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Abstract, 

Large internal wave amplitudes were observed in the JOWIP and 

SARSEX experiments. These led to signifioant surtace wave modula­

tions, as observed directly and trom radar observations. Modulation 

~Ohani8ms are reviewed, including. two-step process by whioh longer 

wavelength waves. modulate short waves. Some oalculationsare pre-

sented. 
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1.0 lITRODUCTIOI 

Several experiMnta ba .... been conduoted to .. asur. tbellOdula­

tlon ot startaoe ~V"bY Internal wavu. The' DRIP (Detenae Researoh 

latabl1ahllent Paoltl~)experl"'nt In Bute Inlet and Oeor,la Strait. 

wu reported by Jlushelan~. Grant. [1] A aerle.ot exper1.ntl were 
.:. " .. 

oonduoted JOintly br,DARPA and,~ durlna July-Auauat. 1983. in 

Gear,l. Straits. The lIltarnal _ve ob .. rvatlona are daacrlbed In the 

.,.,\III, Interlll Report. [2] A third 5ilri •• ot ouervatlona. sponaored 

by t;be OIl, wre ade In tile .ev tork Bllbt ott the oout ot Lolli 

Island In Auauat-Septeaber, 198'. Th ... are daaorlbad In the SlJtSIX 

Interlll R.port.C3l . 

In botb the JOIfIP and SARSIX ,xper1llentl In 81tu .uur .. nts 

vere _de ot the Internal vave and surtao.vave aotlvlty. In addl-

tlon, L-band and X-band observat1ons ot the sea surtace vere oon-

duot.d. In th ... experl-.ats 1ar .. upl1tude Internal _ves, .trona 

stratitloation, and th!n alxed layers vere encountered. This 

resulted iil lub.t&ntlal .urface vave aodulatlon. Caloulatlons ot the 

expeoted aocIulatlon vere ade tor JOWlP by theJHU/APL and TRW 

t ... [2] and tor SARSD by the JHV/APL t .... 

Por the JOWIP expert.nt the Observed t~band aodulatlona vere 

larpr than thOle calculated by tactor. ot 2 to 10. The SARSD 
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2.0 SURFACB lIlVE RELlXlTIOI Jl)DIL 

Th. surtac. currentulOclatect vith the Internal vave (IV) tield 

is here asaumed to have the tona 

... 
U • 1 U h(!). 
- 0 

(2.1 ) 

Her. Uo 18 the peak surtace current h Y) Is the IV current torw ' 
!-

tactor. and '.,. bay.e taken tbeX-ax1. tile c irection tor IV propap-, ' , 

tion. In (2.1 ) we have wr1tten " 

! . (2.2) 

. . 
where C1 1. the ~V phUevelooity. 

The radiaii ye tranaport equation tor th. aurtace _va aotion 

denaUy r(lhl. t) i. written .. 

[It + i · 'x + i · 'k]' • S(r~~ I,t). (2.3) 

Here I 
(2.') 

and 

(2.5) 
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18 the ray path "Hamiltonian". For gravity vaves the trequenoy Is 

1~ 
.,(k) • (gk) 2 (2.6) 

(Capillary vaves vill be discussed inSectlon 4.0) The quantity S In 

(2.3) inaludes etteats or vlsooUI damping. wind drlvenexaltation. 

and nonlinear wave-wave interaotions • 

.. In a ooordinate aystem In Whioh the ~W wave (2.1) ,~,.1s ataUonary. 

we may re-wrlte (2.3) 1n the simpler ~OMll 

[Oa • a ] Y 1Y + k ~ ,(~,Y) • S(!,Y) • 
. ' x x . . 

Now, equations (2.4) beoClDe 

• 
k • 0, y 

where C(k)· dw/dk Is the surfaae wave group velooity. 

(2.1) 

(2.8) 



HU8hes(~] hus;roposed an e.pi ioal IIOde tor S(k) that haa 

frequently been used by other autbo s. 

PhilliPS,[10] this has the torm 

(2.9) 

The quantity roCk) is oonaidered as the "equi ibrium speotrum" to 

Whloh S implies a tendenoy tor r to relax. e, ohose m • 1, 

Whereas Phillips ,uIsest, that m· or 3. any oase, it we usume 

that I~ - Fol « '0' ve obta1n trom (2.9) the linearized torm 

(2.10) 

In this expres,lon 8 appears as a relaX'atio rate. 'HUlhe,[9J and 

Phl11iPs[10] adopt a model wind len ration ra etQr 8. Phlllips, 

speoitioally, uaes the aemi-empirio 1 express on liven by 

Plant.[ll] 

The relaxation ot a,pattern ot surtaoe 8 avity waves was studied 

by Watson,(12) Who obtained, in add tion to t e etteots ot wind and 

visoosity, a oontribution to B tr wave-wa e interactions. This 

inoluded both 3-wave and 4-wave cou l1nS8. T e 3-wave interactions 

lead to a modest "8mearins" ot the ThIS 3-wave ettect 

_______ • ___ • ___ ........ u_., ........ UIk: ______ ... _ .... ___ ........ J-alIw-'--....... - ........ ~ ....... ·.-~ .... :ItIIlr"'t'M'I' ..... d_ .. i .... 'i#JW\ ...... ------~i.q ............. .. 
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wIll not oontribute slsnltloantly to (2.10) unless F Is determIned to 

sreat preoision in the wave number~. For the present applioatlons 

it seems appropriate to omit this oontribution to.. The_-wave . 

interaotlons do Sive a contribution, however, whioh at the hisher 

wind speeds somewhat exoeedathatfrOil wind,interaotion. 

We have ohosen to model a by simply aumm1ns the contributIons 

trOll visooslty, wi~d[11l and "-wav8intera~t1ona.[t2l The result, 

expressed in terms at .-1 (in aeconds) 1a shown as a funotion ot k 

and wInd speed V in )"laure 2-1. 

The very strong variation ot 8 with wind speed V,and wave 

nUllber k, as indioated in Fi,ure 2-1 t Bussesta that there will be 

(t, V) reatmea tor Whioh we oan neglect S in (2.1) and others 1n 

which th1s term wIll be dominant. We illustrate this by quoting the 

tamlliar limits tor a ,weak current U. Then we can ~r.~t 

F' • F - F o 

as a small quantity. It we 'set S • 0 In (2.7>, these results 

reCk) 

U aF 
t } kx ak

o 
• 

(..!) - c 1 x 
k I 

F' (~, Y) : { 

(2.11) 

(2.12) 
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On the otherhand, 1n the l1m1t ot lar,e 8 we tind that 

(2.13) 

For the case ot wave "G2" reported trom the SARSEX observationa, we 

. take 

, ! - (6 mls; • - 350 
- . anal. with respect to x-axis) 

Cr - -0.5··mls(propqation In ne,atift . X-direotion) 

lIo ~ 0.25 m/~ 

Hp - '30, oph':- peak'Variala trequenoy 
. . '. . 

mixed layer thiokness .10m. 

AI • ~~:). lenathscale 

8 : 1.5 seod ; ,X-band 

• 0.1 seo·1, L~band 

, To apply th1s to (2.13)" we wrtte 

F' '(").u. H' • - • - -. -," Fo .A~ 
where 

2-6 

(2.14) 

(2.15) 

(2.16 ) 
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In this report we shall take 

obtaIned trom a PhillIps spectrum wI~h waves ]ropagatlna In the 

X-direction. Applioation ot theenv ,ronmenta condi tiona (l.104) to 

(2.15) gIves 

IM'I • 0.02, X-band' (A • 003.) 

.; O.2,L-band (1::;'; cf. >a).··· '. (2.17) 

It we take 

IC(k) (!!) - c I ~ C k I I, 

(2.12) lives 

(2.18) 

ThIs Is, ot course, too larle tor th as.umptl~n that 1M', « 1, used 

in deriving (2.12). 

2-7 
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We may estimate the wavelensth re,_, in whioh it 18 valid ,to 

take 8· 0 trom the cond1t1Qn 

(2.19) 

For a w1nd 8p.e~ V • 6 ./8 and At- 50 m. thi8 ,lyes 

k ~ 2.5 .-1 or 1 ~ f! · 2.5 •• (2.20) 

Thus, tor both L-band and X-band Bras, wav, __ the~~l.~lt (2.13) ...... 

appropriate. 

Compari8on ot (2.17) and (2.18) Suge8ts the posalble illpOrtanoe 
., , ..' . 

ot the Clr" Mchanism. The lonser aravlty waves tor WhIch 8 mal be 

taken as ne,li,ible are antiolpated fro. '(2:18) to haYe larie mod~ 

tion. It this is passed onto the Brall waves, then (2.11)·"y repre­

sent a8i,nitlQ~t underestimate. 

2-8 
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3.0 MODULATION IN THE REGIME FOR SMALL 

In this seotion we shall asa that it 1s valid to set S • 0 in 

(2.7)-. This equation then reads 

[
0 a • a ] y aI + kx ik r· o. . x 

(3.1) 

For a oonvenient morel at th6 Ii t1 Id, we ta e a ee.1-intlnite wave 

train ot the torm rsee (2~1)l 
,. ": 

. - ooa(KY) 
h(-Y) • [1 + exp(-O.5 Un · (3.2) 

The ray equations (2.8) are to belntesr ted tram a t1 .. t • 0 

when Y • Yo' kx • kxo' and ky • kyo 

ohosen that 

~o S-3., 

which 1mplie. that 

heyo) : o. 

Then, we oan assume that 

3-

The ln1 ia1 po.ition Yo 1. eo 
.. " ." 

....... 

(3.4) 
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(3.5) -

the "equilibrium- spectrum. Intesration la carried to a time t, suoh 

that 

2. < It <. "., (3.6) 

where ~ • ret,) and kx • kx(t,). The aotlon denaltJ at tl .. t, IS 

then obtained tr~ (3.1) as 

AI a praotloal aatter, (3.1) ~ e,aluated b, intllrat1na the 

ray equations (2.8) baokard' In tl_. start1ns at a presoribed Y and 

~ at tl~ t , • Intllration vas oarried baCk to a ti .. suoh that 

(3.3) Wal ,alld and the reaultlna "Initial" ko vas uaedto e,aluate 

(3.1)., There.ult1na V.'itY,vave .adulation 1. defined •• 

(3.8) 

The corre.pondlna .adulation obtained trom weak current pertur-

batton th.or, 1. 

~-------------------------------~~----~------

(\ 
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,t (k ) -' (3.9) 

Where P' ia calculated uaing (2.12) 

peraita ua "to apecify the resi_ In which· pe urbation theory i. 

valid. 

To justity nasleotins the ·re ation te S in (3.1) we i_pole 

the condition that 

J(k) at ( 1, .(3.10) 

Where At iathe avera.. tl.. tor tnt to travel • dll-

tanoe ~ In the Intearatlon ot (2 8). We a ao, quite evidently. 

require that the phase point aotual y penetra e into the IV tield to 

. the point Y. In preaentins our rea ltlt we h veset 

M (~.y) • 0, I (3.11) 

unleas both ot theae oonditions are tlatied [Over IIOlt ot the 

doaaln ot our oaloulations theae t conditio s were rouahly equiva­

lent.] 

3-



'or applloation to the pr ... nt oaloulations we bave ohoeen the 

Wequllibrluaw vavity va"e apeotruaa to be ot the tora: 

Wbere the surtaoe dlsplao ... nt speotrua ia 

.(·~f3) --It) . 
L(a) . • k ) kw 

.L 
,2' 

k 5/11 

a(k) • 15(i!) , 

L(a) • JWOO88{l) d •• 
-1 . 

(3.12) 

(3.13) 

(See Tyler at al,[13] andMlt.uy .. u et al.[ll1]) .The quantity' here. 

1. the anale between ~ and the wind Yelaclty Yeator !. 
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ex • + 0.05 81e. (3.16) 

l 

I 
~ Ve oall this SARSEX' and display the re.u1tin ~ mdulation in 
~ 

I 

j Flaur. 3-2. The .adulation, .s OalCi ~ated,.i • conalderablyenhanoed ,-

with respect to that or F.iaure 3-1. V.· .. aln antioipat. that wave 

breaJc1na _~ l1ait the aotual lIOClul. Ition. 
i-

Th. variation or lIOdulation wit tl the pba ~ ot the IV Ie ahOllll In 

Fiaure 3-3. 
I 

The enviroftllental .. _ oond1. ~lo~ are tho .. ot SARSIX
'
, with 

I e • 0'. 
Iii 

I 
I 
I 

I 
. 

The next set ot .nvlro .. nt&l 0 pndltiona oonaidered are labelled 
. \ 

as EllVlX1: I 

! 

! • (6 and 3 ala, • • 0') l 
. 

eI • 0.33 Ills 

Vo • 0.016 als 

Ip • 10 oph 
," 
I 
I 

alxed 1ay.r thiokn ... • 10 I~ I 
I 

IV wavelenctb • 160 • (3.17) 

; 

The IV eiaeft8OCle. tibere oalou1ated il t~ ~1D Ipproxl .. tlon tor an 

exponential I-protlle and th. loveat .0 ~~waa ~ .. d • The reaulti ... 
I • 

j 
; 
! . 

3-7 i ! 
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3.0 

M 

2.0 

1.0 

0.4 0.8 2 4 8 8 10.0 
0.5 '-__ -'---'Lo-....Io,;l~_'_..L.._'_ ___ I.L._ ...... ...&. ..... ~_..L....J 

0.1 0.2 

Ftaure 3·2. Surface wave modulation as predicted for conditions of the SARSEXf 
experiment. The environmental conditions are the same as those of Figure (3·1). 
except that the direction of propagation of the internal wave has been reversed. 
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modulation 1s shown in Fisure 3-- tor y. ~ (maximum.odula­

tion). The solid curves correspond to V -,6 m/s nd the dashed curves 

to V • 3 mls. 

The modulation 18 shown in Fisure, 3-5 tor the same environmental 

conditions and Y - ~~ but wit~ IW propaaation up-wind 

(eI • -0.33 m/s). The 8ub8tan~ial reduotion ot modulation :tor the 
,.,. . ~. 

up-wind case is asain·noted. 
~ . ( 

The tinal s~t ot environmental oonditione.oonsidered is labelled 

aa ENVEX2: 

! - (6 and 3 mIs, • - 0°) 

eI - 0.3 mia, 

~o • 0.03 mls 

Np - 15 cph 

mixed layer thiokneas'. 10m, 

IW w*velenith • 80 m. 

The lowest IW eiaenmode tor an exponential N-protile was &&ain 

used. 

(3.18) 

We show the reaultinl modulation at y. ~ in Fisure 3-6. The 

direotion ot IW propagation ia d'own-wind. The solid ourves correa­

pond to V • 6 m/a; the dashed curves correspond to V • 3 m/a. 

3-10 
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1.8 ...-------------I~--_I_------..., 

-- Vw ·8m1S --- Vw -3mi, 

A 
I I 

,fl 
I I 
I I 
I I 
I I 
I I 

0.9 "-_ ___' __ .a-.--a._~ __ ...... _+_ ....... -~.a.-----' ...... ---
O.i 0.2 0.4 0.8 0.8 1.0 2.0' 4.0 8.0 8.0 10.0 20.0 

k(m ) 

..... 3-4, Surface wave modulation as predide for the 1. ''experiment:' equation 
(3.11). The Intemalwave is propaga, n In the '. . d direction. .' 
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1.8 

1.4 ~ 

1.2 -

1.0 I-

0:9 
0.1 

, I T T 
- vw·emJa 
--- vw·3mJa 

-, 

'';';0'" -
: 

" 

I ," ·1 ' I " * I 
0.2 0.4 0.8 0.8 1.0 

I I I I I 

- ..... --.., 
- .. 1---, I 

" 

" I I ' -'-45- I I 
I I 

I I t I ! ! 
2.0 ,4.0 e.o 8.0 10.0 20.0 

fIIure ~S. Surfact _ moduiatiQn u predicted for the ENVEXI "experiment:' equation 
(3.17), except that Cr = -0.33 riVs corresponding to internal wave propagation 

. apinst the wind. 
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_ Vw·8m11 I I --- Vw·3m1a 

1.8 J I I 
/11 J 

11 I' 1 
II I I 

1.4 11 r I 
'" ,. I .J .to 

I I 
1'1 

1.2 I'· I 
I I 
I I 
I I 
I 

1.0 

I 0.1 0.2 0.4 . 0.8 0.8 to 2~0 4.0 8.0 8.0 10.0 20.0 
i 
I 
I 

FIJuri 3-6. -Surface wave modulation as pmflct for the "experiment;' equation 
(3.18). 
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The variation ot modulation with mixed layer thic~neaa D [we 

have set N-O in the mixed laywr] is written as 

R(D) • M (tor thickness D) 
. H (tor D • 10m) 

(3.19) 

The qaantity 1s illuatrated in Table 3~1 tor the three sets ot envi­

~onmental conditions described abOve. The strons dependence ot M on 

mixed layer thickness 18 as expected. 

Wear'e now in a poeition to 00IIIpaJ';l thfl IlOdulatton ~pert as 

caloulated tra.perturbatton theory (3.9) with the IOdulatlon M 

.~btalned trom exact ev.al~atlona ot (3.8). w. tound the asreement to 

be surptolalnaly load. 'or example, WhWl 1lt-1 I < 0.1, our oaloulated 

value. ot M and Mpert aareedto within O.t$. Even tor 8ubstantlal 

IIOGUllltlonl .• ~ and ~rtt.3nded to be qual1tat.1vely alllllar. Thisle 

111vltrated on Table 3-2. 

3-14 
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I 
I TABLE 3 -1 
i 
I 

i 
I Tbe variation of modulation with mixed la) er thickness [see 

. 
I 

(3. 19 >] 1s shown tor 1 ts three sets 0 ~ envirom ental condItions 
desoribed by equations (2.1_>, (3.17) and (3. H ). 

" 

" 
' , 

R(IIO) RH 00) 
SARSEX 0.7 o. 2 
ENVEX 1 O~3" 0 03 -
ENVEX2 ,o~o-S 

," o. 00 

,"". ft 

- 'I 

" 

, , 

. 

. 

: r 

3 .. 13 I 
II 
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The modulat1on M(3.8) 
trOll perturbation theory. 

k(.-1j 

o. !'1 
.0. 0 
II. 
0.21 

k(.-~) 

O.~ 
0.60 
2.0 _.0 

. 

I 

TABLE 3-2 

·18 oompared w1 th M.;.rt(3. 9), oaa0ulated 
The wave angle .e·~8 .taken.as 0 here. 

SARSIX 

u M 

., " ., 

., 2. 
2" O. 

iIIVBX 1 

u M 

., ., 

3-16 
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1&.0 BRAGG WAVE MODULATION BY LONG VA ES " 

The calculations presented in th last sec ion provide ua with a 

description ot the internal wave modu ation ot he lonser w~'lelensth 

portion ot the sravity wave ap8ctrUil. Theae"o rier" wavea interact 

with ahorter aW'"tace wavea in the Br greg_. passing on the inter­

whioh we now in-

veatigate with a somewhat idealized 

Our oaloulation is admittedly in thatw. have not 

inoluded lIlOdulation ot the Itahorter 0 the lona waves", that are 

strongly etfected by relaxation (lar- ').' V. do not believe that 

this leads to serious error, however. sinoe a 1 rle 8 impUe. l1li11 

modulation. 

Phl1l1paL15J has published a de~ rlption 0 the modulation ot a 

ahort wavelength wave propagating on, he surtao ' ot a dOlli~nt long 

wave. This "analysis provides the baa s· tor dey lopins the CV2 

JDOdel. 

Phlll1p',s equatIOns lilY be davel ped In th ' torm ot aserles ot 

terms ot Inoreaalna order in the rati 

(t/k) and oarrier slope, 

4-1 
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.. 

where 1 and k are wavenumbers ot carrier and Brass wavel, respeo-

tlvely. To lowest order in these two quantities, considered here as 

small, the action density tor Brass waves may be obtained trom (2.3) 

and (2.10): 

a . . ' 
[it + i· 'x + & 'k] r (ls.!.t). -,F'. 
F' • F ... '0' 
i ;, w(k)· ~(~) .. 
I • ... ,. (~ U) .. X t:. -0 • 

(11.1) 

Here Yo·iS the orbital current ot; the oarrier waves, written aa. 

Fourier aerie.: 

A ,.U) 
Yo • ~(1 2. ) [a, exp (1(! • I - -(I) t)] + C.C.] (11.2) 

We oon.ider tlrat the oaee that 8. o. Intesratlon ot the ray 

equations ,ive. 

x ; x + C(k')t 
... -0 -0 

k • k + Ak "0 ... 

Ak • -It V (k. U ) dt' .. x"-o 

4-2 
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---. ------------------+--l-1----t---------~--_. 
i i 

.. 
IS • 1 ! /at(1) 

• -}: ,a exp[1(&· I - ..,(1)t)] 
! 2[& • e(lS) - /at{')] & 

+ C.C~}. (4.3) 

Using (3.7), we obtain to lowest orde~ 1n AIS 

Tbe Brass lIIOdulatlon Is then 

It we consider the a.. to be Oa sstan v.,iables, the ense.ble­

averased _an square lIIOdulat1on Is-

2 
(M,2) • /d2, /a) !'>. 2 iu> (i . ls)2 

[co(1) - .. • 2 k)l 

x [i. V
k 

1n Fo(k)]2 

Here ! (l> is the surtace dslplacem nt apectrwn ot the carrier 

waves. We write this as 
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where M(I) 1a the laCKtulat10n due to IV' a, u calculated In th.e lut 

Mot1on, and 10 18 the apactrua in the abAnet ot. IV' a. ~e bave . 
choaen the expr .. alona (3.13) as our lIDClal tor lo-. Al.o, 

la the phase veloolt, ot the carrier wa.e. 

.A 

. Sinoe the 10lIl wave apaotrua 1. peaked In tile dlreotlon V or 

the wind, it 1. parlll •• ible to Mt 

.ere a was introduced In (2.16). For ..... rical evaluation 118 

ahall ~ln .et a.1 (a ~re ,detailed anal,aia would probabl, 

require a IIOre oaretUl dete,..lnatlon ot a). The 1nor_ntal lIOdula­

tlon ot 8rlll wave. due to IV' a la then 

2 A A 2 2 J 2 ,,2(1.) [M(I) - 1J .. .!o (I) 
(aM) .(k. V) a d 1 . a 2 (11.8) 

. [c (a.) - .. • C(k) 1 
o -
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When the I-tera Is dOillrumt In (11.1) we obtain 

M'(Is, I. t) • 1-
1 

'x(ts • YcB ·'k in '0··· 
. . (11.9) 

Repeatin& the calculation Which led t ~ (".8) nc v ,ives 

. 
Equations (lI.8) and (11.10) .. y b blended -'plrically into the 

sinale equation 

The r.a mdulatlon 'M vas evall ated U11!. (II .11) tor the con­

ditions ot the SARSIX e~per1llent (2.1 j ), but to~ variable wind 

-strensth Y. The result Ie _wn in r Ire 11-1 "or L-band (0.2 • 

~aves) and X-band (0.03 • vavea) Br ... s. . It ahl)uld be noted that 
i 

direct *MIulatlon ot L-band -vaves, Mb oh .t ~ov wind speeds· can ,i ve 

a cOIDparable contribution, hu been n_,leoted i ~ 'laure If-l. 

The L-band lIOdu1ation tor V • 6 III. ,iven n 'ilure 11-1 Is 

.1aUar to that calculated- In the SAJ~X R~por~r31 and also Ie in 

- Calculated .. direct, not CW2, • dulat1on. 
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PIlate 4-1. ModuJaUon at L- and X- band as calculated from the CW2 mechanism for 
int~ waw G2 or theSARSEX 'experiment The Internal waves are 
propajaun, up-wlnd. . 
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reasonable (tactor ot 2) agreement wi h the ob8~rved "wave G2" modu­

lation. Sim1lar agreement ts also ob ained wlt~ the observed X-band 

modulation tor "02". 

For the ENVEX 1 oond1tions (3.11 weobtaip trom (4.11) 

ISM • 0.13. (11.13) 

It may be noted that it "bound We velets". ~haae coupled to the 

carrier, are present, another modulat~on mechan am may be Impor-

tanto For example, ,the third harmonic ampl1tud ot a Stokes wave 1s 

corresponding to the oarrier 

For a oarr1er modulat1on 

we have a tourth harmonic modulation 

4 .. 7 

• 
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with increasing moc1ulatlon tor higher harmonics. 
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