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Goal: To introduce you to integrability in AdS/CFT

Why should we (integrable community) care?

% | “N\agic” in CFTs in D>2 | D=2: Vladimir Bazhanov
@ Uses every nice trick we know
(BA, TBA, NLIE, Hubbard, ...), "Integrability
and some new ones! Paradise”

Why does the high-energy community care?

® May lead to solution of a 4D gauge theory

@ String theory in a curved background



So, what model are we talking about?

2 descriptions: blind men & elephant

strong coupling: weak coupling:

classical perturbative
type IIB string N=4 SYM
on AdSs x S° CFT.

But it is one and the same theory! =AdS/CFT  Madacena 97)
Nick Halmagyi

And - at least in the planar limit - it seems to be infegrable!



Plan

@ Today: describe CFT “side”

@ action, symmetries

@ planar limit

@ anomalous dimensions
@ 1-loop mixing matrix

@ Subsequent: integrability & how to exploit it

string “side”: Changrim Ahn






global
SU(4) = SO(6)

Field content: "R” symmetry
@ gauge bosons Au(z), p=0,1,2,3 1
® 6 massless real scalars ol(x), I=1,...,6 6
@ 4 chiral fermions ) S| s AR — o 4

@ 4 anti-chiral fermions v,.(z), a=1,...,4, a=34 4

All fields transform in the adjoint rep of SU(N) gauge group

NeY]

e.g. oy="" I e (7%)7 N xN traceless
a=1

Hermitian matrices

' (z) = U(z)¢' () U(z)', U(z) e SUN)



. A [Gliozzi, Scherk & Olive 77;
AcC flOn. Brink, Schwarz & Scherk 77]

1 It 1
S = /d4x tr {§F3V + (Duo' )2 = ; [qbl , gb‘]]2 — fermions}

5
9y M
e e e A e

symmetries: local SU(N) gauge Pt

Lorentz SO(1,3) = SU(2) x SU(2)

1 1 1 1
SCClle x’u%a’x#7 A/L% EA,LL7 ¢ - E¢ ) w £ a3/2¢

Aside (important later):

—> “bare” scaling dimensions & —» —— &

Nol(dsr=A8lo ) =1, "9 (= 3/2



. A [Gliozzi, Scherk & Olive 77;
AcC flOn. Brink, Schwarz & Scherk 77]

1 It 1
S = /d4x tr {§F3V + (Duo' )2 = ; [qbl , gb‘]]2 — fermions}

5
9y M
e e e A e

W, =0 o

symmetries: local SU(N) gauge

Lorentz SO(1,3) = SU(2) x SU(2)

1 1 1
SCClle x'u e CLZU'M, A,u R _A,LL7 ¢I = _¢I Y w ? 3 2?7b
a a a3/

conformal SO(2,4) = SU(2,2)
R-symmetry SO(6) = SU(4)

N=4 supersymmetry

N=4 superconformal PSU(2,2|4) ~SU(2,2]4)/U(1)

Unbroken by quan'l'um effects! [Mandelstam 83; Brink et al. 83, ... ]






N 00, vgvar 08 A =g Nl o] ['t Hooft 74]

Only planar Feynman graphs survive:

double-line notation

propagators =y closed curve: N

vertices \i B ////
/ 9y /\ gYM

(9YM)3 YRS (gYMN)N




N 00, vgvar 08 A =g Nl o] ['t Hooft 74]

Only planar Feynman graphs survive:

double-line notation

propagators =y closed curve: N

vertices \+ gl ////

<:> (9va1)°~ "Nt = (9 N)?N?




N 00, vgvar 08 A =g Nl o] ['t Hooft 74]

Only planar Feynman graphs survive:

double-line notation

propagators =y closed curve: N

vertices \i B ////
/ 9y /\ gYM

@@ (9v2)°*N? = (g3 N)°




summary: # loops

planar

<:> ~ (gyuN)°N? 3

N g power of A~ # loops

@@ ~ (9% 4y N)® non-planar

|

suppressed ~ N




@ Integrability in /N=4 SYM has so far appeared
only in planar limit

@ We shall henceforth work exclusively in this limit

® N=4 SYM reduced to having just 1 free parameter )






conformal primary operators O(x)

2-point function: !

(O@) OW) ~ =

A: (“conformal” or “scaling”) dimension

A=A\ =Ag +v(N)
PR

bare anomalous

Main problem:
Determine A()) for all operators & for all )




For A small ("weak coupling”), can use loop expansion

6
Example: Konishi  0(z) =) " tr¢’ ()¢’ (z)
o @ local

Recall Ay(e') =1 @ gauge-invariant

@ single frace

Ag(O)=1+1=2

"tree” level (no loops):

3\2 1
g O O ThEne ™ . Y
2
= Ij J _ cIJslsi v wm
% (¢ () o% "(W))o =0 5i5i8ﬂg‘x_y|2



1-loop level: log divergent; need UV cutoff A

(@) 00 = fomr |1 55 log (Ala))

F 4.
2 ~v e a2 08I (A1 T3 o

Renormalize: Op(z)=Z0(z), Z=Ai*

1-loop

@, Or(0)) ~ A% anomalous function of
< R(-CU) R( )> ‘ZE|2A7 | AT T \




For general conformal primary operator O(x)

(O(z) 0(0))

~ oy (1= 2ylog (Alz]) + ...

A3

Y
|Qj‘2AO‘|‘2’7

Renormalize: Ogr(z)=Z20(x), Z=A\"

(Or(@ OR(O) ~ Tz, A=Bo+7




For general conformal primary operator O(x)

(O(z) 0(0))

~ oy (L= 2vlog (Ale) + ..

A2

Y
7|20 +27

Renormalize: Ogr(z)=20(x), |Z=A" log Z = ylog A

(Or(@ OR(O) ~ Tz, A=Bo+7

s dlog Z & d/

o b dlog A dlog A




@ chiral primary operators

superconformal symmetry =

certain conformal primary operators (“chiral” or "BPS")
have O anomalous dimensions,
to all orders in A !

[review: Minahan 10]

m= D> Changrim Ahn







How about A for O't(z)=tr¢' (x)...¢'(z) 2
(Also local, gauge-invariant, single trace)

NOT a conformal primary operator!

Only certain linear combinations are conformal primaries

Ve (P E (e "mixing problem”

@ Already saw this for Konishi (L=2)

6

Zoll(m)

y Gl

@ At 1 loop, scalars mix only among themselves

@ Cyclicity of trace = 0O"'t(z) = 0"t (2) efc.



In general:

O% = 7308

ds

=%
dlog A

FOOn o ,YnOn

An:AO+7n

D=Ag+T

can compute Z perturbatively

mixing matrix

eigenvectors: conformal primaries

eigenvalues: anomalous dimensions

conformal dimensions

dilatation operator



[Minahan & Zarembo 02]

1-loop mixing matrix for O[] =¢y,..p, tro" (z)... 0" ()

A 1 < PBC
L= 87]{ = 5 Z (Kl,l—|—1 B 27)l,l—|—1) :

PR i S ]
I’L
() ey, — LY
permutation: e
Ll I; A ]J’, I 0 Q D 0
(ij)ll---IL =0y, ...5Ij '°'5lk'°'51L L : . |
trace:
(K )Ii'“I'L MY S ek A 1 I
Jk 11“'IL Il Ij7Ik IL L O

planar limit => only nearest neighbors |, [+1



Check 1: chiral primary operators

1

.9, Ynl =05,i0hk+05k00h) — 305,50k  HFEL...,6)

symmetric & traceless

2\
Bae o (K1,2—|-2—27)1,2)O¢
1672
2\
== 0+2—2
16#2( S )V

=) v






SU(2) subsector

X=9¢'+ig?, Y=¢>+i¢*, Z=¢°+i¢°

Consider just Z & X X () Z e
L
A
E= ﬁH7 H = (1_7Dl,l—|—1) pBCS
4 Je= L+1=1

Problem: to determine eigenvectors & eigenvalues

Tomorrow: exact solution!



