit circle 9D. Let dv be a nontrivial probability measure on R/Z ~ 0D
(recall that di is trivial if it has support on a finite number of points) and
consider the space L?(0D, dd) with inner product given by

(f,9)120p.a0) f( )9(2) dd(z) = / fle(z)) g(e(x)) dd(z).

R/Z
We define the monic orthogonal polynomials ®,(z) = ®,(z;d¥) by the condi-

tions
®,,(2) = 2" + lower order terms; (D, Zj>L2(8]DJ,d19) =0 (0<j<n);

and we define the orthonormal polynomials by ¢, (2) = ¢, ®n(2)/||Pn||2, where
¢, is a complex number of absolute value one such that ¢,(1) € R (this

normalization will be used later). Observe that

(Q"", R™") 12 (9p,av) = (R, Q) 12(op,av)
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for all polynomials @), R € P,, where the conjugation map * was defined
in (2.66). The next lemma collects the relevant facts for our purposes from

Simon’s survey article [69].

Lemma 2.5.1. Let d9 be a nontrivial probability measure on R/Z.

(1) @n(2) has all its zeros in D and ¢%(2) has all its zeros in C\D.

(17) Define a new measure dv,, on R/7Z by

B dzx

- Jentela): )]

Then d9,, is a probability measure on R/Z, ;(z;dV) = ¢;(z;dd,) for
j=0,1,...,n and for all Q, R € P, we have

dd,(z)

(Q, R)r2(9p,a9) = (@, R) 12(9p,d9,,)- (2.70)

Proof. (i) This is [69, Theorem 4.1].
(71) This follows from [69, Theorem 2.4, Proposition 4.2 and Theorem 4.3]. O

Let n > 0 and ¢,41(2) = @ni1(z;dY). By Lemma 2.5.1 (i) and the

maximum principle we have

|ont1(2)] < [#541(2)]

for all z € D. By Lemma 2.5.1 (ii) we note (Christoffel-Darboux formula)
that P, with the scalar product (-,-).2(sp,a9) is a reproducing kernel Hilbert

space with reproducing kernel given by

) = Pr1(2) prga(w) — pnia(2) SDn-H(w). (2.71)

g<:77/ 9
(w & 1 —wz
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Observe that ¢ ,(2) plays the role of P(z) in Section 2.5.1. As before, we
define the two companion polynomials (here we use the subscript according to

the degree of the polynomial)

M@ = i@+ een(@) and Bun(2) = e () -~ g2},
(2.72)
and we note that (2.69) holds.

We now derive the quadrature formula that is suitable for our purposes.
This result appears in [16, Corollary 26] and we present a short proof here for

convenience.

Proposition 2.5.2. Let d¥ be a nontrivial probability measure on R/Z and
let W : C — C be a trigonometric polynomial of degree at most N. Let
on+1(z) = pni1(z;dI) be the (N + 1)-th orthonormal polynomial in the
unit circle with respect to this measure and consider Xy (w, z), Ani1(2) and

Bni1(z) as defined in (2.71) and (2.72

Then we have

)
B weE o W(E)
vt = ; Kn(e(€),e(€)) Z/ Kv(e(€), e(©))

An41(e(€))=0 Bny1(e())=0

R/Z

Proof. Write
N

W(z) = Z ai e(kz)

k=—N
and assume first that W(z) is real valued on R, that is, a = a_. Let 7 =
mingeg W(z). Then z — W(z) — 7 is a real trigonometric polynomial of degree
at most N that is non—negative on R. By the Riesz-Féjer theorem there exists

a polynomial () € Py such that
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for all z € C. Writing 7 = |71|? — |72|?, and using (2.70) and (2.69), we obtain

/ (Q(@) + 71 - |2} di(a)

Q)P+ 1P =
vz |enple@)]
) Q) + [ ? — [P
= 2 Xox (o(6), e(€))

R/Z

€CR/Z
Bn+1(e(§))=0

) W(e)
= X Tl @)

€ER/Z.
Br+1(e(§))=0

and analogously at the nodes given by the roots of Ay1(z). The general case
follows by writing W(z) = Wy (z) —iW,(z), with W, (2) = 3.0 br e(kz) and
Wy(z) = ZkN:_N cp e(kz), where by = %(ak +a_y) and ¢ = %(ak —ayg). O

2.5.3 Main Results

We now present the solution of the extremal problem (2.64) - (2.65)
for a class of periodic functions with a certain exponential subordination. As
described below, this class comes from the periodization of the functions f,,(z)
and ﬁ(a:) defined in (2.13) and (2.18).

Throughout this section we let du be a (locally finite) signed Borel
measure on R satisfying conditions (H1’) - (H2). The condition (H1’) is simply
a restriction of our current (H1), namely:

(H1’) The measure du has support on [0, c0).

When convenient, we may require additional properties on du. The first one

is our usual (H3), and we now introduce the following summability condition:
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(H4) The distribution function u(x) := u((—o0, z]) verifies

<1
/ Fu()\)d)\<oo.
0

For A > 0 we consider the following truncated function that appears on the

right-hand side of (2.14):

re ™ if x> 0;

v(A ) :{ 0, ifx<0,

and define the 1-periodic function

h(Az) =Y v\ z+n)

e Ae=lel=3) L2 5inh(A/2) (z — |x] — 1) + cosh(\/2)}
4 sinh(\/2)? '

If dp is a signed Borel measure satisfying (H1’) - (H2) - (H4) we define the

1-periodic function
Fula) = [ hO) ) A= Y e ), 2.73)
0 nez

where the last equality follows from (2.14) and Fubini’s theorem. We observe
that F,(x) is differentiable for = ¢ Z and that

For 0 < x <1 we have

-2
h(\, ) = ze ™ + ﬁ (a:e_m(l —e M)+ e_’\x>,

and we see from dominated convergence and the computation in (2.15) that

limsup F,(x) < F,(0) + 1,

z—0t
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and under the additional condition (H3) we have

F,.007) =F,(07)+1=5,0)+ 1. (2.74)

We now define the odd counterpart. First we let, for A > 0,
o\ ) = v\ ) — v, —x)

and consider the 1-periodic function

h(A, x) = Z'ﬁ()\, T +n)

—1 cosh(\/2) sinh(Ap(z)) + ¢(z) sinh(A/2) cosh(A(z))
sinh(\/2)? ‘

where .
_ x_LxJ_i 71f$¢Z7
Mﬂ”)_{o Cif x €7

is the sawtooth function. If du is a signed Borel measure satisfying (H1’) -

(H2) we define the odd 1-periodic function
Fo(z) = / RO\ ) p(\) A, (2.75)
0

Note that we do not have to assume (H4) in order to define f;'““(x) in (2.75)
since, for all z € R, the function A E(/\,x) is O(A) as A — 0. If, however,
we have (H4), the function JF,(z) is well-defined and we have

Fu(w) = Ful2) = Fu(=2) = Y fulz +n),

neL

verifying that 5’#(95) is in fact the periodization of ﬁ(a:) We note that 5»‘”(;5)

is differentiable for z ¢ Z. For 0 < x < 1 we may write alternatively

h(X\,z) = h(\,2) — h(\, 1 — z)
Y
e P )

(=)

peM (1 m)e_x(l_“")(l _ e—/\> _ e—A(l—x)>7
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and we may use dominated convergence in (2.75) together with the computa-
tion in (2.15) to conclude that, under (H1’) - (H2) - (H3), we have

F,(0%) = £1.

We highlight the fact that when dp is the Dirac delta measure, we
recover the sawtooth function (multiplied by —2) in (2.75). In fact, observing
that for x ¢ Z we have

~ 0 [ sinh ( — Mz — |z] — %))
hr2) = =53 ( sinh()\/2) ) ’

we find, for x ¢ Z,
F(x) = /Ooow,x) A= 2 |z] - ).

This is expected since the corresponding ﬁ(w) is the signum function. In
particular, the results we present below extend the work of Li and Vaaler [51]

on the sawtooth function.

The following two results provide a complete solution of the extremal
problem (2.64) - (2.65) for the periodic functions F,(x) and gfu(x) defined in
(2.73) and (2.75), with respect to arbitrary nontrivial probability measures d.
This completes the framework initiated in [16], where this extremal problem
was solved for an analogous class of even periodic functions with exponential
subordination. In what follows we let pn11(2) = @ny1(2z;dd) be the (N + 1)-
th orthonormal polynomial in the unit circle with respect to this measure and
consider Ky (w, 2), An+1(2), Byy1(z) as defined in (2.71) and (2.72).

Theorem 2.5.3. Let du be a signed Borel measure on R satisfying (H1’) - (H2)
- (H4), and let F,(x) be defined by (2.73). Let dv be a nontrivial probability
measure on R/Z and N € Z+.
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(2) If L : C — C is a real trigonometric polynomial of degree at most N
such that
£(x) < Fola) (2.77)

for all x € R/Z, then

i 00) %,(6)
., 0t < g + PR wrnr e

Bn+1(e(§))=0

Moreover, there is a unique real trigonometric polynomial £, : C — C of

degree at most N satisfying (2.77) for which the equality in (2.78) holds.

(i1) Assume that du also satisfies (H3). If M : C — C is a real trigonometric
polynomial of degree at most N such that

T, () < M(z) (2.79)
for all x € R/Z, then
F,(07) Fu(§)
L OVO 2GS 2w ¢

EER/Z; E#£0
Bn+1(e(§))=0

Moreover, there is a unique real trigonometric polynomial M, : C — C
of degree at most N satisfying (2.79) for which the equality in (2.80)
holds.

Theorem 2.5.4. Let du be a signed Borel measure on R satisfying (H1") - (H2)
- (H3), and let ;.;'"M(x) be defined by (2.75). Let dv¥ be a nontrivial probability
measure on R/Z and N € 7.

(1) If L : C — C is a real trigonometric polynomial of degree at most N
such that

L(z) < Fulz) (2.81)
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for all x € R/Z, then

1
R/Z N( ) ) €ER/Z; ££0
Bn+1(e(€))=0

Moreover, there is a unique real trigonometric polynomial Zu :C—Cof

degree at most N satisfying (2.81) for which the equality in (2.82) holds.

(17) If M : C — C is a real trigonometric polynomial of degree at most N
such that
Fu(z) < M(z) (2.83)

for all x € R/Z, then

R/ZM(J:) dv(z) > —KN(L D

+ Y Tule) (2.84)

EER/Z; £E#0
Bn+1(e(§))=0

Moreover, there is a unique real trigonometric polynomial 3\7[” C—>C
of degree at most N satisfying (2.83) for which the equality in (2.84)
holds.

2.5.4 Periodic Interpolation

Before we proceed to the proofs of Theorems 2.5.3 and 2.5.4 we state
and prove the periodic version of Proposition 2.2.3. Below we keep the notation

already used in Section 2.2.

Proposition 2.5.5. Let F'(z) be a 1-periodic Laguerre-Pélya function of ex-
ponential type T(F). Assume that F(z) has a double zero at the origin and
that F(ap/2) > 0. Let du be a signed Borel measure on R satisfying (H1’) -
(H2) - (H4), and let F,(z) be defined by (2.73).
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(i) The functions x — L(F,p,x) and x — M(F, u,z) belong to L*(R).

(17) Define the trigonometric polynomials

L(Fpz)= Y L(Fpk)e(kz) (2.85)
[kl < 75
and
M(F,p,z)= > M(F,pk)e(kz). (2.86)
‘k‘<T(F)

27

Then we have
F(2) £(F, i, 7) < F(2) Fuln) < F@)M(Fpz)  (287)
for all z € R.
(7i1) Moreover,

L(F, 1, §) = Fu(§) = M(F, p,€) (2.88)
for all§ € R\ Z with F(§) =0. At £ € Z we have

L(F, &) =F,0) and  M(F,p,&) = F,(0) + 1. (2.89)

Proof. We have already noted, from (2.32), that z — L(F,u,z) and z +—
M (F, 1, z) are entire functions of exponential type at most 7(F'). From (2.43)
we find that

1+ |F(x)]

for x € R. Since F(z) is 1-periodic, it is bounded on the real line. Hence,
in order to prove (i), it suffices to verify that f, € L'(R). This is a simple
application of Fubini’s theorem and conditions (H1’) - (H2) - (H4). In fact,

/Ooofu(:c)dx:/ooo/oooxeAzu(/\)dAdx:/ooo%M()\)dA<oo.
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This establishes (7). The Paley—Wiener theorem implies that the Fourier trans-

forms
L(F, p,t) = /RL(F,,u,x) e(—tx)dz
and
F i, t) / M(F, pu,x tr)dx
are continuous functions supported in the compact interval [— ;i), QW)] By a

classical result of Plancherel and Pdlya [65], the functions z — L'(F, i, z) and
2+ M'(F, p, z) also have exponential type at most 7(F') and belong to L*(R).

Therefore, the Poisson summation formula holds as a pointwise identity and

we have
L(F.px)= Y L(F.puk)e(kz) =Y L(F,pux+n) (2.90)
k| < T nez
and
M(F,p,2) =Y M(Fpk)e(ka) =Y M(F, g,z +n). (2.91)
Jk|< 42 nez

Using the fact that

T) = qu(x—l—n)

nez
for all x € R, (2.87), (2.88) and (2.89) now follow from (2.90), (2.91) and
Proposition 2.2.3, since F'(z) is 1-periodic . This establishes (i7) and (i7i). O

2.5.5 Proof of Theorem 2.5.3

Recall that we have normalized our orthonormal polynomials ¢y, 1(2)

in order to have ¢y;1(1) € R. This implies that By;1(1) = 0.
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Optimality. If £ : C — C is a real trigonometric polynomial of degree at
most /N such that
£(a) < T, ()

for all x € R/Z, from Proposition 2.5.2 we find that

B ()
/R/Z‘(”dﬁ(f“)‘ 2 Tl )

£€R/Z
By+1(e(§))=0

F,.(0) F.(E)
S T 2

(2.92)

§ER/Z; €20
Bnt1(e(€)=0
This establishes (2.78). Under (H3) recall that we have

*rfu(OJr) =5.,(07) +1=3,(0) + 1.

In an analogous way, using Proposition 2.5.2, it follows that if M : C — C is

a real trigonometric polynomial of degree at most N such that
Fulr) < M(z)

for all z € R/Z then

) M(€)
M) dd(@) = >, g oy

R/Z £ER/T
Bn+1(e(§))=0
Tul0) Ful§)
Z9<N(1,1) Y Kn(e(€),e(§))

EER/Z; £E#0
Bn+1(e(§))=0

This establishes (2.80).

Existence. Define the trigonometric polynomial

Bni1(2) = Byyi(e(z) Byri(e(z)). (2.93)
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Since the polynomial By ;(2z) has degree N + 1 and has only simple zeros in
the unit circle, we conclude that the trigonometric polynomial Bx1(z) has
degree N +1, is non—negative on R and has only double real zeros. Since every
trigonometric polynomial is of bounded type in the upper half-plane C*, it
follows by [6, Problem 34] that By,1(z) is a Laguerre-Pdlya function.

We now use Proposition 2.5.5 to construct the functions
Lu(2) = L(Bni1, 1 2);
My (2) = M(Byer,1,2)
Since B 11(z) has exponential type 27(N + 1) we see from (2.85) and (2.86)
that £,(z) and M,(z) are trigonometric polynomials of degree at most N.
Since B y41(z) is non—negative on R we conclude from (2.87) that
£0(2) < Fo(2) < My ()

for all x € R/Z. Moreover, from (2.88), (2.89) and the quadrature formula
given by Proposition 2.5.2, we conclude that the equality in (2.78) holds. Un-
der the additional condition (H3), we use (2.74) to see that the equality in
(2.80) also holds.

Uniqueness. If L : C — C is a real trigonometric polynomial of degree at
most N satisfying (2.77) for which the equality in (2.78) holds, from (2.92) we

must have

L(&) = ‘rfu(g) = Lu(f)
for all £ € R/Z such that Byyq(e(§)) = 0. Since F,(z) is differentiable at
R/Z — {0}, from (2.77) we must also have

L&) = F,(8) = £,(6)
for all ¢ € R/Z — {0} such that Byyi1(e(§)) = 0. These 2N + 1 conditions

completely determine a trigonometric polynomial of degree at most N, hence

L(z) = £,(z). The proof for the majorant is analogous.
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2.5.6 Proof of Theorem 2.5.4

Optimality and Uniqueness. These follow exactly as in the proof of The-
orem 2.5.3 using the fact that

F,(0%) = £1.

Existence. We proceed with the construction of the extremal trigonometric

polynomials in two steps:
Step 1. Suppose that p(\) satisfies (H4).

In this case we know that
F, (@) = F, (@) = Fo(—2) 2.04)

for all x € R. With the notation of Proposition 2.5.5 and By,1(z) given by
(2.93), we define

LM(Z) = L(%N-‘rl(z)v K Z) - M(%N-&-l(_z)v M _Z) (295)

and

Mu(z) = M(EBN-H(Z)a Ky Z) - L(S“BN-H(_Z): 22 _Z)‘ (296)
It is clear from (2.94) and (2.87) that

Lu() < Fy(z) < Myu(w) (2.97)
for all 2 € R/Z. Moreover, from (2.88) and (2.89) we find that

L£,(6) = F,(6) = M, (&) (2.98)
for all ¢ € R/Z — {0} such that By,;(e(£)) =0 and

£,000=—1 and M,(0) = 1. (2.99)
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Using the quadrature formula given by Proposition 2.5.2, we see that equality
holds in (2.82) and (2.84).

Step 2. The case of general dyu.

For every n € N we define a measure dyu,, given by

dpn () = dN<Q - %)7

where Q2 C R is a Borel set. Note that du, satisfies (H1") - (H2) - (H3) - (H4).
Let F,(z) := ?Mn (z), and L, (2) := Z,m(z) and M, (z) := JT/[M(Z) as in (2.95)
and (2.96). Since properties (2.97), (2.98) and (2.99) hold for each n € N, in
order to conclude, it suffices to prove that F,(z) converges pointwise to F u(7)
and that zn(z) and JV[n(z) converge pointwise (passing to a subsequence, if

necessary) to trigonometric polynomials L u(z) and ]T/Eu(z)

Observe first that
Fo(z) = /OOOE(A + 1 2) p(A) dA (2.100)
for all z € R. From (2.76) we see that, for 0 <z <1,
‘ﬁ(/\ +1, :c)) < ze™™ 4 (1 —2)e 079 4 r()), (2.101)

where r()\) is O(1) for A < 1 and O(e™*) for A > 1, uniformly in z € [0,1]
and n € N. For any = € [0,1) the right-hand side of (2.101) belongs to
LY(R*, u(A\) dN), and therefore we may use dominated convergence in (2.100)

to conclude that F,(z) — ?M@) as n — oo.
From (2.43), (2.90) and (2.91) we find that

- L 4By 1
B ) &

(2.102)
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for all x € R. Note that the right-hand side of (2.102) is bounded since
Byi1(z) is a trigonometric polynomial with a double zero at the integers.

Therefore, we arrive at

4By () 1 - ~ ~
TB ) 2 b ) S Al ST

and

~ - = 4By
Fnlz) < Mp(z) < Fp
(@) < 3t(e) < Flo) + g S s

From (2.100) and (2.101) we see that

}gfn(x)} < /OOO e p(\) dX + /000(1 —2)e 072 (N d\ + /000 r(A) w(A) dA
<C

for all x € [0,1] and n € N, since each of the first two integrals is a continuous
function of x € (0,1), with finite side limits as + — 0 and z — 1, due to
condition (H3) and the computation in (2.15). This implies that zn(z) and
JT/[n(z) are uniformly bounded on R. The 2N + 1 Fourier coeflicients of zn(z)
and J\~/[n(z) are then uniformly bounded on R and we can extract a subsequence
{ny} such that an(z) — Zu(z) and JT/[nk(z) — j\/v[u(z) uniformly in compact
sets, where £ u(2) and ﬁu(z) are trigonometric polynomials of degree at most

N. This completes the proof.

50



Chapter 3

Reconstruction Formulas in de Branges Spaces

3.1 Preliminaries

One of the classical problems in complex analysis is to reconstruct an
entire function from a countable set of data. For example, the Weierstrass

factorization reconstructs a given entire function F'(z) using its set of zeros.

In this chapter we study another type of reconstruction based on inter-
polation. We consider the problem of reconstructing an entire function F'(z)
from its values and the values of its derivatives up to a specified order at a
discrete set of points on the real line. To accomplish this we use an interpola-
tion formula. Some assumptions about the growth of F'(z) at infinity will be

required in order to achieve complete characterizations.

Given two real numbers p € [1,00) and 7 > 0 the Paley~Wiener space
PW?(r) is defined as the space of entire functions of exponential type at most
7 such that their restriction to the real axis belongs to LP(R). The space
PW?(r) is a Banach space, and it is a Hilbert space for p = 2. These are
special spaces with a reproducing kernel structure. The reproducing kernel of
PW?(r) is given by '

K, = =)

and

for every F' € PWP?(7) and w € C.
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A basic result of the theory of Paley—Wiener spaces is that for all F' €
PW?(t) we have
sin(7z) . F(mn/T)
F(e) = TS gy ATT) (3.)

— (z —mn/T)’

where the sum converges uniformly in compact sets of C and also in the norm
of the space if p = 2 (this is sometimes called the Shannon-Whittaker interpo-
lation formula). The reproducing kernel structure is intrinsically related with
the above formula by the fact that, when p = 2, the functions { K (7n /7, 2) }nez
form an orthogonal basis of the space and formula (3.1) is a simple represen-

tation of the function in terms of this basis.

The existence of interpolation formulas using derivatives is also known

in Paley—Wiener spaces. In [73, Theorem 9] Vaaler proved that

Fle) = (n> 2 (o  Cra) G2

for every F' € PWP(27). We highlight that Vaaler’s proof of (3.2) is based on

Fourier Analysis, and his method does not generalize to the function spaces

that we consider in this chapter. We aim to generalize this classical interpola-

tion formula for PW?(7) to the setting of de Branges spaces.

The Paley—Wiener spaces are a special family of a wider class of spaces
of entire functions HP(F) called de Branges spaces. Intuitively, a de Branges
space can be seen as a weighted Paley—Wiener space. Given a Hermite-Biehler
function E(z) (see the definition in Section 2.1.1) and a number p € [1, 00),
the space HP(E) is defined as the space of entire functions F'(z) that satisfy
a certain growth condition relatively to E(z) and such that F'/E belongs to
LP(R). These spaces are uniquely determined by the structure function E(z)
of Hermite—Biehler class and they contain the Paley—Wiener space PW?(1) as

a special case that can be recovered by using the function E(z) = e,
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Formula (3.2) is useful in many applications to approximation the-
ory. In [40], Graham and Vaaler used this formula to construct extremal
one-sided approximations of exponential type to a given real-valued func-
tion g(z). Under certain restrictions on g(z), they characterized the pair of
entire functions M (z) and L(z) of exponential type at most 27 that satisfy
L(z) < g(x) < M(x) for all real x and minimize the quantities

/R{M@) —g(z)}dz and /R{g(x) — L(z)} dz.

In [18], Carneiro, Littmann and Vaaler applied the same methods to
produce extremal one-sided band-limited approximations for functions g(z)
that are in some sense subordinated to the Gaussian function. Other important
works that apply such interpolation formulas are [14, 19, 73]. If, instead of the
L'(R,dz)-norm, one decides to minimize a weighted norm L'(R, du(z)), where
dy is a non-negative Borel measure on the real line, the Fourier transform tools
are no longer available. The alternative theory to approach these new extremal
problems is the theory of de Branges spaces. Several works have been done in
this direction, see [9, 13, 16, 17, 47, 54, 57]. The methods used in these later
works were very different than the previous ones, since generalizations of the
formula (3.2) to de Branges spaces were not known at the time. As already
mentioned in Section 2.1, these special functions M(z) and L(z) have been
used in a variety of interesting applications in number theory and analysis,
for instance in connection to: large sieve inequalities [47, 67, 68, 73], Erdos-
Turdn inequalities [19, 73], Hilbert-type inequalities [16, 18, 19, 40, 55, 62,
63, 73], Tauberian theorems [40] and bounds in the theory of the Riemann
zeta—function and L—functions [8, 9, 10, 11, 12, 22, 32, 34].
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3.1.1 Problem Formulation

This work deals with reproducing kernel Hilbert spaces H? of entire
functions F'(z) with reproducing kernel K (w,z). We require that the space
H? is closed under differentiation, that is, I’ € H? whenever F € H?. This

last assumption will imply that the function
2K (w, )
is the reproducing kernel for the differential operator 97, that is,
FO(w) = (F(-), 05K (w, "))
for all F € H2.

We recall that a system {¢,}nez in H? is called a weighted frame if
there exists C' > 0 and \,, > 0 such that
CHIFIe < D Ml(F n)ael < ClIF|fee (3.3)

nez
for all F' € H?, and the frame is called exact if (3.3) fails to hold for any C' > 0

if one of the terms in the series is removed.

In this terminology, for a given integer v > 0 we seek to find a discrete
set of points 7, C R such that the collection D, of functions D, ;(z,t) defined
by

D, j(z,t) = 00K (w, 2) teT, j=0,...,v—1 (3.4)

forms an exact, weighted frame of H2. In order to obtain an interpolation series
we also seek to find a dual frame G, consisting of functions z — G, j(z,t) € H?

such that an inequality of the form (3.3) holds for G,, and

F(z) =Y i FO )G, (2, 1)

teT, j=0
for all F' € H?, where the convergence of the series to F'(z) is in the norm of

H>.
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3.1.2 Main Results

A Hermite-Biehler function £ : C — C is an entire function which

satisfies the fundamental inequality
|E(Z)] < |E(2)]

for all z € C*. For every Hermite-Biehler function E(z) we can associate the
de Branges space H?(E), which is a reproducing kernel Hilbert space of entire
functions. Recall the definition of H?(E), with reproducing kernel K (w, z)

and companion function A(z) and B(z) defined in Section 2.1.1.

We say that H?(E) is closed under differentiation if £’ € H?*(F) when-
ever F' € H*(E). Inequality (2.8) together with the fact that w € C
K(w,w) is a continuous function implies that convergence in the norm of
H?(E) implies uniform convergence in compact sets of C. As a consequence,
differentiation defines a closed linear operator on H?(E) and therefore by the

Closed Graph Theorem defines a bounded linear operator on H?*(E).

Let v > 0 be an integer and E(z) be a Hermite-Biehler function with
no real zeros (hence the zeros of B(z) are simple). In order to obtain the
desired interpolation series, we need to work in H?(E"), which has the proper
structure. Denote by A,(z) and B,(z) the real entire functions that satisfy
E(z)Y = A,(2) —iB,(2) and by K,(w, z) the reproducing kernel associated
with H2(E"). We define the collection B, of functions z — B, ;(z,t) given by
B(z)"

BV,J'(Zﬂf) = (Z_t)jv

(3.5)

where t varies among the real zeros of B(z) and 1 < j < v. For an integer
¢ > 0 we denote by P,(z,t) the Taylor polynomial of degree ¢ of B, (z,t)~!
expanded into a power series at z = t as a function of z, that is
(z—1)"
B(z)"

=P, (z,t)+O(|z — t|€+1).
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Finally, we denote by G, the collection of functions z — G, j(z,t) defined by

PI/,I/*j*l (Za t)

Gl/,j(z7t) = BVW_]‘(Z,t) j'

(3.6)

for j=0,...,v—1 and B(t) = 0. We note that

Gulert) = S BB 7 e — g

n>v—j

where the quantity a,,,(t) is the coefficient of (z —¢)" in the Taylor expansion
of 1/B, ,(z,t) about the point z = t. We easily see that these functions satisfy
the following property

G (s,) = do(s — 1)de (£ — ) (3.7)

forany ¢,7 =0,...,v — 1 and s,t zeros of B(z).

The next result essentially says that D, defined in (3.4) is an exact,
weighted frame for H?(E") with dual frame G,. As part of the proof we will
also show that B, is a frame (not weighted) for H?(E"). We emphasize that
K (w, z) is the reproducing kernel of H?(FE) while K, (w, z) is the reproducing
kernel of H?(E").

Theorem 3.1.1. Let E(z) be a Hermite—Biehler function with phase function
©(2). Let v > 2 be an integer with the property that the space H*(E") is closed
under differentiation and denote by D the norm of the differentiation operator.
Assume also that B ¢ H*(E) and that there exists § > 0 such that ©'(t) > ¢
whenever B(t) = 0. Then the following statements hold:

(1) For every F € H*(E")

—_

F(z) = Y FUBG, (z,t) (3.8)

B(t)=0 j

I
=)

where the series converges to F(z) in the norm of H*(E").
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(2)

(3)

There exists a positive constant C = C(v, D, §) > 0 such that

. «— [FO @)
CHFlhp@ < Y Zm < O\ F o2y (3.9)
B(t)=0 j=0 ~ "}
and
v—1
C I Fllaz(er) < K, () (F,Goj( )z < Ol F lnee)

Il
=)

B(t)=0 j

(3.10)

for all F € H*(EY).

If any of the terms of the series in (3.9) (respect. (3.10)) is removed, the
modified inequality fails to hold for some F € H*(E"), for any choice of
C' > 0 (that is, the frames are ezact).

Remarks.

(1)

The requirement B ¢ H?(F) is necessary, otherwise B € H?*(E") and
estimate (3.9) would not be valid for F(z) = B(z)". Also, the proof is
based on an induction argument in which this condition is necessary for

the base case.

For v =1 the two frames agree, and (3.9) holds with C' = 1 without any
assumption on the phase and the differentiation operator (see [6, Theorem
22]).

Conditions for the boundedness of the differentiation operator were given
by Baranov in [1, 2]. It was also shown there that E(z) has exponential

type and no real zeros if H?(E") is closed under differentiation.

The fact that every zero of B(z) is also a zero of B,(z) for every v > 1 is

a crucial ingredient in the proof of the proposed theorem.
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The next theorem extends the previous interpolation result for H?(E")
with p # 2. However, the convergence of the formula is only uniformly in

compact sets of C.

Given a function E(z) of Hermite-Biehler class and p € [1,00) the de
Branges space HP(E) is defined as the space of entire functions F'(z) such that
F(2)/E(z) and F*(z)/E(z) are of bounded type with non—positive mean type
and F(z)/FE(z) € LP(R) when restricted to the real axis (see Appendix 6.1 for

a detailed discussion of these spaces and their connection with Hardy spaces).

In what follows we will need F(z) to satisfy some special conditions,

namely:

(C1) The mean type of E*(z)/E(z) is negative, that is,

o(E*E) = lim sup log |[E(—i)/E(iy)| _

y—00 Yy

(C2) There exists some h > 0 such that all the zeros of E(z) lie in the half-
plane Im z < —h.

Theorem 3.1.2. Assume all the hypotheses of Theorem 3.1.1. Then for every
p € [1,2) and F € HP(E") we have

F(z)= > ViF(j)(t)Gm(z,t), (3.11)

B(t)=0 j=0

where the formula converges uniformly in compact sets of C. Furthermore,
formula (3.11) is also valid for F' € HP(E") with p € (2,00) if we additionally
assume that E(z) satisfies condition (C1) or condition (C2).

Remarks.
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(1) We note that closure under differentiation of the space HP(E) does not
imply, in general, closure under differentiation of the space H(E) with g #
p. However, this implication will be true if F(z) satisfies condition (C1)
or (C2) (see Theorem 3.3.4). Moreover, the proof of the above theorem
relies heavily on the case p = 2, in which a reduction argument is used,

and for this reason we only need to assume closure under differentiation
of the space H?*(E").

(2) The functions F(z) that satisfy all the properties of the previous theo-
rem in general do not have simple analytic expressions. A better way to
construct such functions is via their Weierstrass factorization formula. A
special subfamily of Hermite—Biehler functions with a manageable Weier-
strass factorization formula is the Pélya class. This class is defined as
those entire functions that can be arbitrarily approximated in any com-
pact set of C by polynomials with no zeros in the upper half-plane (see
[6, Section 7]). In fact, a function of Pélya class can be characterized by
its Hadamard factorization formula. A function E(z) with nonzero zeros
W, = T, — Yy, belongs to the Pdlya class if and only if it has the following
factorization

E(z) = EO(0)(z" /e [ | (1 —~ i)eZhn,

Wn
n

whereaZO,RebZO,hn:‘u"fT"P,ynZOand
L+ yn

PERE LN
- |w[?

In this situation, condition (C1) is equivalent to Reb > 0.

Notation Remark. Given two non-negative quantities () and ' and N ele-

ments ry, ..., 7y of aset Q we write Q <,y @ when Q < C(ry,...,ry)Q,
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where C' : 2 — (0,00) is some function. We also write @ ~,, ,, @ when
both @ <, .. rn @ hold. Often, the quantities ) and @’
will depend on a function F'(z) and other quantities. We write Q(F) < Q'(F)

,,,,,

when there exists a constant C' > 0, which does not depend on F(z), such that

Q(F) < CQ'(F).

3.2 The L?>-—case

The recipe for the proof of Theorem 3.1.1 is the following.

(1) We show that the span of the collection G, is dense in H?(E"), which in
turn by (3.7) implies that there exists a dense set of functions in H?(E")
for which (3.8) holds.

(2) We derive estimates involving the inner products of the collection G, in
order to prove Theorem 3.1.1 item (2) for a dense set of functions (and

hence for the whole space).

First we prove density statements for the classes B, and G,.

Lemma 3.2.1. Let E(z) be a Hermite—Biehler function with no real zeros and
assume that B ¢ H?*(E). Then the span of B, and the span of G, defined in
(3.5) and (3.6) are both dense in H?(E") for every integer v > 1.

Proof. First we show via induction on v that the span of the collection B, is
dense in H2(E¥). Recall that in this scenario the zeros of A(z) and B(z) are

simple and interlace.

It follows from Theorem 2.1.1 that the span of B; is dense in H?*(E).

Let v > 0 be an integer and assume that the span of B, is dense in H?(E").
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By [1, Lemma 4.1], if E,(z) and Ej(2) are two Hermite-Biehler functions then
HY(E.Ey) = E:H*(By) & EyH(E,),
where the sum is orthogonal. This implies that
HA(EYY) = AHA(EY) @ BHX(EY),

where the sum is direct. Therefore, the span of the collection C = AB, U BB,
is dense in H?(E™!). Evidently BB, is a subset of B,,, and it remains to

show that the collection AB, can be arbitrarily approximated in the norm of

H2(EY™Y) by elements of the span of B, .
Now note that if ¢ is a zero of B(z) then

A(t)

A(z)By,(z,t) = B’—(t)

[Byi1p41(2,t) — B(2)G(2, )],

where

A()B(2) — B'(t)(2 — t)A(2)

G(z,t) = By—1,-1(2,1) At)(z — 1)

Evidently G(z,t) € H*(E") for each zero ¢ of B(z). Hence, for any given ¢ > 0
there exists H(z) belonging to the span of B, such that

|G(z,t) — H(2)||gr < eB'(t)/A(t).

It follows that [By41,41(%,t) — B(2)H(%)] belongs to the span of B,;; and

HA(z)Bu,y(z, t) — %[By+l,u+l(2,t)—B(Z>H(Z>] »
A(t)
B(t) 1B(2)[G(2,1) = H(2)]]| e
A(t)
S B’(t) HG(th) - H<Z)||Ev <eE.
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We conclude that A(z)B, . (z,t) is an element of the closure of the span of B, .
If 1 < j < v then evidently A(z)B, ;(z,t) = B(z)H(z) for some H € H?*(E")
and the same argument above could be replicated. This proves the first part

of the lemma.

Now, denote by a,(t) the coefficient of (z — ¢)7 in the Taylor series
representation of 1/B, ,(z,t) as a function of z about z = ¢. Then the function

Gy x(z,t) may be represented as

Ay,v—1 ay,1 ay,0
0! e 0! 0!
Ayv—2 ay,0 0
1! e 1!
(Gu,k>0§kgufl = : 0 0 (Bu,m)lgmgu-
ay,0 O 0

(v—1)!
Since a,0(t) = 1/B'(t)” # 0, it follows that the above matrix is invertible and,

in particular, any element of B, is a linear combination of elements from G,

and vice versa. This concludes the lemma. O]

For the proof of item (2) of Theorem 3.1.1 we will need to estimate the
norm of a linear combination of elements from B,. The following four lemmas

collect the necessary upper bounds for each term that will appear.

Lemma 3.2.2. Let v > 2 be an integer and let E(z) be a Hermite—Biehler
function such that H*(E") is closed under differentiation and denote by D the
norm of the differentiation operator on H*(E"). Then:
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(1) The derivative of the phase function is bounded. In fact we have
¢'(x) < DV (3.12)

for all real x.

(2) The zeros of B(z) are separated. In fact, if t > s are two consecutive real

zeros of B(z) then
m

VD

(3) For all real x and real t with B(t) = 0 we have

t—s >

‘ B(z)

Fe | < PV

Proof. Item (1). Recall that, by the remarks after Theorem 3.1.1 the function
E(z) has no real zeros. Using the reproducing kernel definition (2.6) we deduce
that

K, (z,z) = v|E(x) " VK (z, x)

for all real x, where K,(w,z) and K(w,z) are respectively the reproducing

kernels associated with H?(E") and H?(E). This implies that
K (1) = AW B'()
T

whenever B(t) = 0. We prove first (3.12) for x = ¢ where t is a zero of B(z).
Consider the entire function F'(z) defined by

F(2) =mE(2)" *B(2)K(t, 2).
Evidently, F' € H*(E"”) and by (2.8) we obtain

[F' () < |F'|[ 3 Ko (8 1) < D?||F || Ko (8, 1),
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Now observe that
|F||5 < 72| K(t, 2)||5 = mB'(t)A(t)

and that F'(t) = A(t)*~'B'(t)%. By identity (2.9), ¢'(t) = B'(t)/A(t) and we
obtain (3.12) for x = t.

Now, let # € R be arbitrary and denote by @y(z) the phase of Eg)(2) =
e?E(z) = Ap)(z) — Bg)(z). Observe that wg(z) and ¢(z) — 0 differ only by
an integer multiple of 27, hence ¢'(z) = ¢} (z). Moreover, the functions E(z)”
and (E)(z))” generate the same space and the real zeros of By (z) coincide
with the points ¢(z) = # mod 7. Hence, the above argument for the space

HQ(EE’Q)) gives the claim for arbitrary x € R.

Item (2). Since the zeros of B(z) coincide with the points ¢ such that
©(t) =0 mod 7 we deduce that

T =¢(t) — p(s) < D\Vu(t —s)

if t > s are two consecutive zeros of B(z).
Item (3). By inequality (2.8) we obtain |K(w,2)|? < K(w,w)K(z,z2)
for all w, z € C. We obtain

‘ B(x)
E(x)(r —1)

2
. Kt
|2

=T = ¢ (t)¢'(z) < D

AP K@ )KL
E@P =" EOPE@P

This concludes the lemma.
O]
Lemma 3.2.3. Let E(z) be a Hermite-Biehler function with no real zeros,

and let v > 1 be an integer. Then for any two distinct zeros s,t of B(z) we

have

<BV71('7 S)> By,l('; t)>EV =0.
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Proof. Define an entire function I(z) by

B(Z 2v
(E(z)Ex(2))(z = 5)(z — 1)’

I(z) =

where s and t are two zeros of B(z). We need to show that

/R I(2)dz = 0.

Let K > 0. Define a contour I'x in C by replacing in [—K, K] the
segments [t — 6, + d] and [s — 0, s + d] with semicircles in the lower half-plane
of radius ¢ and centers s and ¢, respectively, traced counterclockwise (here ¢
is chosen so small that the disks of radius ¢ about s and t contain no zero of
E(z) or E*(z)). Since I(z) is analytic in a neighborhood of R, the integrals of

I(z) over [—K, K| and over I' are equal by the residue theorem.

We note that
B(2)* & (21/>
ERHERY 22\

A (2w
- = .

Jj=0

Define I;(z) for j € {0,...,2v} by

R P FE (EE(<)>)

Each I;(z) is a meromorphic function in C with poles at z = s and z = ¢, and

with additional poles in the lower or upper half-plane depending on whether
j <wvorj>wv. Forj > v the function (2 —t)(z — s)[;(2) is bounded and
analytic in the lower half-plane. We close the contour I'c by a semicircle with

center at the origin and radius K in the lower half—plane, traced clockwise.
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Since none of the poles of I;(z) are contained in the region enclosed by this

contour, the integral of I;(z) over this contour is equal to zero.

For j < v (where (z — s)(z — t)I;(2) is bounded in the upper half-
plane) we close the contour in the upper half-plane with a semicircle of radius
K and center at the origin traced counterclockwise. We call this contour
Ck. The poles at s and t of I; are in the region enclosed by Ck, while all
other poles are in the unbounded component of C\Cyk. A partial fraction

decomposition, the residue theorem, and the identities E(s) = E*(s) = A(s)

and E(t) = E*(t) = A(t) give
(zw) (o)

An analogous calculation shows that the integral of I,,(2) over Cx equals zero.

1 1

I;(2)dz = =0.
j(2)dz s _1¢

271 Cx

Letting K go to infinity gives the claim. ]

Lemma 3.2.4. Assume all hypotheses of Theorem 3.1.1. Then the following

statements hold:

(1) For all s #t with B(s) = B(t) =0 and any j = 2,...,v we have

[(Buj(+8), Buj(-,1)) pr| <pw

1
(s —1)*
(2) For allt with B(t) =0 and j =1,...,v we have

1Bu; (-, ) lpr <p 1.

(3) Denote by a, ;(t) the coefficient of (z —t)? in the Taylor series expansion
of B,,(z,t)"" about the point z =t. Then

|a,; (1) <pous

K,(t,t)

66



Proof. Item (1). Using the fact that |B(z)| < |E(z)| for all real x we deduce
that
B()

(=009 2 :”(M)

(t—s)?
<pw (t — 8)72,

(Baa(ey5), Baal, )2 < H

E

where the identity above is due to formula (2.10) and the last inequality due to

(3.12). Now, for any j = 2,...,r we have the following sequence of estimates
By j(z,t)B, (z,s)| B(x)*
| E(x) [ o=tz — spIE(2)[*
B(x)*
— e —tP]e = sPE()*
B(z)*
<o (z)

v — 2w — s E()|*
where the last inequality above is due to item (3) of Lemma 3.2.2. We conclude

that
|<Bu,j(’7 S)u Bl/,t('ut)>E”‘ <<D,1/ <BQ,2('> 8)7 B2,2<'7t)>E2 <<D,1/ (t - 5)72-

Item (2). We can apply item (2) of Lemma 3.2.2 to deduce that
B(x)” B(x)

(z — ) E(x)” (z —t)E(x)

for all real z and j = 1,...,v. Since B(z)/(z —t) = nK(t,z)/A(t), it follows

that

<<D,1/

1B, (2, Ol <pw ITK(t 2) /A = 7B'() /A(t) = 7¢/(t) < 7DVv.

Item (3). Denote by b, ;(t) the coefficients of the power series expansion
of B,,(z,t) as a function of z about z = ¢. The assumption that ¢'(t) > ¢

whenever B(t) = 0 in conjunction with (3.12) implies that

[buo(®)]* = [B'(1)"* ~pus Kot 1).

67



Also, for j =1,...,v we have

1 , 1 ,
|bl/,](t)|2 = (]|)2 |B(J)(t7t)’2 < (]')2 HBgz(at)”QEVKV(ta t) <py KV(tat)
(3.13)
We obtain
[bus (1) ]2
m <puws L. (3.14)

Now note that for / =1,...,v —1

By, (z,1) ‘
— ot | = —y 4 ,
0=2" [ B (o0) } » 0o ;0 1y, ()by e (2).

Hence the relation between a, ;(t) and b, ;(t) is given by a triangular matrix

with diagonal terms equal to b, (t). Using (3.13) and (3.14) we conclude that
|a,,;(1)]* <pus 1/K,(t,1).

This concludes the lemma. O]

For the sake of completeness we state here a result about Hilbert-type inequal-

ities proved in [18, Corollary 22].

Proposition 3.2.5 (Carneiro, Littmann and Vaaler). Let A, Ao, ..., Ay be

real numbers such that |N\, — \y,| > o whenever m # n, for some o > 0. Let

ai,ao,...,ayn be complex numbers. Then
g al @ 2 &
n“m
602 2 ol < 3 (An — Am)? = 32 D ol
n=1 m,n=1 n m n=1
m#n

The constants appearing in these inequalities are the best possible (as N — 00).
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The next lemma estimates the norm of the linear combination of ele-
ments from G,. This is one of the two inequalities needed to show that this

collection is a (weighted) frame.

Lemma 3.2.6. Assume all hypotheses of Theorem 3.1.1. Let c;(t) € C for
every zero t of B(z) and j € {0,...,v — 1} be such that

> St

B(t)=0 j=0 I/ a
Then
= |¢;(t)
H ¢ (1) Gl »t)‘ 2y SO0 Z Z tt

B(t)=0 j=0 HA(EY =0 j=0 Ko

Proof. Define
dm(t) - Z au,z/—m—j<t) ].' ;
=0 I

where a, ;(t) denotes the coefficient of (z — ¢)7 in the Taylor series expansion
of B, ,(z,t)~! about the point z = ¢. By item (3) of Lemma 3.2.4 we trivially

obtain

v—1
()12
Z\d (O <puws lesOF (3.15)
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For a given T' > 0 we obtain
v—1 v—j
2 c~(t) 2
‘ Z ZC] v,j Z t . ]. Zay,ufmf](t)Bum(z t)
B(t)=0 j=0 B(t)=0 j
[t|<T

M

E‘ll
B(t)=0m=1
lt|<T
<X P n(op Y Y el
(t—s)

m=1 B(t)=0 m=2 B(s)=0
t|<T B(t)=0
[s],[¢|<T

s#t

m=1 B(t)=0
[t|I<T
v—1

[210]%

< )

2 2K

B(t)=0 j=0
[t|<T

where the first inequality is due to Lemmas 3.2.3 and 3.2.4, and the third
inequality follows from (3.15). The second term on the right-hand side of the
third line in the above calculation is in the form of a Hilbert-type inequal-
ity. By item (2) of Lemma 3.2.2 the zeros of B(z) are uniformly separated,
hence the second inequality above follows by Proposition 3.2.5. The implied
constants above depend only on D, v and §. The statement follows by letting
T to infinity. ]

3.2.1 Proof of Theorem 3.1.1

Step 1. Let F € H?*(E¥). Since H?*(E¥) is closed under differentiation, it
follows that FU) € H?(EY) for every j > 0 and using the fact that every zero

70



of B(z) is also a zero of B,(z), we may apply Theorem 2.1.1 to obtain

r <t>

2
<p [|F|[5- (3.16)

|
K (1)

Thus, we may apply Lemma 3.2.6 to deduce that the interpolation
formula (3.8) converges in H?(E") to a function Fy(z), hence also uniformly
in compact sets of C. We also conclude by Lemma 3.2.6 and property (3.7)
that for every function H € H?(E") such that the interpolation formula (3.8)
holds we must have

2

H) t
e <oy S yo o (3.17)

=0 B(t)=0 £t
We claim that Fy(z) = F(z). By Lemma 3.2.1 the span of G, is dense in

H2(E"), hence for any given & > (0 there exists a function H € H?*(E") such
that the interpolation formula holds and ||F' — H||g» < . We obtain

IF — Follp < 26% + 2||H — ol

|HO) () — FU(t)]?
e +Z Z K, (t t)
7=0 B(t)=

< 22,

where the second inequality is due to (3.17) and the third one due to (3.16).
Since ¢ > 0 is arbitrarily, the claim follows. This proves item (1) and inequality

(3.9) of item (2).
Step 2. We prove next inequality (3.10) of Item (2). Define
Ayjie(2) = K, (t,4) 72Dy (2, ).
Equation (3.9) implies that {A,;; : 7 = 0,...,v — 1; B(t) = 0} is an (un-

weighted) frame for H?(E"). Consider the frame operator U : H*(E") —

71



H2(EY) defined by

T
L

UF(Z) = <F, Au,j,t>H2(EV)Au,j,t<z)-

B(t)=0j

<
Il
o

It is a basic result of frame theory (see [41, Corollary 5.1.3]) that U
is invertible and positive, and that the collection {U'A,;;:j =0,...,v —
1; B(t) = 0} is also a frame, sometimes called the canonical dual frame. It

follows immediately from (3.7) that
UGy, = Ku(tat)_%Au,j,t(z)a

which implies that {K,(t, t)%GV,j('yt) :7=0,...,v—1;B(t) = 0} is the dual
frame of D,. This implies (3.10). We remark that since for every fixed ¢
the functions G, ;(z,t) and B, (z,t) are connected via an invertible matrix
transformation, the inequalities can also be shown from the bounds for B, es-
tablished in Lemma 3.2.4. Finally, Item (3) is a direct consequence of property

(3.7). The proof of Theorem 3.1.1 is complete.

3.3 The [P—case

Before proving Theorem 3.1.2 we need some technical lemmas. We refer
to Appendix 6.1 for further information about the LP version of de Branges
spaces and its connection with Hardy spaces. The next results indicate that
when the derivative of the associated phase function is bounded, the LP de
Branges space in question behaves similarly to a Paley—Wiener space with

respect to inclusion and summability issues.

Lemma 3.3.1. Let E(z) be a Hermite—Biehler function such that the associ-
ated phase function o(x) has bounded derivative on R. Then for 1 < p < q <
oo we have HP(E) C HY(E) continuously. Also, if p > 1 then HP(FE) is dense
in HI(E).
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Proof. Recall that ¢/(z) = 7K (x,z)/|E(x)|* and denote by 7 its supremum.
By the reproducing kernel property we obtain

/ K(§, z)

E(x)
K(& )" < K(& K (z,2) < [TE(€)E(x) /7|

2

de = K(&,€) < 7|E()[/n

and

Thus, we obtain that for all ¢ € [2, 00)

/ K(¢, )
R

If p€[1,2] and F € HP(FE), we can apply (6.7) to obtain that

E(x)
IF©)/EE] < IFllepl K& Mep/|EE)] < NFlpp(r/m)H?

for all £ € R.

q

do < (r/m)"HE(E)|".

This implies the proposed inclusions for 1 < p < ¢ < oo and p < 2. By
(6.8) the dual space of HP(E) can be identified with H” (E) if 1 < p < oo.
This implies the remaining inclusions. Since convergence in the space implies
convergence on compacts sets of C we conclude that the identity map from
HP(FE) to H(E) is closed, hence continuous by the Closed Graph Theorem.

The density part follows by an application of the Hahn-Banach Theo-
rem in conjunction with the duality characterization (6.8) and the reproducing

kernel property (6.6). O

Lemma 3.3.2. Let E(z) be a Hermite—Biehler function with no real zeros and

such that T = sup, ¢'(z) < co. Then for p € [1,2] and F € HP(E) we have
[E@)]

L+ [t K (2, 6)12

( <<Tvp ||FHE,I)
B(t)=0

The above estimate is also valid in the case p € (2,00) if we additionally
assume that E(z) satisfies condition (C1) (that is v(E*/E) < 0).
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Proof. Step 1. We start with the case 1 < p < 2. By Lemma 3.3.1 we have
HP(E) C H?*(E) continuously, thus the case p < 2 follows directly from the

case p = 2.

The boundedness of ¢'(z) implies that the zeros of B(z) are separated,
because they coincide with the set of points ¢ such that ¢(t) =0 mod 7. Let
F € H*(E), by the Cauchy-Schwarz inequality we have

[F (1) IF(£)]2\ Y2 A\
2 A+ KGO = (B%;OK(t,t)) ( > (1) ) < |F|lB,

B(t)=0 B(t)=0

where the last inequality is due to (2.10) and the separability of the zeros of
B(z).

Step 2. We now deal with the case p > 2. By hypothesis we have v(E*/E) =
—2a < 0. Fix a real number « such that o € (—1/p,0). Let E,(z) be the
function defined in Section 6.2 associated with homogeneous spaces and define
the operator £ : HP(E) — H?*(E?) by LF(z) = e “*E,(az)E*(2)F(z). By
the properties described in Section 6.2 we have:

(1) v(Ey) <o(Ba) = 7(Ea) = 1;

(i1) |Eq(t)| ~ 1/[t|*FY2 | for |t| > 1.
Hence, if G(z) = LF(z) we obtain
v(G/E?) = v(F/E) +v(E*/E) + v(Ey(az)) +v(e”™) <0—-2a+a+a=0
and

o(G*/E?) = o(F*/E) + v(Ex(a2)) + () <0+ a—a=0.

By Holder’s inequality we also have

1/q

16w/ Eapr s < ([ Buanpas) IFI, <o 1P, (319
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where ¢ = (p/2)' = p/(p — 2). Note that ¢ > p > 2 and 2¢(a +1/2) > 1

We conclude that the operator £ is well-defined and continuous. Denot-
ing by Kj(w, 2) the reproducing kernel of H?(E?) and K (w, ) the reproducing
kernel of H?(E) we obtain Ky(t,t) = 2|E(t)|*K (t,t). We have

IF V2|G(1)]
2. 1+ DKL) Z o |Ealat) 1+\ty)K2(t,t)1/2

ot
S( 2 2f|<G< ) (Z AR >>5

B(t)=0
Lrap |Gl

<<T7a)p ||F|‘Evp ?

where the first inequality is due to the Cauchy-Schwarz inequality, the second
inequality due to (2.10) together with the choice of & < 0 and the last one is
due to (3.18). O

We now prove a generalized (weighted) version of the Pélya-Plancherel theorem
(see [65]).

Proposition 3.3.3. Let E(z) be a Hermite—Biehler function satisfying condi-
tion (C2) for some h > 0 and such that T = sup, ¢'(x) < co. Let {\,} be a
sequence of real numbers such that |\, — \n| > 0 whenever n # m, for some
o > 0. Then for any p € [1,00) and F € HP(E) we have

p 41pn
Z‘F()\n)‘ S21+e /
— | E(\) .

Q)

p

F(z) de

where n = min{o, h}.

Proof. Step 1. Since E*/FE is bounded on the upper half-plane and has

modulo one in the real line, by Nevanlinna’s factorization (see [6, Theorem 8])
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we obtain
B - 1— n
O(z) := —(Z) S | | —z/w

41— z/w,
where w,, = x, — iy, with y,, > h are the zeros of E(z) and 2a = —v(E*/E) >
0. If 2z = x + iy with y > 0 we have the following identity

Wy %z — wp|?

1 . Ynl( = 20)* + 45 — ]
§8ylog|@ (2)] :a—i—zn: P :
If 0 <y < h/2then 32 — y* < 4(y, — y)? and we deduce that

1 1 «
Qﬁy log |©*(2)] < a+4z = —3a+4§8y log |©* ()|

wQ )+ Ya
= —3a+4¢'(x) < 47.
Integrating in y we obtain |0*(2)| < ¥ if 0 <y < h/2.

Step 2. Let n = min{h,o}. Since the function |F(z)/E(2)|P is sub-harmonic
in the half-plane Im z > —h, its value at the center of a disk is not greater

than its mean value over the disk. We obtain

4 n/2 2w ‘ '
IFOW)/E( >\p<ﬁ | 1F G+ 06 v+ e g

n/2 )‘n+7i/2
/ F(z+1y)/E(x + iy)|Pdxdy.
=n/2J An—n/2

Using the separability of {A,} we can sum the above inequality for all values

of n to obtain
Z|F An)|P <—/ / |F(z +1iy)/E(x + iy)[Pdady

:_/ /|F v+ iy)/E(z + iy)[Pdzdy

4

n/2
+— / |F*(x 4+ 1y)/E* (x + iy)|Pdady.
™" Jo R
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Since [©*(2)| < ¥ for 0 < y < h/2 we conclude that

p dTpn| pr*
Z|F |p<_/ /|Fx+@y| + e F* (2 + iy) P dedy.

|E(x + 1y)|P

By the discussion of Appendix 6.1, F'//FE and F*/E belong to the Hardy space
HP(C*). We can apply (6.5) to deduce that

4T * p
/ Pt i)l + & ME i o) | F@)f,
|E(x + iy)|P r | E(2)
for every y > 0. This concludes the proof. ]

For the sake of completeness we state a result about boundeness of
the differentiation operator due to Baranov (see [2, Theorem A]). For similar

results in model spaces of Hardy spaces we refer to Dyakonov papers [28, 29].

Theorem 3.3.4 (Baranov). Let E(z) be a Hermite-Biehler function satisfying
condition (C1) or (C2). Forp € (1,00) the following statements are equivalent:

(1) HP(E) is closed under differentiation.

(2) E(z) is of exponential type and E'(z)/E(z) € H>*(C™").

Remark. The fact that condition (2) above is independent of p € (1,00)
implies that if F(z) satisfies condition (C1) or (C2) then HP(E) is closed

under differentiation if and only if H?(F) is closed under differentiation.

3.3.1 Proof of Theorem 3.1.2

The following is a very technical proof and for this reason we split the

proof into several steps. Steps 0, 1 and 2 are the crucial ones.
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Step 0. A simple, but crucial consequence of formula (3.8) is that the singular
part of the function F(z)/B(z)" at a given zero t of B(z) is

v—1 v—1

FW FW

i=0 7=0

Brj(z t)
gl (z =ty

.

To see this, define for any complex number w a linear operator S,, on the space
of meromorphic functions G(z) by

S, =Y~

= (z —w)"

if G(z) has the series representation

_ n
G(z) = ; T a)

about z = w. That is, S,,(G) is defined as the singular part of the function
G(z) at the point z = w. Since G(z) is meromorphic, S,(G)(z) is always a
rational function. It is a simple, but useful characterization that S, (G)(z) is
the unique rational function R(z) having exactly one pole which is located at
z = w, such that G(z) — R(z) has a removable singularity at the point z = w
and

lim R(2)

|z]—o0 2J

=0 (3.19)

for every integer 7 > 0. Recalling that

ayn(t)(z—1t)" and P,;(z,t) ayn(t)(z —1)"
Z 1 Z

v—

we obtain
Fopy Dormi (50
=

St(§>(z) ) iz —t

1 1
J=0 J=0

FU) (t)%. (3.20)
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Now, given a complex number w € C we define another linear operator
M., on the space of entire functions F'(z) by
F(z)B(w)" — B(z)"F(w)

Z—w

M. (F)(2) =

We observe that for every zero t of B(z) and every w € C not a zero of B(z)

we have

Mu(F)O) Y ) _ SUF/B):) = SUF/B)w)
St(B(w)”B(-)”)( ) - B

Z—w

One can deduce this last identity by observing that
Mu(F)(z) — S(F/B")(z) = Si(F/B")(w)
B(w)"B(z)” z—w

has a removable singularity at the point z = w and also that the right—hand

side of (3.21) is a rational function in the variable z with exactly one pole,

which is located at z =t and satisfies condition (3.19).

Step 1. We begin with the case p € [1,2]. By Lemma 3.2.2, the assumption
that H?(E") is closed under differentiation implies that 7 = sup, ¢'(z) < cc.
We can apply Lemma 3.3.1 to conclude that HP(E") C H?(E"), hence formula

(3.11) is a direct consequence of Theorem 3.1.1.

Step 2. Now, we deal with the case p € (2,00). A crucial observation is that
if '€ HP(E") then M,,(F) € H*(E”). Thus, we can apply Theorem 3.1.1
together with (3.20) to obtain
Mup) = Y sers (M),
B(t)=0
where the last sum converges uniformly in the variable z in every compact
subset of C for every w € C. By (3.20) and (3.21) we conclude that

F(z)  F(w) _ i Grd () = iy Gug(w, )
B B~ D A D 0% 2 O 5y |

j=0

(3.22)
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for every w, z € C that are not zeros of B(z).

We claim that

F(2) = Z ZFJ> vi(2,t) (3.23)

=0 j=0
for some constant A(F'), where the sum converges uniformly in compact sets
of C. In Steps 4 and 5 we show that under condition (C1) or (C2) the formula
(3.23) holds and that F' +— A(F') defines a continuous functional that vanishes
in a dense set of functions in ‘HP(E") hence it vanishes identically. In either

case, A is identically zero which concludes the proof.

Step 3. Recall that a, ;(t) are defined as the coefficients of the Taylor expan-
sion of B,,(z,t)"" at the point z = ¢. By Lemma 3 these coefficients satisfy

the estimate

1
V‘t 2 << vV 1, 7, N
|a J( )l D, K,,(t,t)

for 7 = 0,...,v — 1, where D is the norm of the differentiation operator in
H2(E”) and K, (w,2) is the reproducing kernel associated with F(z)”. Since

y v—i—1
auf

z—t”fﬂ

Gyj(z,t) =

=0

we obtain

(3.24)

T
KV(tvt)‘GV,j(th)‘ <bw 1+ ¢#2

for every zero t of B(z) and j =0,...,v — 1.

Step 4. Assume that E(z) satisfies condition (C2) for some h > 0. By the
remark after Theorem 3.3.4 we have that HP(E") is closed under differentia-
tion. Also, the assumption that ¢'(t) > ¢ whenever B(t) = 0 in conjunction

with formula (2.9) implies that

|E()[* <5 K, (t,t) (3.25)
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whenever B(t) = 0. By Lemma 3.2.2 items (1) and (2) we have that ¢/(z) < 1
and that the zeros of B(z) are separated. Thus, we can apply Proposition 3.3.3
together with (3.25) to obtain

D

B(t)=0

p F(l’) p
< —| d
D767h7p /]R ‘ E(l,)y

for every F' € HP(E"). Finally, we obtain the following estimate

SZIFU)(t) Goy(i,1)] gzi(z%)l(z%)%

F(t)
K, (t,t)1/?

(3.26)

j=0 B(t)=0 B(t)=0 ’ B(t)=0
1
v—1 | P =
|FOIF(#) \ »
<% (2 waon
j=0 “B(t)=0

< | F/E"| Lo (wy,
(3.27)
where the first inequality is Holder’s inequality, the second one is due to (3.24)
and the separation of the zeros of B(z), the third one is due to (3.26) and the

closure under differentiation of H?(E").

Estimate (3.27) together with formula (3.22) clearly implies that (3.23)
is valid and, by using estimate (6.7) we can easily deduce that F' — A(F) is
a continuous functional over HP(E"). By Lemmas 3.2.1 and 3.3.1 the span of
the functions {G, j(z,t)} for j =0,...,v —1 and B(t) = 0 is dense in HP(E")
and trivially A(G,;(-,t)) = 0. Hence A vanishes identically.

Step 5. Assume that E(z) satisfies (C1) with —a = v(E*/FE). By Theorem
3.3.4 we again conclude that HP(E") is closed under differentiation. We can

apply Lemma 3.3.2 together with (3.24) to deduce that

Z Z IFO ()G (i, 1)) < ||F(x)/E()" ||y (3.28)

]OB
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for every F' € HP(E"). In the same way as in the previous step, we deduce
that formula (3.23) is valid and F' — A(F') is a continuous functional over
HP(E") that is identically zero in a dense set of functions. Hence A vanishes

identically. This concludes the proof.

Remark. We note that due to estimate (3.24), whenever the space H?(E")
is closed by differentiation, the estimate (3.26) implies estimate (3.28) by an
application of Holder’s inequality. Therefore, we conclude that the result of
Theorem 3.1.2 (for some p > 2) will remain valid if we drop conditions (C1)

and (C2) and replace them by the following by condition

Z Z K, t t 1/2 >|+ t2) < "F($)/E($)V’|LP(R) (3.29)

j=0 B(t)=0

for all ' € HP(EY).

3.4 Applications
3.4.1 Weights Given by Powers of |z|

There is a variety of examples of de Branges spaces [6, Chapter 3] for
which Theorems 3.1.1 and 3.1.2 may be applied. A basic example would be
the classical Paley~Wiener space H?(e~"7#) which gives us the previous results
obtained by Vaaler in [73, Theorem 9]. Another interesting family arises in
the discussion of [47, Section 5|. These are called homogeneous spaces. The
definition of such spaces and some crucial results are presented in Appendix

6.2. In what follows we only define the objects needed to state our results.

Let @ > —1 be a parameter and consider the real entire function A,(2)

given by

s (1" (59)™" -
Aa(z)_§n!((x+1)(a+2)...(a+n) Fla+1) (5 ) Tol2),
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where J,(2) denotes the classical Bessel function of the first kind. For a given
integer v > 0 define the functions G, ;(a;2,t) as in (3.6) by replacing the
function B(z) by A.(z) and the zeros of B(z) by the zeros of A,(z). Notice
that these zeros are nothing but the positive real zeros of J,(z) symmetrized

about the origin. Also, define the following weight

{ 22 if [a] > 1,

Waw\T) =
(@) 1, if 2| < 1.

The following results are applications of Theorems 3.1.1 and 3.1.2 to
homogeneous spaces as described in Appendix 6.2. For the case p > 2 we
use the alternative condition (3.29) pointed out by the remark in the end of

Section 3.3.1 and which is proved in Lemma 6.2.1.

Theorem 3.4.1. Let o > —1 be a real number and v > 0 be an integer. Then

there exists a constant C > 0 such that
& [ F@nfa)iar < P> S F 0 wlOF <€ [ P)en(o)da
=0 j=0

for every entire function F(z) of exponential type at most v. Furthermore, if

the above quantity is finite then

Z ZFU Gy (o 2,t),

Aa(t)=0 j=0

where this series converges to F(z) uniformly in compact sets of C and in the

L*(R, wq, (z)*dz)-norm.

Theorem 3.4.2. Let a > —1 be a real number and v > 0 be an integer. Let

F(z) be an entire function of exponential type at most v such that

/R |F(x)wa7,,(x)|pdx < 00
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for some p € [1,00). Then

F) = Y S FO0)G, (o 2.1),

Aq(t)=0 j=0

where this series converges uniformly in compact sets of C.

3.4.2 Extremal Band-limited Functions

The purpose of this section is to prove a uniqueness result for some
extremal problems described below. A set K C RY is called a convex body
if it is compact, convex, symmetric around the origin and with non-empty
interior. Let | - | denote the Euclidean norm in RY and BY the compact
Euclidean unit ball. Given a non-negative Borel measure dy on RY and a
real-valued function g(x) we denote by M(g, K,du) the set of measurable

real-valued functions M (x) defined on R¥ satisfying the following conditions:

(1) M(x) defines a tempered distribution such that its distributional Fourier

transform M is supported on K.
(ii) g(x) < M(z) for all z € RY.
(iii) M — g € LY(RY,dp).
In this case, we say that M(x) is a band-limited majorant of g(«). In an

analogous way we define L£(g, K, du) as the set of minorants. We are asked to

minimize the quantities

[ (@) —g@)dn(@) and [ {ole) - L)} dut@)  (330)

among all functions M € M(g, K,du) and L € L(g, K,du). And, if the
minimum is attained, characterize the set of extremal functions. We call M (x)

(or L(x)) an extremal function if it minimizes the quantity (3.30).
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The problem becomes treatable if we consider radial functions. For
instance, we consider the situation where K = BY | the function g(x) is radial,

and 1
(o) = 2(|B(el) el 5%} e, (3.31)

where [SY~!| denotes the area of the (N — 1)-dimensional sphere and E(z) is

of Hermite-Biehler class.

In this section E(z) = A(z)—iB(z) will denote a Hermite—Biehler func-
tion of bounded type and mean type equal to m. Moreover, we also assume
that H%(E?) is closed under differentiation and 1 < ¢'(t) over the zero set
of A(z) and B(z). We also assume that E*(—z) = E(z) and A, B ¢ H*(E).
These assumptions imply that the companion functions A(z) and B(z) are re-
spectively even and odd and, by Krein’s Theorem 6.1.2, E(z) is of exponential
type with 7(E) = v(E) = m. Moreover, F' € H?(E) if and only if F(z) is of
exponential type at most m and F/E € L*(R, dz).

These restrictions allow us to reduce the multidimensional problem to
an one-dimensional problem and to use de Branges space techniques. Con-
structions of extremal band—limited approximations of radial functions in sev-
eral variables were studied in [16, 17, 47]. In particular, Carneiro and Littmann
[16, 17] were able to explicitly construct a pair of radial functions M €
M(g,BY,dug) and L € L(g, BY,dug) that minimize the quantities in (3.30),
where dug is given by (3.31) with E(z) = E,(z) (see Appendix 6.2) and
g(x) belongs to a vast class of radial functions with exponential or Gaussian

subordination.

For the sake of completeness we state here a classical theorem about
tempered distributions with Fourier transform supported on a ball (see [48,
Theorem 7.3.1]).
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Theorem 3.4.3 (Paley-Wiener-Schwartz). Let F' be a tempered distribution
such that the support ofﬁ is contained in BY. Then F : C* — C is an entire

function and there exists C' > 0 such that
F(@+iy)l < C(1 + | + iy]) e

for every x+iy € CL. Conversely, every entire function F : C* — C satisfying
an estimate of this form defines a tempered distribution with Fourier transform

supported on BN .

The next propositions give an interpolation condition for a majorant or
minorant to be extremal and unique in the radial case. We highlight the fact
that the uniqueness part below is a novelty in this multidimensional theory,
and makes a crucial use of our interpolation formulas. This enhances the

extremal results obtained in [16, 17].

Proposition 3.4.4. Let g(x) be a radial function that is differentiable for
x # 0. Suppose that M(g,BY,dug) # 0 and there exists a radial function
L€ L(g,BY,dug) such that L(x) = g(x) whenever A(|x|) =0. Then L(x) is
extremal and unique among the set of entire functions on C* whose restriction

to RYN is radial.

Proposition 3.4.5. Let g(x) be a radial function that is differentiable for
x # 0. Suppose that L(g, BY,dug) # 0 and there exists a radial function
M € M(g,BY,dug) such that M(x) = g(x) whenever B(|x|) = 0. Then
M(z) is extremal and unique among the set of entire functions on C% whose

restriction to RY is radial.

We only prove Proposition 3.4.5 since the other is analogous.
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Proof. Optimality. Fix L € £(g,BY,dug). Let SO(N) denote the compact
topological group of real orthogonal N x N matrices with determinant 1, with

associated Haar probability measure do.

For a given function F(x) define its radial symmetrization by

Fy(x) = / o Flow)asto)

It is not difficult to see that if FF € M(g, BY,dug) then F, € M(g, BY,dug).

Furthermore, since M () is radial we also have
N {F(x) — M(x)} dug(x) = /IRN {F.(z) — M(x)} dug(x). (3.32)

Let ' € M(g,BY,dug) be given. Define m(s) = M(se;), {(s) =
L.(se1) and f(s) = F,.(sep) for all real s, where e; = (1,0,...,0). We can
apply the Paley-Wiener-Schwartz Theorem to conclude that these functions
extend to C as entire functions of exponential type at most 27. By (3.31) and
(3.32) we obtain that

AP@) - M@)due(e) = [ 176) - m@)/ 1B s (339

We claim that f(s) —m(s) = |p(s)|? — |q(s)|? for all real s for some
p,q € H*(E). Since m(s)—£(s) > 0 and f(s)—£(s) > 0 for all real s and these
functions belong to H!(E?), we conclude that there exist two entire functions
p,q € H?(E) such that m(s) — £(s) = |p(s)|* and r(s) — I(s) = |q(s)|? for all
real s (see [6, Theorem 13]). We can apply formula (2.10) to obtain that

[456) = mispipe) 2a= [ PP o) 5~ O - '[‘;(t)'
B(t)=0 ?
_ ft J—mt) )= glter)
_B(tz)zo K(t,1) _B(tZ)ZOWZO’
(3.34)
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where the last equality is due to the interpolation condition of M (x), that is,
M(x) = g(x) whenever B(|z|) = 0. By (3.33) and (3.34) we conclude that

M (x) is extremal.

Uniqueness. Let I € M(g,BY,dug) be radial and extremal. Inequality
(3.34) implies that f(t) := F(te;) = g(te;) whenever B(t) = 0. Since x €
RY + g(x) is radial and differentiable for © # 0 we conclude that f'(t) =
O1g(tey) if B(t) =0 and t # 0 (recall that B(z) is odd). Since f(¢) is even we
also have f/(0) = 0. Since f(s) —m(s) belongs to H'(E?) and f(t) = m(t) and
f'(t) = m/(t) whenever B(t) = 0, by Theorem 3.1.2, we conclude that f =m
and this concludes the proof. ]

Remark. In some cases g(x) may have a singularity at @ = 0, for instance
if limg_,0 g(x) = oo. Thus, only the minorant problem is well-posed, that is
M(g,BY,dug) = (). However, in the case of homogeneous spaces the previous
proposition will still hold. In [16, Corollary 23], E. Carneiro and F. Littmann
proved that every f € H'(E?), not necessarily non-negative on the real axis,
can be represented as f = pp* — qq* for p,q € H*(E,). We can easily see that

this representation is sufficient to prove the previous propositions.

3.4.3 Sampling and Interpolation in Paley—Wiener Spaces

We give here one application of the results obtained for the L? case
related to sampling/interpolation theory in Paley—Wiener spaces. We say that

a sequence of real numbers {\,,} is sampling of order v for PW?(1) if the norm
v—1

1/2
B = [ S S I ]

7=0 m
defines an equivalent norm in PW?(7) (that is, equivalent to the L?(R)-norm).
Recall that PW?(7) is defined as the space of entire functions F(z) of expo-
nential type at most 7 > 0 that belong to L*(R) when restricted to the real
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line. We say that {\,,} is a non-redundant sampling sequence if by extracting

one element of {\,,} the norm 7, is no longer equivalent to the L*(R)-norm.

We say that {\,,} is interpolating of order v in PW?(1) if the system
F(j)()\m) = fim

has a solution F' € PW?(r) for any

v times
7\

oty {fimbs oo A oorm) € (Z) x ... x (2(Z) .

We say that {)\,,} is a complete interpolating sequence if the solution is unique.

In [64, Theorem 1], Ortega—Cerda and Seip gave necessary and sufficient
conditions for a sequence be sampling with no derivatives in PW?(7). Their
characterization relies heavily upon the representation PW?(7) = H?*(E) for

some Hermite-Biehler function F(z). They proved the following result.

Theorem 3.4.6 (Ortega—Cerda and Seip). Let {\,,} be a separated sequence

of points. The following are equivalent:

(i) {A\m} is a sampling sequence without derivatives for PW?(t).

(17) There exists a Hermite—Biehler function E(z) and an entire function
W(z) with |[W(z)| < |W(2)| for all z € C*, and such that PW?*(t) =
H2(E) as sets and {\,} coincides with the real zeros of E*W* — EW.

Remark. Ortega—Cerda and Seip also proved that if {),,} is a complete
interpolating sequence without derivatives then there exists a Hermite-Biehler
function F(z) = A(z) —iB(z) such that PW?(r) = H?(E) and {\,,} are the

real zeros of the function B(z).

In this direction we derive the following result.
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Theorem 3.4.7. Let E(z) = A(z) — iB(z) be a Hermite-Biehler function,
v > 2 be an integer and denote by {t, }nez the real zeros of B(z). Assume that
PW?(1) = H*(E") as sets and there exists C' > 0 such that |A(t,)| < C for
all n. Then the map

F(2) = (F(t), F'(tn), -+ FOD(t))

v times
7\

defines a continuous linear isomorphism from PW?(t) to 22(2) X ... X KQ(ZS.

In particular, {t,} is a complete interpolating and a non-redundant sampling

sequence of order v.

Proof. Since convergence in the space implies uniform convergence in compacts

of C, we can apply the Closed Graph Theorem to obtain that
[ 1P@)/E@y P = [ F@)Pds
R R

for all F € PW?(1) = H?*(E"). Also, it is a known fact that the Paley~Wiener
spaces are closed under differentiation (one can use Fourier inversion to see
that). Thus, we can apply Lemma 3.2.2 to deduce that ¢'(z) < D+/v, where
D is the norm of the differentiation operator in PW?(7).

Write E(z2)" = A,(z) — iB,(z). Note that the zeros of B,(z) coincide
with the points ¢(s) =0 mod 7/v. Thus, if 51 < s9 are two consecutive zeros

of B,(z) we obtain that
/v = p(s2) — @(s1) < D\/;(Sl — S9).

Hence the zeros of B,(z) are separated. By Theorem 3.4.6, the identification
H?(E") = PW?(7) implies that the zeros of the function B, (z) form a sampling

sequence without derivates in PW?(7), that is,

SR ~ / F(x) Pz (3.35)

By (t)=0
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for every F' € PW?(r). We conclude that B ¢ H?(E), otherwise, since
B,(2) =Y bA(2)" " B(2)"
k=1

for some coefficients by, this would imply that B, (z) € H*(E¥) and, by (3.35),

B, (z) would have zero norm, a contradiction.

Finally, this theorem will follow from Theorem 3.1.1 items (1) and (2)
once we verify the estimates

I« ‘Pl(tn)

and

K,(t,,t,) ~1

for all n. Using the reproducing kernel structure of PW?(7) one can show that

K (r,z)= sup |F(@)f~ sup |F(z)?=r7/n
IF/EY |2 <1 7 2<1

for all real . This last fact in conjunction with formula
vy (2)|E(2)[* = 7K, (2, 2)

and the hypothesis that |A(t,)| < C for all n, proves the desired estimates

and concludes the proof. ]

Remark. In [64, Theorem 4], Lyubarskii and Seip give necessary and sufficient

conditions for the representation PW?(7) = H?(F).
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Chapter 4

Band-limited Approximations in Many
Variables

4.1 Approximations of Functions Subordinated to
Gaussians

In this section we study the Beurling—Selberg problem for multivariate
Gaussian functions. We then generalize the Gaussian subordination and dis-
tribution method, originally developed in [18], to higher dimensions and apply
the method to study the Beurling—Selberg problem for a class of radial func-
tions. We conclude our investigations by adapting the construction to periodic

functions (see Section 4.5.1). For further applications we refer to [37].

To state the first of our main results we will use the following notation
(see Section 4.3.1 for additional information). For @ = (ay,...,ay) and A =

(A1, ..., An) with only positive entries let

N
x € RY = Gi(x) = exp {—Z)\ﬂm?} :
j=1

and let

j
We also use the notation Q(R) = Q((R, ..., R)) for a given R > 0 and RY =
(0,00)™.
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Our first result is a solution to the Beurling-Selberg extremal problem
of determining optimal majorants of the Gaussian function G(x) that have

Fourier transform supported in Q(a).

Theorem 4.1.1. Let a,A € RY. If F : RY — R is an integrable function
that satisfies:

(i) F(x) > Gx(x) for each x € RN, and
(i) F(&) =0 for cach & ¢ Q(a),

then
A
/ F(z)dz > [ A, 20(05id5/\)).
RN =1

where O(v; T) is Jacobi’s theta function (see §4.3.1). Moreover, equality holds
if F(x) = My o(x) where My q(x) is defined by (4.23).

Remark. This theorem is essentially a corollary of Theorem 3 of [18]. The
proof simply uses the product structure and positivity of Gx(x) in conjunction
with Theorem 3 of [18] and for this reason we omit the proof. However, it can

be found in [37].

It would be interesting to determine the analogue of the above theorem
for minorants of G(x) (that is, the high dimensional analogue of Theorem 2
of [18]), where the extremal functions cannot be obtained by a tensor product
of lower dimensional extremal functions. In our second result we address this
problem by constructing minorants of the Gaussian function G (x) that have
Fourier transform supported in @(a) and that are asymptotically extremal as

a becomes uniformly large in each coordinate.

Theorem 4.1.2. Let a, A\ € Rf. If F: RY — R is an integrable function
that satisfies
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o

() < Ga(x) for each x € RY, and

(i)
(i7) F(€) =0 for cach & & Q(a),

/RN F(z)dz < HAJ'%@(%W?/%)- (4.1)

Furthermore, there exists a positive constant o = ~o(N) such that if v =

min;{a?/X;} > 7o, then

RN

|
HA;QG(%;ia?/)\j) < (1+ 5Ne”)/ Lyq(z)de (4.2)
j=1

where Ly () is the minorant defined by (4.22).

Remark.

(1) For a fixed a, if A is large enough then the right-hand side of (4.2) would
be negative and the inequality would not hold, but this is not true for
large values of . In fact, this happens because the zero function would

be a better minorant.

(2) Inequality (4.2) implies that if X is fixed and a is large, then [,y Lx qo(x)de
approaches exponentially fast the optimal answer. In this sense, we say

that Ly () is asymptotically optimal with respect to the type.

4.1.1 Gaussian Subordination Method

Our next set of results are Theorems 4.1.3, 4.1.4, and 4.1.5. These theo-
rems generalize the so called distribution and Gaussian subordination methods

of [18]. The main idea behind these methods goes back to the paper of Graham
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and Vaaler [40]. We will describe a “watered down” version of the approach

here. Let us begin with the inequality

Gx(x) < My(x)

where F () is defined by (4.23). The idea is to integrate the free parameter A
in the function G () with respect to a (positive) measure dg on RY = (0, 00)™
to obtain a pair of new functions of a:
G(@) = | Ga(@)dp(X) < [ Mx(z)du(A) = M(z).
RY RY

The process simultaneously produces a function G(x) and a majorant M (x)
having M (€) supported in Q(a). The difference of the functions in L!'—norm
is similarly obtained by integrating against du.

Our next result is a generalization of the distribution method developed
in [18] for existence of majorants and minorants. In what follows we say that an
entire function F : CV — C is of exponential type with respect to a compact
convex set K C RY if it has Fourier transform (in the sense of tempered

distribution) supported in K.

Theorem 4.1.3 (Distribution Method — Existence). Let K C RY be a compact
convex set, A be a measurable space of parameters, and for each A € A let
G(z;A) € LYRY) be a real-valued function. For each X let F(z;\) be an
entire function defined for z € CN of exponential type with respect to K. Let

dp be a non—negative measure on A that satisfies

/A /R [P (@i 2) = Gla; N dedu(X) < . (4.3)

and

/A / |G (@) dzdu(n) < oo (4.4)
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for all p € S(RY) supported in K°.

Let G € S'(RY) be a real-valued continuous function such that
G(o) = | [ Glaininpla)ie (45)
RN

for all p € S(RY) supported in K°.

(i) If G(x; A) < F(x;\) for each x € RY and X € A, then there exists a
real entire majorant M(x) for G(x) of exponential type with respect to
K and

{M(z) - G()}dz
RN
is equal to the quantity in (4.3).
(id) If F(z; ) < G(x; ) for each € € RY and X € A, then there erists a

real entire minorant L(x) for G(x) of exponential type with respect to K

and
[ (0@) - @)

is equal to the quantity in (4.3).

Remark. With the exception of Theorem 4.1.3, A will always stand for
(0,00)N.

For a given a € RY define &Y (a) as the set of ordered pairs (G, du)
where G : RY — R is a function and dyu is a non-negative Borel measure in

RY such that:

(C1) G(x) is a continuous function that also defines a tempered distribution
(that is, G € S'(RM)).
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(C2) For all ¢ € S(RY) supported in Q(a)® we have

/ / 1Gx(z) ()| dp(A)de < oo
RN JRY
(C3) For all € S(RY) supported in Q(a)® we have

G(e)B(x)dz = / Ga(@)du(Npl)dz.

N
RN RN RY

(C4+) The following integrability condition holds

/ H)\ {H@OmZ/)\ —1}du()

+k1

In an analogous way, we define the class 8 (a) by replacing condition (C4+)
by

(C4-) The following integrability condition holds

/{ ( @oiZ?ii —1)>EG(O;ia§/A }1;[ -5

< Q.
(4.6)
Theorem 4.1.4 offers an optimal resolution of the Majorization Problem
for the class of functions &Y (a) and Theorem 4.1.5 offers an asymptotically op-
timal resolution of the Minorization Problem for the class of functions & (a).

In what follows we use the notation of Section 4.3.1.

Theorem 4.1.4 (Gaussian Subordination — Majorant). For a given a € RY,
let (G,dp) € &% (a). Then there exists an extremal majorant Mq(x) of expo-
nential type with respect to Q(a) for G(x). Furthermore, Mg(x) interpolates
G(x) on ZN /a and satisfies

M(z) dw—/ H/\l{ljj@OmQ/)\) } HON).

N
R RY k=1
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Theorem 4.1.5 (Gaussian Subordination — Minorant). For a given a € RY,
let (G,du) € ®N(a). Then, if F(z) is a real entire minorant of G(x) of

exponential type with respect to Q(a), we have

N 1 N
() - F@de > [ TIxe {1 =TTt/ fau.

RY RY j=1 =1
Furthermore, there exists a family of minorants {L4(z) : a € RY } where L,(z)

is of exponential type with respect to Q(a) such that
{G(x) — Lo(x)}da
RN
is equal to the left-hand side of (4.6). Also

lim RN{Q(m) — L,(x)}dx =0,

atoo

where a T 0o means a; T 0o for each j.

Corollary 4.1.6. Assume all the hypotheses of Theorem 4.1.5. Suppose also
that exists a positive number R > 0 such that supp(du) C RY NQ(R), G €
LYRY) and

N 1
G(x)dx = /RN I 2du) < .

RN ¥ j=1
Then, there exists a constant oy > 0 such that, if o := min;j{a;} > ay and
if F(x) is a real entire minorant of G(x) of exponential type with respect to
Q(a), then

Flx)de < (14 5Nem2/R)/ L,(x)dx.

RN RN

Remark. We will prove only Theorem 4.1.3, since the other ones are a direct

application of Theorems 4.1.1, 4.1.2 and 4.1.3. For the interested reader we
refer to [37] for the complete proofs.

98



4.1.2 The Class of Admissible Functions

We define the class

=) &Y(a)n&Y(a).

acRY
This is the class of pairs such that Theorems 4.1.4 and 4.1.5 are applicable
for every a € RY. In this subsection we present conditions for a pair (G, du)
to belong to this class. Some interesting properties arise when the measure
dp is concentrated in the diagonal of RY. For every n € [0,1] we define
(RY), = {X € RY : n\; < A V4, k} and we note that (RY), = RY and
(RY)y ={(t,....t) : t > 0} is the diagonal.

Proposition 4.1.7. Let (G,du) be a pair that satisfies conditions (C1), (C2)
and (C3) for every a € RY. Suppose that supp(du) C (RY), for some n €
(0,1] and dp((RY), \ Q(R)) < oo for every R > 0. Then (G,du) € &V.

Proof. We only prove that condition (C4-) holds, the condition (C4+4) is

analogous. For a given a € RY, define the function

Ga:AERY <Z o 222;2 /) - 1)> []e(0:ia2/x)).

By (4.15) and the Poisson summation formula, we have the following estimates

1—0O(3;i/t) ~2e7 ™" ast — 0, @
1 4.7

O(3:i/t) ~2t2e7™* ast — oo

and

O(0;i/t) — 1 ~ 2™ ast — 0,

—

—~
e
0]

~—

©(0;i/t) ~t2 ast — oo,
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where the symbol ~ means that the quotient converges to 1. Using the left-
hand side inequality of Lemma 4.3.4 we conclude that exists an R > 0 and a
C > 0 such that

N
ba(A) > 1—C e
7j=1

for every A € RY N Q(R). Choose ¢ € {1,..., N} such that a, < a; for every
j. If X e (RY), NQ(R) we have

N 1 N N 1 B
{1 — QSG()\)} H)\;2 < C(Ze—wai/kj) H)\J 2 < dce—ﬂ'a%n//\g H)\] 2
Jj=1 j= -
N N 1 R
S NC H 6—71'(1[?772/(]\”\]') H )\;2 — NCG)\(B’U,),
J=1 j=1

where = amN~Y? and u = (1,...,1).

1
By estimates (4.7)-(4.8) we see that the functions ©(%;i/t)t"2 and

1
O(0;i/t)t" 2 are bounded for ¢t € [nR,o0), and thus, we conclude that the

function
1

N
AeRY = ga(N ]2
j=1
is bounded on (RY ), \ Q(R), since it is a finite sum of products of these theta

functions. Since n > 0, we obtain that the function

AeRY = {1-daN} N2

j=1

is bounded in (RY), \ Q(R) by a constant C’. Therefore, we have

JARRARENIN | SR

< NC Ga(Bu)du(N) + C'dp((RY), \ Q(R)) < oc,
®Y),NQ(R)
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which is finite by condition (C2) and the hypotheses of this lemma. Thus du
satisfies condition (C4-) and this concludes the proof. O

Corollary 4.1.8. Let du be a probability measure on RY with supp(du) C
(RY), for some n € (0,1]. Define the function
G(x) = | Galz)dp(A) (4.9)
R+

for all x € RYN. Then (G,du) € V.

Due to a classical result of Schoenberg (see [66]), a radial function
G(x) = G(]x|) admits the representation (4.9) for a probability du supported
on the diagonal (RY); if and only if the radial extension to R™ of G(r) is
positive definite, for all n > 0. And this occurs if and only if the function
G(y/r) is completely monotone. As a consequence of this fact and Corollary
4.1.8 the following multidimensional versions of the functions in [18, Section

11] are admissible

Example 1.
Glx)=e " e a>0 and 0<r <2
Example 2.
Gx)=(z*+a*) P e, a>0and 5> 0.
Example 3.
G(x) = —log (:jj—igz) e &N for0<a<p.

The next example is a high dimensional analogue of [18, Corollary 21| which
is admissible by using Proposition 4.1.7 with the measure du(t) = t=°/27!

restricted to the diagonal (RY);.
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Example 4.
Gor(x) = |z|?, for o€ (0,00)\ 2Z4

For further examples and details we refer to [37].

4.2 Selberg’s Box—Minorant Problem

In the 1970’s Selberg introduced some approximations to the indicator
function of an interval that quickly inherited the name “Selberg’s magic func-
tions”. If I is an interval in R of finite length, 1;(x) is the indicator of I, and

d > 0, then Selberg’s functions z € R+ M(z) and x € R +— L(z) satisfy:

o~ o~

(1) M(§) = L(&) = 0if [§] > 0,

(17) L(z) < 1;(x) < M(x) for each z € R,
(144) [p{M(x) —17(z)}de = [{1;(x) — L(z)}dx = 67"

Furthermore, among all functions that satisfy (i) and (i) above, Selberg’s
functions minimize the integrals appearing in (ii7) if and only if §|I| € Z.
When I = [0,00) is a half-open integral, the analogous result was proven
40 years before by Beurling, and Beurling’s functions are always extremal,

regardless of the value of 0. See [69, 73] for a survey.

Selberg originally constructed his functions so that he could use them
to prove a sharp form of the large sieve inequality. Today, however, there is a
large number of applications of Selberg’s functions (and their generalizations)
in various areas of mathematics, including number theory, dynamical systems,

optics, combinatorics, sampling theory, and beyond. While the single variable
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Beurling—Selberg extremal theory is relatively well understood, the multivari-

able theory in its current state is much less so (see [39]).

In unpublished work, Selberg was able to use his functions M (z) and
L(z) to construct majorants and minorants of the box [ x --- x I C R¥
whose Fourier transforms are supported in the box [—d, 6]¥. The multivariable
majorant M(x) is just tensors of M (z), however the multivariable minorant

Selberg obtained was

Lx)=—(N=1) ] M)+ Llxa) [ M(zm). (4.10)
n=1 n=1 m#n

A simple calculation shows that
/ L(x)de = ([I|+0 )N (JI| -6'(2N - 1)).
RN

We see that, when N is sufficiently large, or || and § are sufficiently small,
then Selberg’s minorants have negative integrals. Therefore, the zero function
is a better minorant. Nevertheless, it can be shown that Selberg’s minorants

are asymptotically extremal as § — oo.

These questions beg us to study the simplest version of Selberg’s mi-
norant problem in several variables, that we call the Box—Minorant problem,

and which is described as follows:

Let Qn = [-1,1]" denote the N-dimensional box in R and 1, ()
denote the indicator function of Q). For every integer N > 1 define the

following quantity
V(N) = sup / F(z)de, (4.11)
RN

where the supremum is taken over functions F' € PW(Qy) (that is, F' €
L*(RY) and F(£) is supported in Q) that satisfy

F(x) <1g,(x) (4.12)
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for (almost) every € RY.

A function F'(x) satisfying the above conditions will be called admissi-
ble for v(N) (or v(N)—admissible) and if it achieves equality in (4.11), then it
is said to be extremal. It is shown in Lemma 4.4.4 that extremal functions for
v(N) always exist. Moreover, by condition (4.12) and an application of the

Poisson summation formula (4.35) we obtain the trivial bound
v(N) <1,

for all N > 1. Selberg (see [69, 73]) was able to show that v(1) = 1 and that

.2
sin” 7
S 4.13
(a1 — o7 1
is an extremal function (this is not the unique extremal function).
Our first result states that in fact v(N) is a decreasing function of N that

converges to zero as N — oo.

Theorem 4.2.1. The following statements hold:

(i) v(2) < 1.
(i1) If v(N) > 0 then v(N + 1) < v(N).

(173) limpy_yoo (N) = 0.

We deduce Theorem 4.2.1 from a much more unexpected fact regard-
ing the behavior of the values F'(0) for v(/N)-admissible functions F(x). To
motivate the result we observe that if an extremal function F'(x) has positive
integral (ﬁ(O) > (), then its maximum must be equal to 1. To see this, suppose
p € (0,1] is the maximum of F'(zx), then the function p~'F(x) would then be

v(N)-admissible and, seeing that F'(x) is extremal, it must have integral equal
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to F(x) and so the p = 1. Intuitively one might guess that this maximum
will occur at the origin, which is the center of mass of (). However, as often
happens in mathematics, our next theorem demonstrates a counter-intuitive
result. It shows that, for large N, no admissible function for v(N) can achieve

its maximum at the origin.

Theorem 4.2.2. For every e > 0 there exists a dimension N(g) > 0 such that
for every N > N(¢e), any v(N)-admissible function F'(x) with non-negative
integral satisfies F(0) < e.

Remark. It was not previously known, however, whether v(N) > 0 for any
N > 1. One of our main contributions of is the development of a method (Sec-
tion 4.5.2) to produce non-trivial admissible functions for v(N), and thereby
establishing that v(N) > 0.12 for N < 5.

Let F(x) be a v(NN)-admissible function. It follows from the Poisson

summation formula (4.35) that
F(0)= Y F(n)= ) F(n)<F0).
neZN neZN
Thus we have the fundamental inequality

F(0) < F(0). (4.14)
Evidently, there is equality in (4.14) if, and only if, F'(n) = 0 for each nonzero
n € ZN. If N = 1 then, by using the interpolation formula (4.36), this is
precisely how Selberg was able to construct the minorant (4.13) and show
that (1) = 1. Another one of our main results demonstrates that this line of

attack fails in higher dimensions.
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Theorem 4.2.3. Let N > 1. Let F(x) be an admissible function for v(N).
Assume that F(n) = 0 for every nonzero n € Z" and F(0) > 0 (or equiva-

lently, F'(0) = F(0) > 0). Then F(x) = 0 for any © € RY that has N — 2
integers entries. We conclude that F(0) = F(0) = 0.

Remark. The proof of the above theorem follows easily by Proposition 4.4.6,
where we deal with the case N = 2, in conjunction with a slicing argument

presented in Lemma 4.4.2.

It would be interesting to know the rate at which v(N) tends to 0.
Indeed, as a first step it would be interesting to know whether v(NN) > 0 for

all N > 1. In this direction we have the following result.

Theorem 4.2.4. We have the following lower bounds for v(N):

(i) v(2) > 8 = 0.984375,

(i1) v(3) > 155 = 0.9296875,

(i17) v(4) > 2% = 0.7421875,

- 31 _
(iv) v(5) > 555 = 0.12109375.

Remark. The above result is a direct consequence of Theorem 4.5.6.

The above results lead to the important question on whether or not
v(N) vanishes in finite time. In Section 4.5.2 we estimate the critical dimension
for which a quantity closely related to v(N) vanishes. However, at the present

moment we do not have sufficient information to state any conjecture.
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4.3 Proofs of Theorems 4.1.2, 4.1.1 and 4.1.3
4.3.1 Background

One of the main objects of study in this chapter is the Fourier trans-
form. Given an integrable function F(x) on R¥, we define the Fourier trans-
form of F'(x) by

Fe) = / elw-&)F(@)dz,

where € € RY and e(6) = 2. We extend the definition in the usual way to
tempered distributions (see for instance [71]). We will mainly be considering
functions whose Fourier transforms are supported in a bounded subset of RY.
Such functions are called band-limited. It is well-known that band-limited
functions can be extended to an entire functions on CV satisfying an exponen-
tial growth condition. We will now state a generalization of the Paley—Wiener

theorem which can be found in [48, Theorem 7.3.1].

Theorem 4.3.1 (Paley—Wiener—Schwartz). Let K be a convex compact subset
of RY with supporting function

H(z) = sup |z - y|.
yeK

If F is a tempered distribution such that the support of F is contained in K,

then F : CN — C is an entire function and exists C' > 0 such that
|F(x +iy)| < C(1 + |x + iy|)Ce?H W),

for every & + iy € CN. Conwversely, every entire function F : CN — C
satisfying an estimate of this form defines a tempered distribution with Fourier

transform supported on K.

We will now define and compile some results about Gaussians and theta

functions that we will need in the sequel. Given a positive real number § > 0
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the Gaussian gs : R — R is defined by
ga(t) _ eféwtzj

and its Fourier transform is given by g5(&) = 6 /2gy/5(¢). For 7 = o + it with
t > 0, denote g = €™. The Jacobi’s theta function (see [23]) is defined by

O(v;T) = Z e(nv)q™ .

neL

(4.15)

These functions are related through the Poisson summation formula by

D gsw+m) =D e(nv)gs(n) = 62O (v;i6 ). (4.16)

meZ nez

The one dimensional case of Theorems 4.1.1 and 4.1.2 were proven in

[18]. They showed that the functions

éé(z):<coiwz>2{2(zg5—(kk—t%;)2+z%} (4.17)

kEZ

and

T G RO CC T S

keZ
are entire functions of exponential type at most 27 (that is, their Fourier

transforms are supported in [—1,1]) and they satisfy

ls(z) < gs(x) < ms(x) (4.19)
for all real . Moreover,
/R ms(@)da = 5-20/(0:1/6) (4.20)
and
/R&;(az)dzc — 5730(L;i/6). (4.21)
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Also, in view of (4.16)—(4.21), the functions ¢s(z) and ms(z) are the best one-

sided L'—approximations of gs(x) having exponential type at most 27.

To construct a minorant of the Gaussian, we begin with the functions
ms(z) and £5(z) defined by (4.17) and (4.18) and use Selberg’s bootstrapping
technique to obtain multidimensional minorants. The majorant is constructed

by taking ms(2) tensored with itself N times.

The following proposition is due to Selberg, but it was never published.
We call it Selberg’s bootstrapping method because it enables us to construct a
minorant for a tensor product of functions provided that we have majorants
and minorants of each component at our disposal. This method has been used
in [3, 27, 43, 44, 45].

Proposition 4.3.2. Let N > 0 be natural number and f; : R — (0,00) be
functions for every j = 1,...,N. Let l;,m; : R — R be real-valued functions

such that
li(z) < fi(x) < my(x)

for every real x and j. Then

—(N =) [ o) + D elan) ] [y () < [ Feln)
=1 k=1 j;l k=1

This proposition is easily deduced from the following inequality.

Lemma 4.3.3. If 51,...,08n > 1, then

B <t+W-1]]5

k=1 j=1
J#k
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Proof. We give a proof by induction, starting with the inductive step since
the base case is simple. Suppose that the claim is true for N =1,..., L. Let
Bi,...,PL,Br+1 be a sequence of real numbers not less than one and write

Bj =14 ¢€;. We obtain

L+1 L+1 L L L
2 108 = 118+ 0+e) ZH@
k=1 j=1 j=1 =1 j—1
ik J#k
L L
< [Io+0+awfise-n]]s}
j=1 j=1
L L+1
= l+en+][B+EL-D]]5
j=1 j=1
L L L+1
< dltea[s+]I8+@-D]]5
j=1 j=1 j=1
L+1
= 1+ L[]8
=1

]

Now we can define our candidates for majorant and minorant of G ().

For a given XA € RY define the functions

N
z€CY s La(z) = —=(N = 1) [ [ m, (2) +kak 2k Hm,\ z)  (4.22)
j=1

J#k
and
2z CN = My(z Hm,\ ;). (4.23)
It follows from Proposition 4.3.2 and (4.19) that
La(z) < Ga(x) < My(z) for all € RY. (4.24)
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Moreover, since £5(x) and mgs(x) have exponential type at most 27, we conclude
that the Fourier transforms of Ly(x) and My (x) are supported on Q(1). We
modify Lx(z) and Mx(z) to have exponential type with respect to Q(a) in

the following way. Given a, A € RY we define the functions

Lxa(z) = Lxa2(az) (4.25)
and

My a(z) = Myjq2(az). (4.26)
Here we use the (non-standard) notation zy = (z1y1,...,xyyy) for ¢,y €
RY. We also write & /y = (x1/y1, . .., zn/yn) if all the entries of y are nonzero.

By (4.24) we obtain
Laa(x) < Ga(x) < Mygo(x) for all x € RY

and using the scaling properties of the Fourier transform, we conclude that
Ly qo(x) and My o(x) have exponential type with respect to )(a). By formula
(4.18), we have mgs(k) = gs(k) for all integers k, hence we obtain

Mxa(k/a) = Gx(k/a)
for all k € ZV (recall that k/a = (ki/ay,. .., kq/aq)).

We are now in a position to prove Theorems 4.1.1 and 4.1.2.

Proof of Theorem 4.1.1. It follows from (4.24) and (4.26) that the function
M () is majorant of Gx(x) of exponential type with respect to )(a). Define
a =ay...ay. Using definition (4.23) and (4.26) we obtain

. My qo(x)de = a~ ! » Myjp2(x)dx = oz_IH m,\j/ai(xj)dxj

N1
=[] 20(0ia2/);),
j=1
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where the first equality is due to a change of variables, the second one due to

the product structure and the third one due to (4.20).

Now we will prove that (4.26) is extremal. Suppose that F'(z) is an en-
tire majorant of Gy(a) of exponential type with respect to Q(a) and integrable

on RY (and therefore absolutely integrable on RY). We then have

/R F(z)dz = o' Y F(k/a)>a™' ) Gi(k/a)

keZN kezN
N =
=12, 2e(0:ia3/x;)

because My q(x) majorizes Gx(x), and the rightmost equality is given by
(4.16). O

Proof of Theorem 4.1.2. Before we turn to the proof of Theorem 4.1.2 we

need a technical lemma whose proof we postpone.

Lemma 4.3.4. For allt > 0 we have

| dg/(1—qP < 2

<e ™, (4.27)

where ¢ = e ™.

Suppose that F(z) is an entire minorant of exponential type with re-
spect to Q(a) and absolutely integrable on RY. Denote uw = (1,...,1) and

a=ay...ay. We can apply the Poisson summation formula to deduce that

/RN F(x)dx = o™ Z F(k/a+wu/2a) < a! Z Gr(k/a+u/2a)

kezZN kezZN

AN
= [[A 720G /N),
j=1
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where the last equality is given by (4.16). This proves (4.1). By construction,
Ly o(2) is an entire minorant of exponential type with respect to Q(a). Using
definitions (4.22) and (4.25) we conclude that

5iia2/X;) N ) _1
_ _ a2 /) )\ 2
/RN Lyo(z)dx = {Z 800ia?/N) — (N 1)}}1@(0,2%/&)%
Thus, to deduce (4.2), we only need to prove that
ia?/ ;) al iaj/ ;)
1 Ne™™) — —1)r > 4.2
(L+5Ne {Z@(o@ag/Aj) }—E@o%ﬂ/x) (4.28)

for large ~ (recall that v = min{);/a7}).

—mas /)\

If welet ¢ = e 7 and ~ sufficiently large such that (1 —e™™)2 >

4/5, we can use Lemma 4.3.4 to obtain

3iia% /)
@02@2/A — (N —1) >1—4Zq] (1—gq;)? >1—5qu (4.29)

Applylng Lemma 4.3.4 for a sufﬁc1ently large v we obtain
N N

@oz%i <exp{—2;qj}g1—;qj, (4.30)
where the last inequality holds if Z;Vﬂ ¢; <log2. Write g = Zjvzl ¢; and note
that

1—-p<(1-56)(1+5p)

if 3 is sufficiently small, for instance if 8 € [0,1/25). Therefore, if ~ is suffi-
ciently large such that Zjvzl ¢; < 1/25 we obtain

1—qu < (1—5qu)(1+5ij) < (1—52%)(14—5]\76’”). (4.31)

j=1

By (4.29), (4.30) and (4.31) we conclude that there exists 7o = (V) >
0 such that if v > ~, then (4.28) holds. This completes the proof. O
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We now prove Lemma 4.3.4.

Proof of Lemma 4.3.4. Recall that e(v) = ™ and ¢ = ™. By [70, Chapter
10, Theorem 1.3] the theta function has the following product representation

oo

O(v;T) = H (1 — qZ”) (1 + q2"_le(v)) (1 + qQ”_le(—v)). (4.32)

n=1
It follows from (4.32) that
OG:it) 1y (l-a""\ 22+
0(0; it) - H <1 _|_q2n1) - exp{ Zlog <1 1 +q2n+1>}
! n=1

Using the inequality log(1 — z) > —z/(1 — z) for all x € [0,1) we obtain

2n+1

O(3;1it) 4 oo
> — > o n+1
©(0; it) eXp{ 421—612”“} - eXp{ 1—qn:0q }

- eXp{_ (1—q)4(ql—q2)}

o e-da/(1-a)?

> 1—4q/(1—q)?

and this proves the left-hand side inequality in (4.27). The right-hand side
inequality in (4.27) is deduced by a similar argument using the inequality
log(1 — ) < —z for all z € [0,1). O

Proof of theorem 4.1.3. We follow the proof of [18, Theorem 14] proving

only the majorant case, since the minorant case is nearly identical. Let
D(xz; A) = F(x; A) — G(x; A) > 0.
By condition (4.3) and Fubini’s theorem the function

~ [ D@ Xdu(x) 0
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is defined for almost all x € RY and D € L*(RY). The Fourier transform of

D(x) is a continuous function given by
Be) = [ D&M,

and, due to (4.4), for almost every & ¢ K we have the alternative representa-
tion

D(E) =~ [ GlE NN, (1.33)
Let M be the tempered distribution given by

M(e) = [ (D) + 9(@))e(@)dz

Now for any ¢ € S(RY) supported in K¢, we have by combining (4.5) and
(4.33)
M(p) =D(p) +G(p) = 0.

Hence M is supported on K, in the distributional sense. By the Theorem
4.3.1, it follows that the distribution M is identified with an entire function
M : C% — C of exponential type with respect to K and that
Mlp)= | M(x)p(x)da (4.34)
R
for every ¢ € S(RY). Tt then follows from the definition of M and (4.34) that

for almost every € RV
M(z) = D(x) + G(z),

which implies M(x) > G(z) for all £ € RY since G(x) is continuous, and

[ (M(@) - gz = /A [ {F@:3) - Gl N)}dadu(n) < .
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4.4 Proofs of Theorems 4.2.1, 4.2.2 and 4.2.3
4.4.1 Preliminary Results

In this section we recall the crucial results needed to demonstrate our
main results as well as some basic facts about the theory of Paley—Wiener

spaces and extremal functions.

For a given function F' : RN — R we define its Fourier transform as
F(¢) = / F(x)e ™8y
RN

In this part we will almost always deal with functions F'(x) that are integrable

and whose Fourier transforms are supported in the box
QN = [_17 1]N

For this reason, given a p € [1,2] we define PW?(Qy) as the set of functions
F € LP(RY) such that their Fourier transform is supported in Q. By Fourier
inversion these functions can be identified with analytic functions that extend

to CN as entire functions.

The following is a special case of Stein’s generalization of the Paley—Wiener

theorem (see [71]).

Theorem 4.4.1 (Stein). Let p € [1,2] and F € LP(RY). The following

statements are equivalent:
(1) F e PWP(Qpy).

(ii) F(x) is the restriction to RN of an entire function defined in CN with

the property that there exists a constant C' > 0 such that

2%% |an]

n=1

|F(x +iy)| < Cexp

for all z,y € RV,
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Remark. In particular the theorem implies that PW!(Qy) C PW?(Qy).

The Poélya-Plancharel Theorem [65], states that if &;,€&,,... is a se-
quence in RY satisfying that |€,, — &,,|= > ¢ for all m # n for some ¢ > 0

then
g F p C’ F Pq

for every F' € PW? (Q ~). The Poisson summation formula states that for all
F € PWYQp) we have

/R F(z)dz = Y F(n). (4.35)

nezZN

Let F € PW?(Qy). If t € CN=F, then the function y € R* — G¢(y) =

F(y,t) is the inverse Fourier transform of the following function

£eRF F(€, u)e*™ du.
QON—k

Since F' € L2(RY), we conclude that the above function has finite L?(RF)-
norm and as a consequence Gy € PW?2(Q;,). A similar result is valid for p = 1

but only for v(N)-admissible functions.

Lemma 4.4.2. Let N > k > 0 be integers. If F(x) is v(IN)-admissible then
the function y € R* — F(y,0) with 0 € RN=* is v(k)-admissible and

/RN F(z)dz < /R F(y,0)dy.

Proof. We give a proof only for the case N = 2 since it will be clear that the

general case follows by an adaption of the following argument.

Let F(x,y) be a function admissible for v(2) and define G(x) = F(z,0).

Clearly G(z) is a minorant of 1¢, (x). By Fourier inversion we obtain that

G(z) = /11 (/11 ﬁ(s,t)dt) 27 s,
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This shows that G € PW?(Q,). Now, for every a € (0,1) define the functions
Gulz) = G((1 — a)2) sin(arz)\”
ot = “r anx

and )
sin(amx) >

anmr

Fa<xvly) - F(<]‘ - G)I,y) <
By an application of Holder’s inequality and Theorem 4.4.1, we deduce that

G, € PWYQ,) and F, € PW(Q,) for all a € (0,1). Hence, we can apply

Poisson summation to conclude that

/RGa(x)d:v =Y "G((1—an) (wy

> nez P ) (T
(n,m)€z?
_/Rz F((1-a)x,y) (%)ded%

where the above inequality is valid because the function F(z,y) is a minorant
of the box Q2. Observing that Go(z) < 1g,/a-q) () for every x € R, we can

apply Fatou’s lemma to conclude that

[ Bai@)-G)as
<timipf [ (16,00 () = Gula)lds

: 2
§/1Q1(x)dx—limsup/ F((1—-a)z,y) (M> dzdy
R a—0 R2

anx
:/ 1, (x)dx —/ F(z,y)dzdy < oc.
R R?

This concludes the proof. O

We now introduce an interpolation theorem which has proven indispensable

throughout our investigations.
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Theorem 4.4.3. For all F € PW?(Qx) we have

Flz) = ﬁ {Sm””} > X atw 2 — (4.36)

n=1 nezZN je{o, 1}N

where 0; = 0,

i and (x —m)?7 = (2 —ny)* L (oy — nn)?> N and the

right-hand side of (4.36) converges uniformly in compact subsets of RY.

Proof (by induction). The base case N = 1 was established by Vaaler [73].
Suppose the theorem is valid for N = 1,2,..., L — 1, we need to show that
it is valid for N = L. Suppose F' € L?*(R¥) and that ﬁ(ﬁ) is supported in
Q. Write F(x,z) where x € RI7! and 27, € R. By Lemma 4.4.2 and the
inductive hypothesis

F(a:,xL):ﬁ{Sm”"} >y % (4.37)

n=1 nezl-1 je{o,1}L-1

By Fourier inversion (x,t) + 0;F(x,t) is in L*(R”) and its Fourier trans-
form is supported in ). Thus, by another application of Lemma 4.4.2 and
the inductive hypothesis (but this time with respect to ¢ = z;, and N = 1,

respectively) we have for each n € ZF!

) = {7 5 5 2

nr €% je{0,1}

9;01 F(n,np)

2]'

4.38
p— (4.38)
Combining (4.37) with (4.38) yields (4.36), completing the induction.

The theorem of Pdlya-Plancherel [65] guarantees that the sequence
{0;F(n) : n € Z"} is square summable for every j € ZY. Therefore the

sum on the right-hand side of (4.36) converges uniformly in compact subsets
of RV, [

Finally, the next lemma demonstrates that extremal functions always exist for

v(N).
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Lemma 4.4.4. Suppose G € L*(RY) is a real valued function. Let {Fy(x)},
be a sequence in PWY(Qy) such that Fy(x) < G(x) for each © € RY, and
there exists A > 0 such that F\z(O) > —A for each €. Then there exists a
subsequence Fy, (x) and a function F € PWY(Qy) such that F,, (x) converges
to F(x) for all ® € RY as k tends to infinity. In particular, we deduce that
F(z) < G(x) for each x € RY and limsup,_,., Fy, (0) < F(0).

Proof. By the remark after Theorem 4.4.1 each F}, € PW?(Qy) and we can
bound their L*(RY)- norms in the following way. Observe that

| Fillz = [|Fxllz < voln (Qn)"?|[ Filloo < 2872 Fyly
and
[Fxll <G = Filli + |Gl = / (G(z) — Fi(x))dz + ||G][1 <2[|G[ + A.
RN

Hence the sequence Fi(zx), Fy(x), ... is uniformly bounded in L*(RY) and, by
the Banach-Alaoglu Theorem, we may extract a subsequence (that we still de-
note by Fj) that converges weakly to a function F' € PW?(Qy). By Theorem
4.4.1 we can assume that F(x) is continuous. Also, by using Fourier inversion
in conjunction with weak convergence we deduce that Fy(x) converges to F(x)
for all z € RY. We conclude that G(x) > F(z) for each £ € RY. By applying
Fatou’s lemma to the sequence of functions G(x) — Fi(x), G(x) — Fa(x),. ..
we find that F' € L'(RY) and

limsup/ Fk(w)dwgf F(x)de.
RN

k—o00 RN

This concludes the lemma. O

Corollary 4.4.5. There are v(N)—admissible functions which verify the equal-
ity in (4.11). That is, extremal functions for v(N) exist.
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The next theorem is the cornerstone in the proof of our main results.
This theorem is in stark contrast with the one dimensional case. In the one
dimensional case, Selberg’s function interpolates at all lattice points, and is
therefore extremal. In two dimensions, on the other hand, if a minorant inter-
polates everywhere except for possibly the origin, then it is identically zero.
This theorem is therefore troublesome because it seems to disallow the possi-
bility of using interpolation (in conjunction with Poisson summation) to prove

an extremality result.

Theorem 4.4.6. If F(z,y) is admissible for v(2) and F(0,0) = F(0,0) > 0
then F(z,y) vanishes identically.

Proof. Step 1. First we assume that the function F(z,y) is invariant under

the symmetries of the square, that is,
F(z,y) = F(y,z) = F(|lz],|y|) (4.39)
for all z,y € R. We claim that for any (m,n) € Z* we have:

(a) 0,F(m,n)=0if (m,n) # (£1,0) and 9,F(m,n) =0 if (m,n) # (0, 1),
(b) Oy F'(m,n) =0if n # 0 and 9, F(m,n) =0if m # 0,

(c) OpyF(m,n) =0if n # £1 or m # £1.

~

First notice that the identity F'(0,0) = F(0,0) is equivalent, by Poisson
summation, to F(m,n) = 0 for all nonzero pairs (m,n) € Z* Thus, we can
apply Theorem 4.4.2 to deduce that, for each fixed nonzero integer m, the
function x € R — F(m,z) is a non—positive function belonging to PW(Q,)
that vanishes in the integers, hence identically zero by formula (4.36). Also

note that the points (m,0) for m € Z with |m| > 1 are local maxima of the
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function z € R — F(z,0). These facts in conjunction with the invariance
property (4.39) imply items (a) and (b).
Finally, note that a point (m, n) with |n| > 1 has to be a local maximum

of the function F(z,y). Thus, the Jacobian determinant of F'(z,y) at such a

point has to be non-negative. That is,

Jr(m,n) := 0, F(m,n)0y, F(m,n) — [0, F(m,n)]* >0

However, by item (b), 0., F(m,n) = 0 and we conclude that 0,,F(m,n) = 0.
This proves item (c) after using again the property (4.39).

Step 2. We can now apply formula (4.36) and deduce that F'(z,y) has to

have the following form

2 2

F(mjy):(sin(wx)sin(ﬂy))z {F(QO)_ ax ay? b2y )}7

m2ay x2—1_y2—1 (2 =1 (y* -1

where a = —20,F(1,0) and b = —40,,F(1,1). Denote by B(z,y) the expres-
sion in the brackets above and note that it should be non—positive if |z| > 1

or y| > 1. We deduce that

132

F(0,0)—a—(a+b)——

= B(x,00) <0

for all real . We conclude that a + b =0, F(0,0) < a and

1
(@ =1* -1 ]
For each ¢ > 0, the set of points (z,y) € R?\ Qs such that (z2—1)(y*—1) = 1/t

is non-empty and B(z,y) = F(0,0) — a + at at such a point. Therefore a <0
and we deduce that F'(0,0) < 0. We conclude that F'(0,0) = 0, which in turn

B(z,y) = F(0,0) —a|l —

implies that a = 0. Thus F'(z,y) vanishes identically.
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Step 3. We now finish the proof. Let F'(x,y) be a v(2)-admissible function

such that F'(0,0) = F(0,0) > 0. Define the function

F(:L'7y) +F(_I>y)+F($7_y)+F(_$7_y)'

Gl('ray) = 4

Clearly, the following function

Gl(x7y> + G1<y,l’)
2

Go(% y) =

is also v(2)-admissible and Go(0,0) = Go(0,0) > 0. Moreover, Go(z,y) sat-
isfies the symmetry property (4.39). By steps 1 and 2 the function Go(z,y)

must vanish identically. Thus, we obtain that

Gl(xv y) = _Gl(ya {L')

However, since G(z,y) is also v(2)—admissible we conclude that Gy (z,y) is
identically zero outside the box ()2, hence it vanishes identically. An analogous
argument can be applied to the function Go(z,y) = [F(z,y) + F(—z,y)]/2 to
conclude that this function is identically zero outside the box ()2, hence it
vanishes identically. Using the same procedure again we finally conclude that

F(z,y) vanishes identically and the proof of the theorem is complete. ]

Proof of Theorem 4.2.2. The theorem is proven by contradiction. Assume,
by contradiction, that for some € > 0 there exists a sequence Fy, () of v(Ny)-
admissible functions such that F n,(0) > 0 and F, (0) > ¢ for all integers Nj.
We can assume (by making a mean of Fy, (x) over the set of symmetries of
the box @), if necessary) that Fy, () is invariant under the symmetries of
Qn, for each Ny, that is, Fy, () is a symmetric function which is also even in

each variable.

Define the slicing functions

GNk <I7 y) = FNk(xa Y, ONk*2>7
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for (z,y) € R%. By Lemma 4.4.2, the functions Gy, (z,y) are admissible for
v(2) and Gy, (0,0) > Fy, (0) > 0. Also Gy, (0,0) = Fy, (0) > ¢ for all N}, We
can now apply Lemma 4.4.4 to conclude that (by taking a further subsequence
of the Ny’s if necessary) there exists a function G(z,y) which is admissible for
v(2) and such that

lim Gy, (z,y) = G(z,y)

for all (z,y) € R%

Now, since Fiy, () is invariant under the symmetries of Qy,, we can
apply Poisson summation to obtain that for every nonzero (m,n) € Z* we
have
Fy,(0)= > Fy,(n) <1+ #{o(m,n,05,5) 0 € Sym(Qu,)} Gy, (m,n),

neZNk
where Sym(Qy) is the symmetry group of Qn. Since Gy, (m,n) < 0 for a

nonzero (m,n) € Z* and
#{o(m,n,0n—2) : 0 € Sym(Qn)} — o0

as N — oo, we conclude that Gy, (m,n) — 0 for each nonzero (m,n) €
Z?. We deduce that G(m,n) = 0 for each nonzero (m,n) € Z* and, by
Theorem 4.4.6, we conclude that the function G(z,y) vanishes identically. We
have a contradiction, because G(0,0) > e. This completes the proof of the

theorem. n

Proof of Theorem 4.2.1. Suppose that v(N) = v(N + 1). Let (x,t) €
RY xR +— F(x,t) be an extremal function for v(N+1). Let G,,(xz) = F(x, m)
for each m € Z. Lemma 4.4.2 implies that G,,(x) is also admissible for v(N).
By the Poisson summation formula we have for each nonzero m € Z

F0)= Y)Y F(nk) < > (F(n,m)+F(n,0)) = Gn(0)+Go(0). (4.40)

neZN keZ nezZN
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By assumption
Go(0) < v(N) = v(N + 1) = F(0) (4.41)

Combining (4.40) and (4.41) yields 0 < G,,(0) for each m # 0. However,
Gn(x) <0 for each € RY whenever m is a nonzero integer. Consequently,
G (x) vanishes identically. It follows that F'(n) = 0 for each nonzero n €
ZN*1. By Theorem 4.4.6, F(0) = ]/7\(0) = 0. Therefore v(N + 1) = v(N) =
0. This proves item (iz). Item (i) is a direct consequence of item (i7) since
v(1) = 1. Item (44i) is a consequence of Theorem 4.2.2 and the fundamental

inequality (4.14). O

4.5 Further Results
4.5.1 Periodic Functions Subordinated to Theta Functions

In this subsection we find the best approximations by trigonometric
polynomials for functions that are, in some sense, subordinated to theta func-
tions. The proofs of the theorems in this section are almost identical to the
proofs of the Section 4.3, and thus we state the theorems without proof. for
details see [37].

Let a = (a1, az,...,aq) € ZY (that is, a; > 1 Vj). We will say that the

degree of a trigonometric polynomial P(x) is less than a (degree P < a ) if
P(xz)= >  P(n)e(n =)
—a<n<a

Here we use the the notation ® < y to say that z; < y; forevery j =1,..., N.

The problems we are interested to solve have the following general form.

Periodic Majorization Problem. Fix an a € Z% (called the degree) and a

Lebesgue measurable real periodic function g : TV — R. Determine the value
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of
wf [ [F(@) - gle)ldz,
TN
where the infimum is taken over functions F : TV — R satisfing:
(1) F(x) is a real trigonometric polynomial.
(17) Degree of F'(x) is less than a.
(iii) F(x) > g(x) for every & € TV.

If the infimum is achieved, then identify the extremal functions F(x). Simi-

larly, we consider the minorant problem.

Periodic Minorization Problem. Solve the previous problem with condition

(i1) replaced by the condition

(4ii') F(x) < g(x) for every x € TV.

Now we define for every A € RY, the periodization of the Gaussian

function G(x) by

N N
2 . -1
@)=Y Galw+n)= Y Je M@t =T O(;i/2)A; 2.
nezZN nezZN j=1 Jj=1
Theorem 4.5.1 (Existence). For a given a = (a1, as, ..., aq) € ZY, let A be

a measurable space of parameters, and for each A € A, let Rx(x) be a real
trigonometric polynomial with degree less than a. Let du be a non-negative

measure in A that satisfies
// |Ra(x) — fa(x)|dedu(A) < oo. (4.42)
AJTN
Suppose that g : TV — R is a continuous periodic function such that
i) = [ Gakan()

for all k € ZN such that |k;| > a; for some j € {1,2,...,N}. Then:
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(i) If fa(x) < Ra(x) for eachz € TN and X € A, then there exists a trigono-
metric polynomial me(x) with degree mq < @, such that of m,(x) > g(x)
for all x € TV and

[ tma(@) - g(a)}de
TN
is equal to the left-hand side of (4.42).

(i) If Rxa(z) < fa(x) for each € € TV and X € A, then there exists a
trigonometric polynomial {q(x) with degree {q < a, such that lq(x) <
g(x) in TV, and

[ to(@) = tafe)}da
TN
is equal to the left-hand side of (4.42).

Before we state the main theorems of this section we need some def-
initions. The functions My 4(x) and Ly 4(x), defined in (4.23) and (4.22),
belong to LY(RY), thus, by the Plancharel-Pélya theorem (see [65]) and the
periodic Fourier inversion formula, their respective periodizations are trigono-
metric polynomials of degree less than a, that is

Mmxa(x) = Z Myo(x+m) = Z ]\//B\,a(n)e2mn'alc
neZN —a<n<a

and

gA,a(m) = Z L)“a(a} + ’I’L) = Z Z&a(n)e%rin-:c

nezN —a<n<a
hold for each & € TV. The following theorem offers a resolution to the Ma-

jorization Problem for a specific class of functions.

Theorem 4.5.2 (Gaussian Subordination — Periodic Majorant). Let a € Z%

and dp be non-negative Borel measure on RY that satisfies

/RN lN_[)":%{ ﬂ@@?m?/)\j) - 1}du(>\) < 0.

+ =1 j=1
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Let g : TV — R be a continuous periodic function such that
00 = [ Grmaun,
Y

for all k € ZN such that |k;| > a; for some j € {1,2,...,N}. Then for every
real trigonometric polynomial P(x), with degree P < a and P(x) > g(x) for

all x € TV, we have

/{P — g(x da:}>/ H/\ {H@omm —1}du() (4.43)

+ J=1
Moreover, there exists a real trigonometric polynomial me, with degree mq <
a, such that mg(x) is a majorant of g(x) that interpolates g(x) on the lattice
ZN Ja and equality at (4.43) holds.

Recall that ZV /a = Z/a; x ... x Z/axy.

Theorem 4.5.3 (Gaussian Subordination — Periodic Minorant). Let a € Z%

and dp be non-negative Borel measure on RY such that

/ {1_{2 ot zzz?; —1>}ﬁ@(o;m§/xj>}ﬁg%duo\) <0
- - (4.44)

Let g : TV — R be continuous periodic function such that

gk) = | Ga(k)du(A)

B
for all k € ZN such that |k;| > a; for some j € {1,2,...,N}. Then, if P(x)
is a real trigonometric polynomial with degree less than a that minorizes g(x),

we have

/TN{Q(a:) }dw>/RNH)\ {1—ﬂ9(%;ia§/)\j)}du(k)_

+ j=1 J=1
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Moreover, there exists a family of trigonometric polynomials minorants {{q () :

ac Zf} with degree o, < a, such that the integral

| fot@) — ta(a)}a

is equal to the quantity in (4.44), and

lim TN{g(a:) — lg(x)}dx =0,

atoo

where a T 0o means a; T oo for every j.

Corollary 4.5.4. Assume all the hypotheses of Theorem 4.5.3. Suppose also
that there exists R > 0 such that supp(dp) C RY N Q(R), and

/TN g(x)dx = /RN ﬂ)\j%du(k) < 00.

+ =1
Then, there exists a constant o > 0, such that if o := min;{a;} > o and if
P(x) is a trigonometric polynomial with degree P < a that minorizes g(x),

we have

/T Pla)dz < (1+ 5Ne /) / lo(x)de.

TN

Given a pair (G,du) € &V, suppose that G € L*(RY) and the peri-
odization

gl@) =Y G(n+a)

neZN

is equal almost everywhere to a continuous function. We easily see that the
pair (g,dp) is admissible by the Theorems 4.5.2 and 4.5.3 for every degree

a € Z% . Thus, the periodic method contemplates the following functions

Example 5.

N
g(@) = [T A, *6(ay5i/7;), for all A € RY.
j=1
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Example 6.

g(x) = Z e~mtel” foralla > 0and 0 < r < 2.

nezZN

However, we cannot use this construction for the case of the functions
G,(x) = |z|” of Example 4. The next proposition tell us that if the Fourier
coefficients of G(x) decay sufficiently fast, then the periodization of G(x) via

Poisson summation formula is admissible by the periodic method.

Proposition 4.5.5. Let (G,du) € &Y. Suppose that exist constants C' > 0
and 6 > N such that

[, Gr@au(x) < Clal

if |x¢| > 1. Define the function

sw) = Y[ CamduNeln - a).

nezZN\{0}

Then the pair (g,du) satisfies all the conditions of Theorems 4.5.2 and 4.5.3

N
for every a € 2.

With this last proposition we see that the following example is contem-

plated by the periodic method.

Example 7.

go(x) = Z In|™"7e(n - x), for all o > 0.

nezlV

n#0
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4.5.2 Explicit Lower Bounds for the Box—Minorant Problem

Lower Bounds for v(N) is Low Dimensions

We define an auxiliary variational quantity A\(/N) defined over a more
restrictive set of admissible functions than v(N). Let
AN) = sup/ F(x)dx,
RN
where the supremum is taken over functions F'(x) that are admissible for v (V)

and, in addition, F'(0) = 1, and
Fn)=0

for each nonzero n € Z" unless n is a corner of the box Q. Here, a corner of
the box Qy is a vector n € 9Qy NZY that does not belong to a smooth part
of the boundary of the box, that is, there exists at most N — 2 zero entries
in n and all the nonzero entries are equal to 1. This definition makes any
k—dimensional slice of an admissible function for A(N) (k < N) admissible for

A(k), which in turn implies that
AN +1) < A(N)

for all N. We note that Selberg’s functions constructed via (4.10) are al-
ways admissible for A(N) but have negative integral. In this way, we want to

construct minorants that resemble Selberg’s construction but do a better job.

Making use of the interpolation formula (4.36) we conclude that every

function F'(x) admissible for A(/V) has the following useful representation
F(x) = S(x)P(x), (4.45)

where



and P(x) is a polynomial such that each variable x,, appearing in its expression
has an exponent not greater than 4. Notice that, by Poisson summation, if
F(x) is admissible for A(N) and is also invariant under the symmetries of @y

then
M /N
/ Fz)dz =1+ ( k>2kP(uk), (4.46)
RY k=2
k times
—
where u, = (1,1,1,..,1,0,...,0).

In what follows will be useful to use a particular family of symmetric

functions. For given integers N > k > 1 we define

onk(x) = Z Tl T .. xik

1<ni<n2<...<np <N

and

bvN’k(a:) = Z l’ilem e x;‘;k

1<ni<na<...<np <N

Theorem 4.5.6. Define the functions Fo(x1,x2), F3(x1, T2, x3), Fa(z1,...,24)
and Fs(x1,...,x5) by using representation (4.45) and the following polynomi-

als respectively:

® PQ(.%‘l,ZEQ) = (1 — l’%)(l — .7)%) — %,0\'/2’2<I1,(L’2>,

3
o P3(x1, 7, 3) = H(l — 23) — 15032(21, T2, T3),
n=1
4
[ P4(l‘1, e ,5(34) = H(l — ZE%L) — %0’474(1'1, e 711’4) — %65412('%‘1’ e ,1’4),
n=1
5
[ ] P5(.I’1, PN ,x5) = H(l — JZ'EL) — 30'574(1'1, N ,1'5) — 1—166'/572(.1'1, PN ,1’5).
n=1

132



These functions are admissible for X\(2), A(3), A(4) and \(5) respectively and
their respective integrals are equal to: 63/64 = 0.984375, 119/128 = 0.9296875,
95/128 = 0.7421975 and 31/256 = 0.12109375.

Proof. The integrals of these functions can be easily calculated using formula
(4.46), we prove only their admissibility. We start with Fa(x). Clearly, if

|z1] > 1 > |23| then Py(xy,z5) < 0. Also, writing t = |z125| we obtain
Py(z1, ) = 1 + 2223 — 23 — 25 — x113/16
<1+ 220k — 2|2 29| — 2103/16
=1+t —2t—t'/16.
On the other hand, we have
T+t —2t—t*/16 = (1 —t)* — t*/16 (4.47)
and
1+t* =2t —t'/16 = (t — 2)*(4 — 4t — t*)/16. (4.48)

If |21],|x2| < 1 then 0 < ¢ < 1, and by (4.47) we deduce that Ps(zq,x2) < 1.
If |zq], |xo| > 1 then ¢ > 1, and by (4.48) we deduce that Py(x,z5) < 0. This
proves that Fy(x) is A(2)-admissible.

Observe that Ps(x1, 22, x3) < 1 inside the box Q3 and P3(x1, e, z5) < 0
if exactly one or three variables have modulus greater than one. If exactly two
variables have modulus greater than one, suppose for instance that |z, |za| >
1 > |3, then

Py(z1, 9, 23) < Py(x1,29) < 0.

This proves that F3(x) is admissible for A(3).
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In the same way, clearly Py(xy,...,24) < 1 if all the variables have
modulus less than one. If an odd number of variables have modulus greater
than one then the function is trivially negative. If |z1|,|z2] > 1 > |23], |24]
then

Py(x1, 29,3, 24) < Pa(x1,29) < 0.

On the other hand, if |z4|, |z2|, |3], |z4] > 1 then, suppressing the variables,
we have
Py=1—041+042— 043+ %04,4 — %54,2-
Observing that
O12 — o4 < Tiwy + w30,

we obtain

1—041+042—043— %654,2 < — 14 Py(x1,22) + Po(x3, 24)

114 4 4 4 4 4 4 4
— E[leg + 2%y + X5 + THxy).

Since Py(x1,x9) < 0 and P(x3,z4) < 0, we deduce that

4 4 4 4 4 4 4 4
T + x]Ty + Toxy + Toxy]

PS(:Ula <. 7‘1'4) g -1+ Z‘il’%:ﬂ%l’%.’]ﬁi — %[
< 1+ gg(@y + xp) (a5 + 27) — gelrias + w1l + 2525 + w5r]y]
= —1.

This proves that Fy(x) is admissible for A\(4). By a similar argument one can
prove that F5(x) is admissible for A(5). O

Remark. We note that the following function
N

S(x) [J(1 =) (4.49)

n=1
is the N—fold product of Selberg’s one-dimensional minorant, which is not a
minorant for N > 1. In this sense, the minorants we have constructed above

can be seen as corrections of (4.49) by subtracting higher order terms.
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Vanishing in Finite Time

In this part we estimate the critical dimension N at which a quantity

related to v(N) vanishes. For a given integer N > 0 denote by u(N) the

/RN F(x)dx

over the set of functions admissible for v(V) that also satisfy that

supremum of

F(0) = 1.

Clearly A(N) < pu(N) < v(N) and p(N) is a non-increasing function of N.
Also, Theorem 4.2.2 demonstrates that no such function will exist if NV is

sufficiently large. The next proposition estimates the critical dimension.
Proposition 4.5.7. We have u(N) = 0 if

1
N>——
1— pu(2)

Proof. Let Fy(x) be admissible for u(N) and invariant under the symmetries
of Qn. Then Gy(z,y) = Fn(z,y,0,...,0) is admissible for x(2) and we have

/RN Fy(x)de =1+ Z F(n)

neZN\ {0}
N
<148 Y Guk0+ (§) 3 Gl
kezZ\{0} (k,0)ez2

e, (0
<1+N Z Gn(n,m)

(n,m)€Z>\{(0,0)}

:1+N< GN(x,y)dxdy—1> <14 N(u2)-1)

RQ
We conclude that
WN) <14 N (ul(2) — 1),

and this finishes the proof. [
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Chapter 5

A Central Limit Theorem for Operators

5.1 Preliminaries

In this chapter we study the intrinsic nature of the approximation
method used by Beckner in [4] to prove the sharp form of the Hausdorff-Young
inequality. Inspired by Beckner’s approach, we demonstrate that Beckner’s
method is a special instance of a general approximation method (Theorem
5.1.1) that we see as an analogue of the Central Limit Theorem for operators
and which leads to (Theorem 5.1.2) a transference principle for operators and
hyper—contractive estimates. In particular, we characterize the Hermite semi—
group as the limiting family of operators associated with any semi-group of

operators.

For a given function f : R — C, recall that the Fourier Transform of

f(x) is defined by
Fi©) = [ e,

The Hausdorff-Young inequalitystates that F maps LP(R) to L” (R) bound-
edly if 1 < p < 2. In 1975, Beckner was able to show that

/112
1A < |2/ ] 1Sl (5.1)

for all f € LP(R) and that equality occurs if f(x) is a Gaussian . To prove

this result, first he reduced the problem to a hyper—contractive estimate for
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the Hermite semi-group. He demonstrated that inequality (5.1) is equivalent

to the fact that the following Hermite semi—group operator
T, : Hy(z) — W Hy(x) (5.2)

with w = iy/p — I defines a contraction from LP(R,d7) to L” (R,dy), where
d~ is the normal distribution on the real line and { H,(z)} is the set of Hermite

polynomials associated with d-.

To prove this contraction estimate he proposed a new type of approxi-

mation method. Using the following two-point probability measure

S+ 8

d
@ 2

(5.3)

and the operator

K(f)(z) = / F(Oda(t) + ziy/p—1 / L (8)da (i), (5.4)

defined for all f € C[z], he constructed a sequence of operators { Ky} (K, =
K) and showed that K converges in some sense to the operator 7,,. Moreover,
by using the approximating sequence { Ky} in conjunction with the Central

Limit Theorem he showed that if

1K f Nl o Ry < f ]l Lp®,da) (5.5)

for all f € C[x] then T,, defines a contraction from LP(R,dy) to L¥ (R, dy).
Finally, he proved inequality (5.5), which became known as Beckner’s two-
point inequality [4, Lemma 2].

Our main result, Theorem 5.1.1, generalizes Beckner’s approximation
method in the following way. We show that for any given standardized proba-

bility measure da defined on R (that is, da has zero mean, unit variance and
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finite moments of all orders) and any linear operator K defined in C[z| satisfy-
ing a certain orthogonality condition, the sequence of operators { K} defined
in Section 5.1.2 converges in a weak sense to a unique operator C, also defined
in C[z], that belongs to a particular family of operators denoted by € that we
call Centered Gaussian Operators. As a particular case, we show that if K is a
semi—group operator associated with the orthogonal polynomials generated by
a given probability measure da, then the mentioned orthogonality conditions
are met and the Centered Gaussian Operator associated with K is a Hermite

semi—group operator 7T, defined in (5.2).

5.1.1 Notation

Here we define the notation used throughout this chapter. We use the
word standardized to say that a given probability measure has zero mean, unit

variance and finite moments of all orders. We denote by
dy(x) = (2m) "2 exp(—2?/2)dz

the normal distribution. For a given probability measure da defined on R and

every positive integer N we denote by
day(x) = da(zy) x ... x da(xy)

(with a sub-index) the N-fold product of da with itself which is defined on
RY. On the other hand, we denote by

do™(z) = da* ... * da(z)
Nt?:nes

(with a super-index) the N-fold convolution of da with itself defined on R.
We always use bold letters to denote N-dimensional vectors when convenient,

for instance @ = (x1,...,zx) or y = (Y1, .., Yn)-
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Given a function f(z) defined for real z we write

Jol@) = f(er+ ...+ y)

(the dimension N will be clear by the context). We also denote by C[z] the
ring of polynomials with complex coefficients and by Clz1, ..., zxy] the several

variables analogue.

5.1.2 The Aproximating Sequence

Let da be a standardized probability measure, ¢ > 1 and K : Clz] —
LY(R,da) be a linear operator. For a given integer N > 0 we define a linear
operator Ky : Clzy,...,zx] = LIRY, day(v/Nx)) as follows

KN = SN,\/NKN,NKN,N—I"'KN,18N71/\/N7 (56)
where K, denotes the operator K applied only to the nth variable and

Sna: flze, .. zn) = f(Axy, ..., Azn) (5.7)

is a scaling operator defined for all A\ € C. In particular, if p;(z) = 27 for all

real x and f(x) = p;,(z1)...p;y(xrN) we have

Kx(f)(@) = K%)Wa;) - K(py,)(VNew),

2

The sequence { Ky} no defined by (5.6) is of a special type, it is gener-
ated by independently applying the given operator K in each variable, resem-
bling the process of convolving a measure with itself or, in the point of view

of probability theory, of making a normalized sum of random variables.
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5.1.3 The Family of Centered Gaussian Operators

Here we define a family of operators that we call Centered Gaussian
Operators. Let {Hy(x)}s>o denote the sequence of Hermite polynomials asso-
ciated with dy(z) (see Appendix 6.3). The Hermite semi-group is a family of
operators parametrized by w € C and defined by

Ty : Hy(z) — w'Hy(x).

—zH z

Often this semi—group is denoted by e where w = e™%.

We also need two other operators: the one-dimensional scaling operator

Sy 1= 51 already defined in (5.7) and a multiplication operator defined below
M, : f(z) = V1+7e ™2 f(a).

Here we need the technical condition: Rer > —1, which guarantees that

M, (C[z]) € L**(R,dy) for some small ¢ > 0.

The family of Centered Gaussian operators will be denoted by € and
defined by
C={M.T,S\: \,w,T€C, Rer > —1}.

We now explain how this family coincides with the family operators given by
centered Gaussian kernels. Let C € € with C = M, T,S,. Using the relation
TSy = SpT, if ab = w) and A\?(1 — w?) = 1 — a?, together with fact that the
operator T, is given by the following Mehler kernel (see [4, p. 163])

1 w?(x? + y?) wxy

N {_ 21-w?) ' I-w?]

Ty(x,y) =

we conclude that

Ci(x) = / C(e.y) Fy)dr(y)
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for every f € C[z], where

C(z,y)

1+7 T+ (1-7w? 5 1-X(1-w?) , wry
=5 exp|———— T — y® +
(1= o) 21— w?) (- T AT o)

Therefore, by inverting the following system of equations

1 — 2 1 — 21_ 2
T+ (1—7)w B A2(1 — w?) and O — w

A= 1—w?) T 2(1—w?) A1 — w?)

we deduce that the class of Centered Gaussian Operators € coincides with the

class of operators given by centered Gaussian kernels of the following form

G(z,y) = exp[—(A4/2)z* — (B/2)y* + Cxy + D).

Remark. An interesting problem within this theory consists of studying
for which parameters A, B and C an operator of this form is bounded from
LP(R,dv) to LY(R,dv) and, if that is the case, classify the set of maximizers.
This problem was studied by Lieb [52] where he showed that (in a much more
general context) in most cases if C is bounded from LP(R,d7y) to LY(R,dy)

then it is a contraction.

5.1.4 Main Results

The following is the main result of this chapter.

Theorem 5.1.1. Let da be a standardized probability measure defined on R,
let ¢ > 1 be a real number and K : Clz] — LY(R,da) be a linear operator.

Define the numbers

mm=AmemeMM@

Assume that:
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(1) KO,O =1 and K071 = Kl,O = O,

(2) Re K072 > —1.
Then there exists a unique operator C € € such that

im [ Kn(f)(@)g, (2)day(VNe) = / CH@g@drz)  (58)

N—oo RN

for every f,g € Clz|, where Ky is the sequence of operators defined by (5.6).
Furthermore, the representation C = M, T, Sy is valid if and only if:

. —K;
() 7= Tres

(ZZ) )\2 =1 + K270 —|—7’(1 +7—)K12,17

(173) dw = (1 +7) K.
Remarks.

(1) Observe that if A* # 0 then the system (i)—(i77) always has two solutions of
the form (7, £w, =\). However, these two triples define the same operator
C since T,,Sy = T_,S_y. If A2 = 0 then the operator C is still uniquely
defined since TSy = 5y for every w € C. We also note that T,,5\ = ST,
if ab = w\ and \}(1 —w?) =1 — a?.

(2) Condition (1) in the previous theorem is what we call orthogonality con-
dition. This assumption is necessary for the existence and non-vanishing
of the limit at (5.8) for f(z) and g(z) of the form az + b. We also note
that by equation (), condition (2) is equivalent to Ret > —1.
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(3) In [4], Beckner proved the convergence result (5.8) only for the two-point
measure da defined in (5.3) and the operator K, defined in (5.4). His
proof, however, is very different than our proof (which works in the general
setting). He exploited a special relation between Hermite polynomials and

symmetric functions that does not exist in the general framework.

The next result shows that if the initial operator K is a contraction then its

associated Centered Gaussian Operator C is also a contraction.

Theorem 5.1.2 (Transference Principle). Assume all the hypotheses of The-
orem 5.1.1. Suppose in addition that there exists a standardized probability

measure df and a real number p € [1,q| such that

1K fllza@ay < I fllzr@ap)

for every f € Clx]. Then C extends to a bounded operator from LP(R,d)
to LY(R,dy) of unit norm. Moreover, 7 = 0 (or equivalently C(1) = 1) and
the limit (5.8) is also valid for all f € Clx] and all continuous functions g(x)
satisfying an estimate of the form: |g(x)| < A(1 + |z|?), for some A > 0.

The problem of hyper—contractive estimates for the Hermite semi-
group was partially solved by Weissler in [76] and then completely solved
by Epperson in [30]. They proved that for all p,q > 0 with 1 < p < ¢ < o0,
the Hermite semi-group operator T, defines a contraction from LP(R,d7y) to
L9(R,dv) if and only if

p—2—uw*(q—2)| <p—|wl’q (5.9)

We also refer to [25, 42] for more results on hypercontractivity.

The next corollary is a straightforward application of Theorem 5.1.2 to semi—

groups.
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Corollary 5.1.3 (Transference Principle for Semi-groups). Let da be a stan-
dardized probability measure and denote by { Py(x)}r>o the set of monic orthog-
onal polynomials associated with da (see [72, Chapter 2]). Define the following
semi—group operator

K, : Pi(z) — w'Py(x)

for w e C. Then K, satisfies all the hypotheses of Theorem 5.1.1 and C =T,
is the Centered Gaussian Operator associated with K. Furthermore, if for

somew € C and p,q > 0 with 1 < p < q < 0o we have an estimate of the form

1K fllza@a) < £ 2r(aa)
for every f € Clzx]|, then the operator T,, satisfies the analogous estimate

1T fllzagay) < N fllzeaqy

for every f € Clz] and condition (5.9) must be satisfied.

5.2 Representation in Terms of Hermite Polynomials

The proof of Theorem 5.1.1 relies on the formal representation in terms
of Hermite polynomials of an operator C € €. The next lemmas deal first with

the convergence issues. We begin by compiling useful estimates.

Lemma 5.2.1. We have the following estimates:
(1) For every ¢ > 1 and B > 0 we have

- |N _Bl|z| o
NN ||+ iy|Ve HLQ(RQ,dw(:c)xdv(y))_O' (5.10)

(2) For every t,x € C we have

L

>

tf
- H ()
14
£=0

< el / elldy(y).
R
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(3) For every t,x € C we have

> [

£>L

. t:L‘—I—zy )|
't'/‘ | dy(y).

Proof. Estimates (2) and (3) are consequences of the integral formula (6.20)

and the following inequalities respectively

L 83 L+1
Zﬁges and Zﬂ < L+1) (s >0). (5.11)
=0 >L
Using the following inequalities
2a43/2 13
(a+b)f <27 a" +b") and ab< + 3 (a,b>0, t>1)

we deduce that
/ / |z + iy VPN dy (2)dy (y) < 2N (1 + / Iml?’N‘”de(x))
o = 2N (1 + W_Hf/223Nq/4F(3Nq/4 +1/2))
< 4N (1+T(3Ng/4+1/2)),

where the implied constants depend only on B and ¢. Using Stirling’s formula

D(14+1) ~V2rtt2et = o0

the limit (5.10) follows. This completes the proof. O

Now we prove a useful inequality.

Lemma 5.2.2. Let w, A € C. Then for every L' < L and every t,z € C we

have

exp [zwAt — (1 — N +w’X?)t? /2] —

S\ ()

=
t( a:+zy )|[Er A2 — 1)¢2/2|LL=LN/2]+1 "
< [Hermin ) 10— [ sy
R

([(L—1L")/2]+ 1)
w JJ i L+1
o At L= r() fexp 102 = D20 + (1 -+ oDl
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Proof. Using the generating function (6.19) one can deduce that

Hy(Az) = Z (i) (1~ Az)%HEfk((DHk(x)'

k=0

Now, we can use (6.18) to obtain

. . {L;kJ
tt A2 — D2/ | (wAt)F
> s =3 | 3 = DERE 2 g o

L
2_1\42 WAt k
_ e()\ 1)t4/2 § ( k') Hk-(l')
k=0 '

L 2 1\42 /oV¢ YL
3| v (A" =1)¢/2)" | (wAl) Hylx).

¢! k!
= \efm
Thus, we have
Lo
2 22y,2 t
explrwAt — (1 — X + w\7)t7/2] — Z %TwS,\(Hg)(x)

N = N —1)12/2)0 | (wAt)
_ e()\ —1)t%/2 _de) +Z Z (( ) / ) ( ) Hk(x)
>L k=0 g%;kJ
=:Zy(t,z, L) + I(t,x, L).
We now estimate quantities Z; and Z,. Using the estimate (3) of Lemma 5.2.1

we obtain

_ N t(x +ay)|
T, (t, @, L)| < el -DF/21+1 /ﬂg%dy(y). (5.12)
Now, we split quantity Z, into two parts

To(t,x, L) = Ji(t,z, L', L) + Fo(t,z, L', L),
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where J(t,z, L', L) denotes the sum from k =0 to k = L’ and Jo(t,z, L', L)
the sum from & = L' + 1 to L. Applying estimate (2) of Lemma 5.2.1 and
inequality (5.11) we obtain

Ll

WAL|* 2 1\42 /9|0
ﬂ(t,w,L’,L)§<Z‘2f‘ IHk<x)|> 3 (A gll)t/2!

£=0 ’ L-L'
172

< (|21 /2]t (X2 — 1)¢2 /2| LE=ED/211

B (L(L —L)/2] +1)! /Re'm‘”'dv(”y)-

(5.13)
By a similar method we obtain
_ ntal [ wAE(z 4y |
‘72<t,$,L,,L) < e|()\2 1)t2 /2| +|wAt |/R | ((L/ " 1y))'| d'}/(y) (514)
The lemma follows from (5.12), (5.13) and (5.14). O

Remark. Notice that, by taking L' = | L/2], the previous lemma implies that

L e
lim Z t—'TwS)\(Hg)(QT) = exp [zwAt — (1 — N + w?A*)? /2],
=0

L—o0 14
where the convergence is uniform for ¢ and x in any fixed compact set of C.

Let C € € with C = M,T,S,. Since Rer > —1, we can easily see
that C(C[z]) € L'**(R,dv) for some small ¢ > 0. Therefore, the following

coefficients

o = /R CUH,) (2) o (2)d7 (2) (5.15)

are well defined and if ReT > —1/2
o Ctm
C(H)(z) = Z WHm(x)
m>0
in the L?(R,dy)—sense. The next lemma gives an exact analytic expression
for these coefficients. Below the operation A represents the minimum between

two given numbers and V represents the maximum.
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Lemma 5.2.3. Let 7,w, A\ € C with ReT > —1. Then

‘A (__7_) ZVm;Z—‘rn (_a) E\/m;ern b@/\mfn

Com p
gén! - Z |e—:,j , (5.16)
T a2 2 /2 (2R A — )

if {4+ m is even and cp,, = 0 if £+ m is odd. The quantities a and b are given
by
Aw

1 A2 Ak b= . 5.17
¢ )\+)\w7+1, T4+1 ( )

Proof. Step 1. Define for every N > 0 the following function

FN<87 t)
al ttsm N g N gm
=y Comp— = 4 M, T, (Z E}g) (2) (Z %Hm(g;)) dy(z)
£,m=0 =0 m=0
(5.18)
for every s,t € C. We claim that if Re7 > 0 and ¢ € [1,00) then
H\/l + Texp [zwAt—(1 — A\ + w?N?)t?/2 — 72? /2]
- ﬁMrTwS,\(Hg)(x)
=0 La(dv(z))

converges to zero uniformly in the variable ¢ in any fixed compact set of C.

Assuming the claim is true, we prove the lemma. First we deal with
the case ReT > 0. In this case, by an application of Holder’s inequality in
(5.18) we deduce that

F(s,t) := J\}EI;OFN(S,t)

Y 7'/Rexp (WAt +5) — (1= X2+ WA /2 — 2/2 — 742/2] dy(a),
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where the limit is uniform in compact sets of C in the variables s and ¢. Using

—A(:c—B)2d o Z
e T = ,
/ ;

which holds for every A, B € C with Re A > 0 we conclude that

the following identity

-
+1

F(s,t) = exp {—at2/2— 82/2+bt8:| :
T

with @ and b given by (5.17). We can now use the generating function (6.19)

to obtain
i/24i 2 .
o T s (bts)
F(s,t) = <Z>; g HAO)) <Z (r+1) ﬁHj(O)) <Z o )
= j=>0 >0
tithgith AN
jzk;o i (TH) i(0)H;(0)
Am (L %awbmm_n
N tem i HTZOH—m nO
E;O ’ nzzo n!(jm — €| +n)!(L Am —n)! (0) [6—m|+ (0),

where in the last identity we made the following change of variables: ¢ =i+ k

and m =7+ k.

Using identity (6.18) in conjunction with the fact that Fx(s,t) con-
verges uniformly in compact sets to F'(s,t) we deduce that the coefficients of
their Taylor series must match and thus the representation (5.16) follows for
Ret > 0. However, expressions (5.16) and (5.15) clearly define analytic func-
tions in the variable 7 for Re7 > —1. Thus, by analytic continuation, (5.16)

also holds for Rer > —1.

Step 2. It remains to prove the claim stated in (5.19) for Re7 > 0. Let

to > 0 and assume that |t| < ¢y. Using Lemma 5.2.2 and Jensen’s inequality
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we obtain

L
tf
H\/l + T exp [xw)\t — %tz — %xﬂ — Z EMTTWSA(He)(x)
=0

La(dv(z))
1/2 { s L+1_B|z|
<|1+7]"?B [+ | e
(L+1)! La(dvy(z)xdy(y))
(L—L")/2]+1
LB : ¢Blyl+z)
(L —L)/2] +1)! La(dy(z)xdy(y))
BL/+1 ’
|||z + iy [V B }
(L/ + l)l La(dvy(z)xdy(y))
(5.20)

for all L' < L, where B is a constant which depends only on |A|, |w| and .
Choosing L' = | L/2] and using item (1) of Lemma 5.2.1 one can easily see that
the right-hand side of (5.20) converges to zero when L — oo. This finishes
the proof. O

5.3 Proof of Theorem 5.1.1

The main ingredient of the proof is the multiplication formula (6.21).
By the fact the any polynomial can be uniquely written as a linear combination
of Hermite polynomials and by Lemma 5.2.3, it is sufficient to prove that
com(N) == | Kn(Hy) (@) Hpls (@)day(VNZ) = ¢, N — 0
RN
where ¢, is given by (5.16) with the parameters 7,w, A given by equations

(1), (1) and (i27) in Theorem 5.1.1. Applying identity (6.21) we obtain

c (N) . g'm' Z Kh,ml KZNymN
tm N tm Ellml! EN'mN'
2 044l N=t

mi+...+my=m
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By doing a change of variables that counts the number of appearances of each

term - we obtain that

N 2 [P;j] 1,j ~ %I
where the last sum is over the subset of matrices [P,;], i = 0,...,¢ and j =
0,...,m with non-negative integer entries satisfying the conditions below:

(L) > ik =1
(1I) Z” Jb; =m,
() >, Pij = N.
These conditions imply that P; ; < max{¢,m} if (i, j) # (0,0) and
N> Pyo>N—max{{,m}[({+1)(m+1)—1].

Thus, the subset of matrices determined by (I)—(III) is finite and the number
of elements does not depend on N. Also, since Ky = 1 we obtain

0'm! N! LK\ T
com(N) = —m ( : .’]> . (5.21
N ] { (N =30 P T, P! 1_][ il (5:21)

where the symbols [ and >_" mean that the term (i, 5) = (0,0) is excluded.
We also obtain that for every [P, ;] satisfying (I)-(III) we have

NI N2 Pis
(N - Z;] Pi7j)! H;] Pivj! H;] Pi,j!

when N — oo (the symbol ~ means that the quotient goes to 1 when N — o0).

We now investigate the possible values for Z;j P, ;. Notice that if P},

or P is not zero then the quantity in the brackets at (5.21) is zero because
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Ko1=Ki0=0.1If P,y = Pig =0, then by equations (I) and (II) we conclude

that
C+m 147 /
SR
Z’] 27‘7
with equality occurring if and only if ¢ +m = 2(Poa + Poo + Pi1), { + m is
even and P, = 0 if (i, §) ¢ {(0,2), (2,0), (1,1),(0,0)}.
We conclude that the limit of (5.21) when N — oo is zero if £ + m is
odd and is equal to
K5 Ky Ky 1

!
thm! 22P02+P20P02|P201P11

(5.22)

if £+ m is even, where the above sum is over the set of non-negative integers

P0’27 P270, Pl,l satisfying:

(IV) 2P270 —|— Pl,l — g,

(V) 2R+ Pii=m

Depending on whether ¢ is greater than m or not, one can do an appropriate
change of variables (for instance if m > ¢ choose n = 2P, ) to deduce that

(5.22) equals to

' Nm—m+n INm—Ll+n
Am {AmM—n 2 2
K 11 K, 0 K 0,2

ot D

= 2 2 (0 Am —n)l(n/2)! (W)'

n even

Finally, we can apply Lemma 5.2.3 to conclude that the above quantity equals
to

[ ety @) @

R

if Koo =—7/(1+7), Kog=X—1-Xw?7/(t+1) and K;; = Aw/(1 + 7).
This finishes the proof.
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5.4 Proof of Theorem 5.1.2

Step 1. First, we claim that for every N > 0 the operator Ky defined in
Section 5.1.3 satisfies

HKN(f)(w>HLQ(RN,daN(\/Nm)) < “-f(w)“LP(RN,d,BN(\/Nm)) (5.23)

for every polynomial f € Clxy,...,zy]| (recall the notation in Section 5.1.1).

Denoting by
g(z1, .. an—,yn) = Ky Ky, o Ky, [f(y/\/ﬁ)} (\/le, e \/N:l?n_l),

where K, denotes the restriction to the y; variable of the operator K, we

conclude that
Ey(f)(x1,....2n) = Ky lg(z, .. on,yn/VN)(VNay).

We obtain

”KNf(w)HLq(da(\/ﬁxl)x...xda(\/ﬁxN))
= || ||KyN [g(mb <oy TN—1; y_lyv)](\/ﬁxN)HLq(da(\/NxN)) ||Lq(da(\/ﬁxl)X...Xda(\/NxN_l))
<|g(zs, ..., zn-1, yN)]HLp(dﬁ(myN)) |’Lq(da(\/ﬁzl)x‘..Xda(\/NzN_l))

< H Hg(ajlﬂ <oy TN-1, yN)] HLQ(da(\/ﬁzl)x...xda(\/NzN,l)) HLP(dﬁ(\/NyN)y

where the second inequality is Minkowski’s inequality since ¢ > p. We now

can apply the same argument to estimate the quantity

Hg<x17 ~oes TN-1, yN) ||L‘I(RN—l,da(\/ﬁxl)x...xda(\/]VxN_l))

for fixed yy and conclude by induction that (5.23) is valid (see also [4, Lemma

9)).
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Step 2. Now, let C € € be the Centered Gaussian operator associated with
K and f € Clz] with || f||zrray) = 1. Since C[z] is dense in L?(R,dy), for
every € > 0 we can find g € C[z] with [|g[| ¢ g 4,) = 1 such that

ICCH) e < ‘ / ) @)g(@)d (o) + <.

However, for N sufficiently large we have

[ eth@santa)

< KN(f+)(zc)g+(a:)daN(\/Nzc)

RN

< HKN(f+)<a3)HLq(RN,daN(\/Nm)) Hng(w)HLq’(RN,daN(\/Nm)) t+e

+e€

< ||f+(1’)||Lp(RN,d5N(\/Nm)) ||9+(33)||Lq’(RN,daN(\/Nm)) +e

= Hf<x>HLP(R,d,8N(\/Nx)) Hg(x)HLq/(R,daN(\/N:L‘)) +e,
(5.24)

where the second inequality is Holder’s inequality and the third one is due to
(5.23).

Since da is a standardized probability measure, Fatou’s lemma for
weakly convergent probabilities [31, Theorem 1.1] together with the conver-
gence of the absolute moments in the Central Limit Theorem [74, Theorem 2]
imply that

lim [ h(z)da™(VNz) = / h(z)dy(z) (5.25)

N—oo R R

for every continuous function h(x) satisfying an estimate of the form |h(z)| <
A(1 + |z|?), for some A > 0. Thus, we conclude that the right-hand side of
(5.24) converges to 1 + ¢ when N — oo. By the arbitrariness of ¢ > 0 we
conclude that ||C(f)||rsay) < 1. By the density of Clz] in LP(R, d) for finite
p > 1, we conclude that C extends to a bounded linear operator of norm not

greater than one.
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Step 3. Now, observe that since Ko = 1 we have
Kn(1)(x)day(VNx) =1
RN

for every N > 0. Thus, we obtain

1= [ e@ara) < 160 luma < 1.

This implies that |C(1)(z)| = 1 for every real z. We conclude that 7 = 0 or,
equivalently, C(1) = 1.

Now, let f € C[z] and let g(x) be a continuous function satisfying an
estimate of the form |g(z)| < A(1+|z|*). Given ¢ > 0, take h € C[z] such that
19 — hll 1o ® a4y < € By estimate (5.23) and Holder’s inequality we conclude
that

[etn@e@in) - [ Klf)@g@idan(VNa)
< ellC( sty + 1 F @) e o 196) = B o ias (v
/R CN@h(@)dy(@) — [ Kn(fo)@)h(@)day (V)

RN

+

We can now use the Central Limit Theorem as stated in (5.25) to obtain that

lim sup
N—oo

[eh@siana) = [ K@ @day(vNe)
< & (I o + 1@ )

The proof is complete once we let ¢ — 0.
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Chapter 6

Appendix

6.1 L? de Branges Spaces

De Branges spaces are closely related to Hardy spaces in the upper
half-plane C* = {Im z > 0}. For a given p € [1,00) the Hardy space H?(C*)

is defined as the space of holomorphic functions F' : C* — C such that

sup [|[F'(z + iy)||» < oo, (6.1)
y>0
where || - ||z» denotes the standard LP-norm in the variable z. This space

endowed with the norm (6.1) defines a Banach space of holomorphic functions

on the upper half-plane.

It can be proven that for every F' € HP(C') the limit
F(a) = lim Fla + i)

exists for almost every real x and defines a function in LP(R). Moreover, we

have the following Poisson representation

, y Re F'(s) .
F == | ————d f 2
Re F(z + iy) 7T/R(x—s)2—|—y2 s if y >0, (6.2)
and the following Cauchy integral formula:
1 F(s) :
— = F f + .
57 RS_ZdS (), if zeC (6.3)
and
1 F
L [EG g0 i zect (6.4)

2m Jgp s — 2
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Using the Poisson representation (6.2) and Young’s inequality for convolutions,

one can deduce that
sup [|F'(- +iy)|l, = |1 F']l,- (6.5)
y>0

Using (6.3) one can show that HP(C") is indeed a Banach space. All these

facts are contained in [58].

Proposition 6.1.1. Let F(z) be an holomorphic function in C* that has a
continuous extension to the closed upper half-plane. The following are equiv-

alent:

(1) supyso [[F(- +iy)ll, < oo.
(2) F(z) is of bounded type in C*, v(F) <0 and
1E]l < oo

Proof. First we prove that (2) implies (1). Since F'(z) is of bounded type with

non—positive mean type we have (see [6, Problem 27))

log | F’
10g|F(z)|§g/Mdt
™ R(.:E—t)2+y2

Jensen’s inequality implies that

|F<z>|s9/< F(t)]

— 2 dt
7 Jg (x—1)2+ 92

Applying Young’s inequality for convolutions and Fatou’s lemma we conclude
that

sup || F (- + iy) ||, = [|F]l,-
y>0
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Now we show that (1) implies (2). Write Re F'(t) = g(t) — h(t), where
g(t) = max{Re F(t),0} and h(t) = max{—Re F'(t),0}. Let G(z) and H(z) be

holomorphic functions in C* such that

Y g9(t)
ReG(z) = ;/}Rmdt
and
y h(t)

ReH(2) == | ————=dt
e H(2) 7T/R(x—t)2+y2
for all z € Ct.
Since Re H(z) > 0 and ReG(2) > 0 in C*, we conclude that G(z) and
H(z) are of bounded type with non—positive mean type (see [6, Problem 20]).

By representation (6.2) F'(z) differs from G(z) — H(z) by a constant, and we
deduce that F'(z) is of bounded type with non—positive mean type. ]

The de Branges space HP(FE) is defined as the space of entire functions
F(z) such that F(z)/FE(z) and F*(z)/E(z) are of bounded type with non—
positive mean type and F(x)/FE(z) € LP(R) when restricted to the real axis.

The above proposition shows that F' € HP(FE) if and only if

sup || F(- +iy) /E(- + i[y])||, < oo,
yeR

or equivalently, if F'/E and F*/E belong to H?(C"). Using the Cauchy rep-
resentation (6.3) and (6.4) one can deduce that

[ F(r)K(w,x) .
Flw) = /R o (6.6)

for all w € C*, where K (w, z) is the kernel defined in (2.6). Using the repro-
ducing kernel property (6.6) together with the completeness of Hardy spaces
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it can be proven that the spaces H?(E) are indeed Banach spaces with norm

D 1/p
1F 5y = ( / dx) |
R

Evidently ||K(w,.)||g, < oo for every 1 < ¢ < oo and w € C. Using

given by
E(x)

Holder’s inequality we obtain an important estimate
[F(w)] < 1 Flepll K (w, )l zp, (6.7)

where p’ is the conjugate exponent of p. Using the known fact that the space
HP'(C*) can be identified with the dual space of HP(C*) for p € (1,00) one

can deduce that
HP(E) =HY'(E) for pe (1,00). (6.8)

That is, if A is a bounded functional over H”(E) then there exists a function
A € H”(E) such that

[ F@A@
WA F>‘/R BE@p

for all F' € HP(E). The proof of this duality result deals with model spaces for

HP(C*) which diverges from the purposes of this section. For the interested

reader we refer to [2, Proposition 1.1] and [24, Lemma 4.2].

Another important result in this theory is a theorem of Krein [50].

Theorem 6.1.2 (Krein). Let F(z) be an entire function. The following are

equivalent:

(1) F(z) is of exponential type and

1 +
/ 26 17\ |F(x)|dx < 00.
r 1+ a2?
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(2) F(z) and F*(z2) are of bounded type in C*.
In this situation we have T(F) = max{v(F),v(F*)}.

Remark. An application of this theorem can show that if a Hermite-Biehler
function E(z) is also of bounded type in C* then E(z) is of exponential type
and F' € HP(FE) if and only if 7(F) < 7(F) and F/FE € LP(R).

6.2 Homogeneous Spaces

In what follows we briefly review the construction of a special family
of de Branges spaces called homogeneous spaces which were introduced by de

Branges (see [6, Section 50] and [47]).

Let a > —1 be a parameter and consider the real entire functions A4,(z)
and B,(z) given by
00 (_ 1)71 (l Z) 2n

42 =2 T 1) et ~ D) ) (69)

and
_ So: (_1)71(%75)2”“ _ 1.\~
Ba(z) = plla+1)(a+2)...(a+n+1) Plat+1) (32) 7 Joa(2),

(6.10)
where J,(z) denotes the classical Bessel function of the first kind given by
—1)" 1 _\2n+a
I = S A
n!INa+n+1)

n>0

If we write z = x + 1y then, for every @ > —1, we have

Ju(z) = /= <Cos(z —am/2— 7/4) + elyl0(1/|z\)) (6.11)

U4
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for x > 0. This estimate can be found in [75, Section 7.21].
If we write

E.(z) = Au(2) — iB,(2),

then the function F,(z) is a Hermite-Biehler function with no real zeros.
Moreover, it is of bounded type in C* and of exponential type in C, with
v(E,) = 7(E,) = 1. Observe that when o = —1/2 we have simply A_;/5(2) =

cos z and B_y/5(z) = sin z.
These special functions also satisfy the following differential equations

A(2) = —Ba(2)

(6.12)
Bl (z) = Au(2) — 2a + 1)Bu(2)/ 2.
By (6.9), (6.10) and (6.11) we have
| Eo ()] 22 2 (6.13)

and
|22t Ay (2) By (2)| = C’a(| sin(2x — am)| + O(l/\x|))

for |z| > 1. We conclude that A,B, ¢ H*(E?), hence B, ¢ H?*(FE,). Also, by

(6.12) we have
Ba(2)

2Eq(2)
for all real z € C*. Hence [E! (2)/E4(2)] € H®(C").

=1-(2a+1)

(6.14)

Denoting by ¢,(2) the phase function associated with F,(z) and using
the fact that ¢/ (t) = Re[iE!(t)/E.(t)] for all real ¢, we can use (6.14) to

obtain ( VAL (O B.(D)
200+ 1 t)B,(t
L) =1- o
7ol IE(OF
Hence,
@l (t) ~4 1 for all real t. (6.15)
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For each F' € H?*(E,) we have the remarkable identity

/R F (@) | Ea(x) 2 da = ¢4 / F (@) o d, (6.16)

with ¢, = 72727 T'(a+1)~2. Using the fact that E,(2) is of bounded type, we
can apply Krein’s Theorem 6.1.2 together with (6.13) and (6.16) to conclude
that F' € H?(E,) if and only if F(z) has exponential type at most 1 and either
side of (6.16) is finite. Again, by Krein’s Theorem, for any integer v > 0 and
p € [1,00) we have that F' € HP(EY) if and only if F(z) has exponential type
at most v and F/EY € LP(R).

For aw > —1/2, the Hankel’s integral for J,(z) is given by

2/2 ZSZ a*%
Jo(2) = a+1/2\/_/ - ds.

Using (6.9) and (6.10) and an integration by parts, we deduce the following

integral representation for av > —1/2

oz+1

(a+1/2)y/7 J_
By simple estimates, we deduce from the above representation that v(E?) =

v(E,) = 1 for a > —1/2. Also, it is not known if the zeros of F,(z) have

E.(z) = e (1 — (1 — s)ds.

a positive distance from the real axis. Thus, we cannot directly apply Theo-
rem 3.1.2 for homogeneous spaces in the case p > 2. Nevertheless, Theorem
3.4.2 will follow for these homogeneous spaces by verifying that the alternative

condition (3.29) holds, as pointed out in the remark in the end of Section 3.3.1.

Lemma 6.2.1. Let o > —1 be a real number and v > 0 be an integer. The

space HP(EY) satisfies the following properties:

(1) HP(EY) C HIUES) if 1 <p < g < oo
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(2) HP(EY) is closed by differentiation for every p € [1,00).

(3) If p € [1,00) there exists a constant Cy, > 0 such that

[F(2)] )
2 (Lt [t Kyalt, ()12 < CapllFllyp for every F € HP(EY),
Aa(D)=0 vialbs

where the function K, (w,z) denotes the reproducing kernel of H*(EY).

Proof. Item (1). The desired inclusions follow by the previous discussion about

the properties of homogeneous spaces and Lemma 3.3.1.

Item (2). Define an auxiliary function ¥(z) in the following way. If a <
0 write U(z) = E_1_o(2)". If @ >0, let k£ > 1 be an integer such that |1/2 +
o — k| < 1/2 and define U(2) = [E_34(2)** Y Ej_o(2)]". We conclude that
W(z) is of exponential type and, by (6.13), |¥(x)| ~ |z|*(@+Y/?) ~ |E,(x)|™" for
|z] > 1. By (6.14) and some simple calculations we have |U'(z)| < |¥(x)]| for
all real z. Also, by redefining U(z) = W(az) for some a > 0, we can assume
that W(z) has exponential type 1. We conclude that F' € HP(EY) if and only
if F(z) if of exponential type at most v and F¥ € LP(R,dz).

If F € HP(EY) has a finite number of zeros then a simple calculation
would show that F”(z) is a finite combination of functions in H?(EY). If F(z)
has an infinite number of zeros, let k = [|v(a + 1/2)|] + 2 and wy, ..., wy be
zeros of F'(z). Define then G(z) = F(z)/[(z — wy) ... (2 — wy)]. Clearly, G(z)
if of exponential type at most v and, by an application of Holder’s inequality,
G € L'(R,dz). Since the Paley—-Wiener spaces are closed by differentiation
we deuce that G’ € L'(R,dxz) and has exponential type at most v. Hence
F’(z) has exponential type at most v. On the other hand, FW € LP(R,dz)
and again this implies that (FU)" € LP(R,dx). Since F'V = (FV) — FV’
and |V'(z)| < |¥(x)| for all real z, we conclude that F'¥ € LP(R,dz). Hence
F' e HP(EY).
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Item (3). By item (2) it is sufficient to prove that

[E@)] ’
S e o WFllgy, forevery P e #0(EL)
Aa (£)=0 v,a\ly

By (6.15) we conclude that K, ,(z,1)/? =~ |E,(x)|” for all real z and the zeros

of A,(z) are separated. We can use Holder’s inequality to conclude that

|F(#)] NP
2 (1 + [t K yalt, 1)1 <<p’“’”(,42 ) ‘
Z F(t) P

A (t)=0 o(t)=0
P
| <paw / dt (6.17)
Aq (£)=0 Ea(t) R

for all ' € HP(EY). Since VF € LP(R,dx) we can apply the Plancherel-Pdlya

Theorem to obtain

(1)
Ea(t)”

Hence, we only need to show that

F(t)
Eo(t)”

> PP <<pw/|F ()P dt

Aa(t)=0

for every F' € HP(EY). This implies (6.17) and concludes the proof. O

Remark. The proof of item (2) is inspired in the proof of [16, Theorem 20].

6.3 Hermite Polynomials

The Hermite polynomials {Hy(x)}s>o are the orthogonal polynomial
associated with the normal distribution dy. They are recursively defined in
the following way: Hy(x) = 1, Hi(x) = x and Hy(x) is defined as the unique
monic polynomial of degree ¢ that is orthogonal to { Hy, . .., H,_1 } with respect
to the inner product generated by dv, that is,

/He z)dy(z) =0
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if ¢ > m. Tt is known that they form a complete orthogonal basis for L*(R, d~)
and are dense in LY(R,d~y) for every g € [1, 00).

They satisfy the following recursion relation
Hoor(x) = Hy (@) Hylw) — CHy ()

for every £ > 1. By an application of this last formula we obtain two useful

identities
/ Hy(2)Pdy(z) = 01 V>0
R
and
(=1)420
Hy(0) = —F—r 6.18
if £ is even and H,(0) = 0 if £ is odd. The associated generating function is
given by
- t'
e =y S H(w), (6.19)
0

where the convergence is uniform for ¢,z in any fixed compact set of C (see

Lemma 5.2.2). We also have the following integral representation

Hiw) = [ @+ i) drio) (6.20)
R
A very important formula for our purposes is the multiplication formula
below
Hoy(x1+ ...+ zn) _ 1 Z Hy (v Nzy) .”HEN<\/N:CN)’ (6.21)
¢! Nt/2 (4! (!

£1+...+£N=€
which holds for every (xy,...,zy) € CV. This last formula can be deduced by
using formula (6.20) and the fact that dy(z) = dy"(v/Nz) for every N > 0

(see the notation Section 5.1.1).

All these facts about Hermite polynomials can be found in [72, Chapter
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