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Plan

1. Wrapping effect
2. Thermodynamic Bethe ansatz method
3. Luscher corrections

4. Y-systems
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Wrapping problem

High-order Feynman diagrams connect operators farther
away

When the length of a composite operator is shorter than the
order of the perturbative expansion: “wrapping” interactions
appear

- BAE is valid only when the length is infinite
The length of spin-chain is another important parameter
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Three-loop su(2) Konishi

su(2) Konishi Tr[ZZXX], Tr[ZXZX]

BAE: pi=-p2=p o~1+0(°)

ei4p: 2U+’l§
2u—1

1 p\/ 2. 2D
= —cot=,/1 16g<sin“ —
u= 5oty i+ 16y >

Perturbative solutions — »=2"—vae2+ 2341

Match with perturbative SYM

|
( \
One gets A =4+12¢%—48¢* 4 3364° + 0(¢®)
A
;
m)\
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Four-loop

e |

- BAE: P1— —P2—=0DP

o14P — 6—172\/5(}(3)96.—2“ + ?, u = l cot E\/l + 16g2 sin? i
2u — 1 2 2 2
(u—v)(4uv — 1)

2 N 6 -
o“(u,v) ~ 14 256((3)g A+ 42)2(1 + 22 u=—v

-

>

 Perturbative solutions

2 9v3 72/3 + 72/ 3((3

« BAE result:

ABAg = 4+12¢°—48¢g*+336¢°—(2820+288¢(3)) g% +0(¢1°)
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ry (Feynman diagrams)

Fy =

x(1,2,3,4)
Fags =

(2.4,1,3)
Fpia = %"‘ji

[Fiamberti, Santambrogio, Sieg, Zanon (2008)]

Fpy = E E !

x(1,4,3.2)

FDT% =

Fpr =

Fpi =

4
L2
v

FDl

Fps

Fpio =

L
L
s

)
'
'

N=1 supergraphs

ke = % EE Feo = ?E :-[E Fes = m
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Wrapping diagrams

: M@&%®@@@&@

d4
© T -493:9:99:9:989
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Weq =

Wps

Wpgg

Wpgy =
Wpa =
Wpe =

Ve
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Perturbative SYM calculation

Apert. = 4+12¢%—48¢*+3364°-{(2496—-576¢(3)+1440¢(5) }¢°+0(41?)

(cf) BAE result:
Apag = 4+12¢%—48¢%+3364°(2820+288¢(3))s®+0(¢1°)

BAE is wrong at the 4-loop level
SA = Apert.—Apag = (3244864¢(3)—1440¢(5))g°+0(g'?)

WHY?  Asymptotic BAE is valid only when infinite L !

Need new formalism which works for a finite-size L
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Finite size effect in strong coupling limit

* Dispersion relation for giant magnon

J
(2gsm§+2)]+'“
J
!

Finite-size effect

E—J ~ 4gsin g—l6g sm3g exp

« How to compute this for general g ?
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5

e ansatz

Thermodynam

* From S-matrix to the finite-size effect

* Al. B. Zamolodchikov (1990)
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iagram of integrabl

\Sl
Al

|

Ordinary Bethe ansatz

weak
Luscher
Thermodynamic
> Bethe ansatz
Loop expansion
wrapping
expansion
Y-system

All-loop asymptotic Bethe ansatz

Finite angular

momentum

—

strong
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2d Euclidean geometry with PBC
Physical space Mirror space
Y
N
L
s o
8 8 ) 0 ¢ o0 o o 0 0 ¢ 0
At iy space
o = Ll g 3
E c—H(L) g —H(L) = } —H(R)
— L W space R = oo
space L
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Mirror channel
— Particles with a dispersion relation (&(u),5(u))
— S-matrix and scattering are valid only when R—oo
— N-particles in a box of length R
— Bethe-Yang equation i#(up)r ﬁ S(uj, up) = 1
— Partition function T 1
Z(R,L) =Tr [e—LﬁI(R)}
Physical channel
— Dispersion relation (e,p) = (—ip, —i€)
— Partition function Z(L,R) = Tr [e ()] x =fFo(L) 35 R - oo

- 1 ~ L ~
Z(R,L)=Z(L,R) — Eg(L)= == InZ(R,L) = }—3.7-"(1}) Free energy with temperature

1
T=—
— Computing free energy in the mirror space .

F(L)=E-TS
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* Mirror free energy with v, R —

any integer

— Log of Bethe-Yang equation : l
p(u;) — k3 g: InS(u;,ug) = 271‘& — plu;) + [u’p(u’)l InS(u;,u) = 2nd U
7R k73,1 g R 7 i g R A

e % ot / du’ﬁ(?ﬁ')i{i In S(u,u’) = 2r[pp(u) + p(u)]

— n = # of particles, A= maw” T ma

s

— dn = # of particles with u-values between u and u+du
— n = # of unoccupied (‘holes’) states

N
- Energy B =Y a(up) =R [du p(w) &)
j=1

— Entropy : log of # of cases s = R/du [Con + p) In(pp, + p) — pp,In pp, — pln p]

— Freeenergy: |LF(L) =R [du{L&(w)p(w) — [(on + p)In(on+ p) — o110 1, — pIn ]}

— Minimize free energy with the constraint of PBC

2nd Asia-Pacific Summer School in
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* Lagrange multiplier

Flon,pl = R [ du {La(fu.)p(u) — [+ £) In(p 4 p) — p 10 pp — pIn p] — A(u) [ph(u) +p(w) - [ ‘;, (u, u-’>p(u’)] }

K(u,u') = %a—iln S(u,u’)
Inpp, — [IN(pp, + p)] — A(uw) =0
LE(u)~[In(py + p) — In pl—=A(u)+ / W e uyA ) = 0

)
son(a)” PPl =3 ( )

—Flop,p) =0 —> {

e(u) = Infpy/p]

 TBA €q. e(u) = Lé(u) — / Ll — K, u)In [1 + e_e(“”)}

* Minimized free energy : plug into F and use TBA and partial integrate

Bo(1) =~ [ 2 #() n[1 47

* Generalizations needed
— Multi-species
— Excited states
— Non-diagonal S-matrix
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Multi-species : with dispersion relations  (é,(u), n(w)), n=1,...,.M
S-matrix:  Sam(u,u’)

TBA eq. En(u) - Leﬂ(u)_ Z / Knm(u u) In [1 + € em(u )] Knm(u:ul) = j:(fu In Snm(u: U,)

Ground-state energy : | Eo(2) = - Z / du 5 (u) In 14 ¢en()]

Excited states for single species: partial integrate

Eo(L) = /;i_u p(u) Oy ln [1 +e E(u)} e(u) = Le(u)—{—f In S(u',u)d,In [1 + e_e(ul)}

If In[14+e )] =0 deform the integral contour and residue integrate
Dorey,Tateo (1996)

Mirror momentum Physical energy

E(L) = Zzp(uj)-l—/—p(u) Buln |1+ =3 e(u))- ]du 7 (u) In[1+4 e )]

e(u) = Le(u)—l—z In S (u,, u)—/ (;—:_,K(u’, ) In {1 + e )]
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Multi-species excited states :

du _,

E(L) = Zen (u;)— Z /—pn(u) In {l + e*efn.(u)]

en(u) = Len(u)—l-zm Snbn(uz,u) Z /_Knm(u w)In [ +e em(u’)]

Non-diagonal S-matrix :

Diagonalize the transfer matrix to derive “Bethe-Yang” or “asymptotic
Bethe” equations

Interpret these as PBC conditions:

— “physical” (momentum carrying) : Bethe-Yang equation

— “magnonic” (no momentum) particles : Bethe ansatz equations
Read off “effective” diagonal S-matrices

Apply TBA equations derived already

(ex) su(2) S-matrix

a(ug — 0; Nop(uy, —0,) M c—ui 1
et Hl (9'1\_ ) H bé*: . =1 1:[1 a(u]:: 0n) JEkG=1 ﬁ
" A A

Spp Spm Smp Smm

=1
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Slf\g 5;112\3
K —K3+K
_ l—fUQj—uzk—Z 3ﬁ ugj —ugp + 5
o W25 — W2k T 0| 5y | uoj —uzk — 5
¥ K
1 = Jf Btk ﬁl T3] " Akl 583,
k=1 U35 — U2k — 3 k=1 T3] — Tak
K4 .
_ 2 ugj — Ugg + 1
= [l|o°(zaj, var)—2 - >0
=1 Ugj — ugqp — i

k=1 3343‘ T3k k=1 m4j — IT5k
Ke i Ky + My M3
us Ugk + ) Tri — &
L= ’ 12 ’ - H S (25, T2k) H S23(x24, 23%)
k=1 U5j — Uek — 5 k=1 T5j] — T4} k=1 k=1
Ko we; — ugr — i B K7 ug: — ugp, + % = Ma
1 = [ 2O J Sk 2 [T S32(z3j,221) I] Szalesj, var)
, 4 3 5
1 = ePi® ] Saa(waj zar) [[ Saz(zaj,zzp) [] Saz(zaj, s
Mg My
1 = ][ S32(zsj.zer) [I S3a(wsj, var)
k=1 k=1
Mg Ms
1 = [ Soo(zejrzer) [[ S23(wej, zsk)
k=1 k=1
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String hypothesis  arutyunov-Frolov

AdS/CFT contains infinite # of bound states and need their ABAEs

The bound states belong to higher dimensional representation of su(2|2)
and their S-matrices can be determined by both su(2|2) and “yangian”
symmetry [(cf) Rafael’s Lecture]

Bypassing derivation ABAE for the bound states, one can find the “diagonal”
S-matrices by studying the string solutions by a similar logic of su(2) case

Classes of strings 4., 35, 3/, 2y

0 |ua . |us — * |ug
[ ] [ ]
@
[ ] [ ]
Q<—.> ——>-M N<—.>
o [ ]
[ ] o
o _
_ [ ] —_ [ )
4@ 357 3M 2N
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 Effective diagonal S-matrices for the bound states
5449 = oouFay
QM) _ r(u_g) —x(vpr) w(u_g) —z(v_pr) z(ug) M—1
43

- r(ug) —x(vy) x(ug) —x(v_p) z(u_g) jl;ll EM-Q-2j

(@) _ 2ug) —a(@) | z(ug)
43 r(ug) — z(v)9d z(u_g)

MM’ MMy~ 1
S:(%3 = Séz ) = Eyap
(M&) _ o(Ms) _ :
S33 = 833 ' =ey en(it) = u+ z.n/2g
u—in/2g
_ 2 2
Enm = Cln-ml€pn—m|+2 " Cp+m—26n+m
1 1 1 iM
x(up)+ =up, X (up)+ —X " (up)—— =
x(up) xt(upp) x~(upy) g

* Asymptotic BAE for these strings can be constructed
straightforwardly since the scatterings are diagonal and TBA
can be derived accordingly
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TBA for AdS/CFT

* Thermodynamic BAE Arutyunov,Frolov; Bombardelli,Fioravanti,Tateo;
Gromov,Kazakov,Kozak,Vieira (2009)

&9 = Loy - L@+ k§D _ L{D  gMD _ [0, gD

M = @ k@M MY g (MM 10) g (OM) Ax K@) = [SEAWKW, W
N N N'N 5 5N

Gg ) = Lg : * Ké? = Lg ) * K§2 ) Ké?m)(u, u') = —idy In Sé;m)(u, u')
D = 2Ok 100 kD 1001y

Physical dispersion relation p

en(p) = \/n2 + 1692 sin? >

: - o1 (1
Mirrorone  (cp)=(ip.—ie) () = 2sinh 1<49Vp2+”2)

Finite-size energy Eo(L) =— ) fd—u pg In (1 T 8_62@)
O=1 2m

Excited TBA by analytic continuation or by “Y-system”
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One can introduce kernel which connects only nearest neighbors

_1 g
slpyyy = 6y — (K4 1) s(u) =
]TV[N AL T MN> 2 cosh gru
Incidence matrix of K = 12 In S
a Dynkin diagram i Ou
(MM")
: : : S
— (ex) bound-state S-matrix of su(2)-invariant theory oo
44

ST (y—v) = Epp(u—v) = e|”—m|e|2n—m|+2 e ei+m—2€”+m(”_v) A,
O—0——0C—"0— Iuyn=0mnN-1+0MN+I :
— universal kernel for AdS/CFT (2d Dynkin diagram)

Sg;m)(u, V) — Kg;m)
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 Define Y-functions:
(Q) (M) (N) (6=-) (6=+4)
Yoo=e 4, Yyy11=e 3 , YiNp1=¢€2 |, Y1 =€e3 |, Yoo =€

* Add another side of su(2|2) S-matrix

) e (W) (6=—) (=+)
YQD i ] 4 y Yﬂ[_l_l_l = &€ 3 y Yl,—(fv+l) — e 2 - Y]..—]. = e 3 , Y2’_2 — e 3

 TBA with universal kernel

In Yy pr = sk[In(1 + Yy pr41) + In(1+ Yy o) |=sx[In(1 + YL, 0+ In(1+ YRt )]

AN

— “deriving term” can be absorbed
into boundary condition

— Excitation states from the boundary
conditions of Y’s

SOSEN

M
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* Analytic analysis of TBA is possible when L&, (u) is large
* Consider two-particle excitation for one-particle species theory
/
— TBAeq. e(u) = Le(u)+In S(uy,u)+In S(us, u)— [ ‘éiK(u’, u)In |1+ e~ ()
. T

— Constrainteq. 14 e—€ui) =0

— Energy E(L) = e(u1)+e(u2)— f ;z: '(u) In[14 e (0]

* Inthelimitof Lée(u) > 1
e(u) ~ Le(u) + In S(uq,u) 4+ In S(us, u)

— Bethe-Yangeq. e (¥1) = —B_ip(ul)LS(UQ,Ul) = -1

— Finite-size correction for energy -
d -
B = e(w)+eleo) - [ 2L DS (uu)S(ww), 0= hw) E“ E
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Classical string with finite ]

* Energe correction for a single Giant Magnon J > g1 JanikLukowski (2007)

J
—(zgsmg“)] o

* Luscher formula simplified when S-matrix has a pole

SE ~ —16g sin3g exp

OF ~ —i {1 - e’(p)] . res ZSba’(q p) - e M4
e'(q*)| a=q 5 T
__J
0B uscher = —16g Sin3g e 20505
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Wrapping correction for 4-loop Konishi

o OA = Apgrt—Apag = (3244864¢(3)—1440((5))g®+0O(g'°) Bajnok, Janik (2008)
* Luscher formula: (L=4) [ # term vanishes]

< d o
E(L)= ) ea(Pk)—/ 2q > (—-1)F [Sa2i(q, p1)Sataa, p2)| e L2, (a)
k=1,2 J=00 2T a1,a5

— Exponential factor using the mirror dispersion relation
- - 1 /2 _2Lsinh—1 Yni+e? 4L g2l
e = 2sinh~ 1 [ —\/524+n2| : e 4g O S
n(P) (49 p°+ ) (n2 L q2)L

— All the bound states contribute to the same order and one needs the matrix element and
dressing factor for these in the mirror space

~ 0(g®)

— After some algebras, the integrand becomes

B [-x dq 147456Q2%(3¢% + 3Q2 — 4)2 1
J—00 27 (g2 + Q2)*(9¢* + 6[3(Q — 2)Q + 2]¢? + [3(Q — 2)Q + 4]2) 9¢* + 6[3(Q + 2)Q + 2]¢% + [3(Q + 2)Q + 4]

— Residue integrals
s |- num(Q) | B64 1140
g=1 | (9Q% —3Q2+1)4(27Q% - 27Q* +36Q2 +16) ~ Q3 Q5

num(Q) = 7776Q(19683Q% — 78732Q° + 150903Q* — 134865Q12 + 1458Q10 + 48357Q% — 13311Q° — 1053Q* + 369Q% — 10)

SE = 324 4+ 864¢(3) — 1140¢(5)
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Summary

e e e i A

Spectral problem for any operator and any value of coupling
constant is “solved”

Still solve infinite TBA equations
Numerical solutions need a lot of running time

Efforts to reduce it to a finite set of equations (NLIE) seem
successful [Gromov-Kazakov-Leurent-Volin, Balog-
Hegedus]
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