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1. Wrapping effect 

 

2. Thermodynamic Bethe ansatz method 

 

3. Luscher corrections 

 

4. Y-systems 
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• High-order Feynman diagrams connect operators farther 

away 

• When the length of a composite operator is shorter than the 

order of the perturbative expansion: “wrapping” interactions 

appear  

     BAE is valid only when the length is infinite 

• The length of spin-chain is another important parameter 
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• su(2) Konishi 

 

• BAE :  

 

 

• Perturbative solutions 

 

 

• One gets  

 

Match with perturbative SYM 
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• BAE :  

 

 

 

 

• Perturbative solutions 

 

 

 

• BAE result: 
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 [Fiamberti, Santambrogio, Sieg, Zanon (2008)]  
N=1 supergraphs 
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Wrapping diagrams 



2nd Asia-Pacific Summer School in 

Mathematical Physics, Canberra 

• Perturbative SYM calculation 

 

 

• (cf) BAE result: 

 

 

• BAE is wrong at the 4-loop level 

 

 

• WHY?  

 

• Need new formalism which works for a finite-size L 

 

Asymptotic BAE is valid only when infinite L ! 



• Dispersion relation for giant magnon 

 

 

 

 

 

 

 

 

• How to compute this for general g ? 
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Finite-size effect 
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• From S-matrix to the finite-size effect 
 

• Al. B.  Zamolodchikov (1990) 
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Physical space                             Mirror space           
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• Mirror channel 

– Particles with a dispersion relation 

– S-matrix and scattering are valid only when R→∞ 

– N-particles in a box of length R 

– Bethe-Yang equation 

– Partition function  

 

• Physical channel 

– Dispersion relation  

– Partition function 

 

 

– Computing free energy in the mirror space  
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Free energy with temperature 



• Mirror free energy with  

– Log of Bethe-Yang equation : 

 

 

 

– n = # of particles, 

– dn = # of particles  with  u-values between u and u+du 

– n = # of unoccupied (‘holes’) states 

 

– Energy   

 

– Entropy : log of # of cases 

 

– Free energy:  

 

– Minimize free energy with the constraint of PBC 
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any integer 



• Lagrange multiplier 

 

 

 

 

 

• TBA eq. 

 

• Minimized free energy : plug into F and use TBA and partial integrate 

 

 

• Generalizations needed 

– Multi-species 

– Excited states  

– Non-diagonal S-matrix 
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• Multi-species : with dispersion relations  

• S-matrix :  

 

• TBA eq. 

 

 

• Ground-state energy : 

 

• Excited states for single species: partial integrate 

 

 

• If                               , deform the integral contour and residue integrate 
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Mirror  momentum Physical energy 
Dorey,Tateo (1996) 



• Multi-species excited states : 

 

 

 

 

• Non-diagonal S-matrix : 

• Diagonalize  the  transfer  matrix  to  derive  “Bethe-Yang” or “asymptotic 
Bethe” equations 

• Interpret  these  as  PBC  conditions :    

– “physical”  (momentum carrying)  :  Bethe-Yang  equation  

–  “magnonic”  (no  momentum)  particles  :  Bethe  ansatz  equations 

• Read off  “effective”  diagonal  S-matrices 

• Apply  TBA  equations  derived already 

• (ex)  su(2) S-matrix 
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• AdS/CFT contains infinite # of bound states  and  need their ABAEs 

• The bound states belong to higher dimensional representation of su(2|2) 
and their S-matrices can be determined by both su(2|2) and “yangian” 
symmetry [(cf) Rafael’s Lecture] 

• Bypassing derivation ABAE for the bound states, one can find the “diagonal” 
S-matrices by studying the string solutions by a similar logic of su(2) case 

• Classes of strings 
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Arutyunov-Frolov 



• Effective diagonal S-matrices for the bound states 

 

 

 

 

 

 

 

 

 

 

• Asymptotic BAE for these strings can be constructed 
straightforwardly since the scatterings are diagonal and TBA 
can be derived accordingly  
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• Thermodynamic BAE 

 

 

 

 

 

• Physical dispersion relation 

 

• Mirror one 

 

• Finite-size energy 

 

 

• Excited TBA by analytic continuation or by “Y-system” 
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Arutyunov,Frolov; Bombardelli,Fioravanti,Tateo; 
Gromov,Kazakov,Kozak,Vieira (2009) 



• One can introduce kernel which connects only nearest neighbors 

 

 

 

 

 

– (ex) bound-state S-matrix of su(2)-invariant theory 

 

 

 

– universal kernel for AdS/CFT (2d Dynkin diagram) 
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Incidence matrix of 
a Dynkin diagram 



• Define Y-functions :  

 

 

• Add another side of su(2|2) S-matrix 

 

 

• TBA with universal kernel 

 

 

– “deriving term” can be absorbed  

       into boundary condition 

– Excitation states from the boundary 

      conditions of Y’s 
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• Analytic analysis of TBA is possible when                is large 

• Consider two-particle excitation for one-particle species theory 

– TBA eq.  

 

– Constraint eq. 

 

– Energy 

 

• In the limit of  
 

 

– Bethe-Yang eq. 

– Finite-size correction for energy 
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• Energe correction for a single Giant Magnon 

 

 

• Luscher formula simplified when S-matrix has a pole 
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Janik,Lukowski (2007) 



•   

• Luscher formula : (L=4) [μterm vanishes] 

 

 
– Exponential factor using the mirror dispersion relation 

 

 

– All the bound states contribute to the same order and one needs the matrix element and 
dressing factor for these in the mirror space  

– After some algebras, the integrand becomes 

 

 

– Residue integrals 

 

 

 

 

2nd Asia-Pacific Summer School in 

Mathematical Physics, Canberra 

Bajnok, Janik (2008) 



• Spectral problem for any operator and any value of coupling 

constant is “solved” 

 

• Still solve infinite TBA equations 

 

• Numerical solutions need a lot of running time 

 

• Efforts to reduce it to a finite set of equations (NLIE) seem 

successful  [Gromov-Kazakov-Leurent-Volin, Balog-

Hegedus] 
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