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Abstract

This paper presents a personal view of the interaction between the
analysis of choice under uncertainty and the analysis of production
under uncertainty. Interest in the foundations of the theory of choice
under uncertainty were stimulated by applications of expected utility
theory such as the Sandmo model of production under uncertainty.
This interest led to the development of generalized models including
rank-dependent expected utility theory. In turn, the development of
generalized expected utility models raised the question of whether
such models could be used in the analysis of applied problems such as
those involving production under uncertainty. Finally, the revival of
the state-contingent approach led to the recognition of a fundamental
duality between choice problems and production problems.

The field of generalized expected utility theory had its beginnings with
the classic paper of Allais (1953). Although this paper was well-known, and
frequently cited, over the next three decades, it was not until the late 1970s
that Allais’ critique of expected utility (EU) theory became the basis of a
substantial research program. The state-contingent approach to production
under uncertainty has had a rather similar history.

When economists were first embarking on the study of problems involv-
ing uncertainty, Arrow (1953) and Debreu (1952) developed the elegantly
simple idea of state-contingent commodities. The project of developing a
rigorous general equilibrium theory had already led to the notion of differ-
entiating commodities by their time and place of delivery. It was a relatively



small step to deal with uncertainty through the notion of state-contingent
commodities; that is, commodities whose delivery is contingent on the oc-
currence of a particular state of nature. Once this connection was made,
all the tools developed for a non-stochastic world could be applied almost
effortlessly to decision-making under uncertainty. In Debreu’s words, the
notion of a state-contingent commodity “... allows one to obtain a theory of
uncertainty free from any probability concept and formally identical with
the theory of certainty ...” (p. 98). Yaari (1969) developed this point fur-
ther showing how notions of comparative risk aversion could be developed
in a purely state-contingent framework, without any necessary reliance on
probability distributions.

This should have been welcome news to economists. It means that
tools honed in other areas can be used to analyze decision-making under
uncertainty. Even more force was added to the argument by Hirshleifer’s
(1965) demonstration of the analogy between the insights obtained from a
state-contingent interpretation of uncertainty and the way in which Fish-
er’s (1930) treatment of time-preference had demystified the concept of
production and consumption over time. Unfortunately, except in fairly re-
stricted areas of economic theory, this pathbreaking insight was ignored in
the analysis of production decisions under uncertainty.

Instead, initial analyses of the firm under uncertainty were largely un-
dertaken using what was, in effect, a stochastic production function ap-
proach. This approach appeared to be simpler than the general state-
contingent approach and seemed to allow exploitation of the analogy be-
tween production problems involving uncertainty and portfolio allocation
problems. In fact, however, the apparent simplicity of the approach can be
preserved only if attention is restricted to scalar choice sets.

Moreover, the analytical tools applied to the problem of the firm under
uncertainty were derived under the assumption of expected-utility max-
imization.. A partial extension to the case of rank-dependent expected
utility was possible (Quiggin 1991), but attempts to undertake compar-
ative static analysis in any more general context encountered significant
difficulties (Machina 1989). However, in recent work (Chambers and Quig-
gin 2000; Quiggin and Chambers 2000) it has been shown that the expected
utility hypothesis is largely redundant in the analysis of state-contingent
production.

This paper presents a personal view of the interaction between the analy-
sis of choice under uncertainty and the analysis of production under uncer-



tainty. The paper is organised as follows. The starting point is successful
application of the expected utility model to the analysis of the firm under
uncertainty by Sandmo (1971) and others, which led to renewed concern
about the criticisms of expected utility put forward by Allais in the 1980s..
The next section describes the development of generalized models including
rank-dependent expected utility (RDEU) theory, from the viewpoint of a
participant. The development of generalized expected utility models raised
the question of whether such models could be used in the analysis of ap-
plied problems such as those involving production under uncertainty. The
final section of the paper describes how the revival of the state-contingent
approach of Arrow and Debreu permitted advances in this field. In partic-
ular, adoption of the state-contingent approach led to the recognition of a
fundamental duality between choice problems and production problems.

1 The Sandmo model

The first formal treatment of production under uncertainty was the general
equilibrium analysis put forward independently by Arrow (1953) and De-
breu (1952). Using the notion of state-contingent commodities, Arrow and
Debreu showed that the proof of the existence of competitive equilibrium,
based on the Kakutani fixed-point theorem carried over, in a formal sense,
to the case of uncertainty. The Arrow—Debreu analysis forms the basis of
modern finance theory. However, as far as analysis of the behavior of firms
under uncertainty is concerned, little progress was made. Tobin’s (1969)
assessment that state-preference theory was ‘graceful but empty’ remained
apposite three decades later

Microeconomic analysis of production under uncertainty began with
Sandmo (1971), who drew on another multiple discovery, that of the Arrow—
Pratt measure of risk aversion (Pratt 1964; Arrow 1965). Sandmo consid-
ered the simple case of a firm producing a single good, here denoted z, at
a cost C'(z) and facing a random, competitively determined price p. The
owner of the firm is a risk-averse expected utility maximizer who seeks to
maximize the objective function

mZaXW = Flu(pz — C(2))].

It is easy to see that, in the linear case where C'(z) = cz, this problem is
exactly analogous to the two-asset portfolio problem, where the safe asset
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returns zero and the risky asset yields the random return (p — ¢). Sandmo
extended a number of the results known to hold for the two-asset portfo-
lio problem to the more general case of the firm under price uncertainty.
In particular, he showed that given decreasing absolute risk aversion, an
increase in mean price would result in an increase in output.

Equally importantly, Sandmo left a number of loose ends and conjec-
tures to stimulate subsequent researchers. Coes (1977) confirmed Sandmo’s
conjecture that, assuming decreasing absolute risk aversion, a multiplicative
increase in price risk would lead to a reduction in output. Quiggin (1982a)
derived conditions for the existence of a finite optimum (Most of these con-
ditions had been established earlier, for a more general formulation of the
decision problem, by Bertsekas (1974).)

Other writers generalized Sandmo’s analysis. An easy generalization is
to replace p by a random yield variable § and replace z by an input variable
z, such as the area of land devoted to a crop, and reinterpret the model as
one in which the firm faces technological uncertainty. A more substantial
change is to allow for a general stochastic production function f(x,8) where
f can be interpreted as an input contributed by ‘Nature’ such as rainfall.
The objective function therefore becomes:

max W = Elu(pf(z,0) — C(z))].

Feder (1977) analyzed the comparative static problems of choice problems
involving such general objective functions. *

2 Generalized expected utility theory

Although it yielded useful insights into the problem of production under
uncertainty, the Sandmo model relied on very restrictive assumptions. Most
obviously, whereas the Arrow—Debreu model merely required that prefer-
ences over state-contingent commodities be monotonic, convex and contin-
uous, the Sandmo model relied crucially on the assumption of expected-
utility maximization.. Over the course of the 1970s, the expected-utility
hypothesis came under increasing attack. The long-neglected and much-
misinterpreted criticisms of Allais (1953) were reinforced by new empirical

!Similarly, Dardanoni (1988) extended Sandmo’s analysis of the consumption—savings
problem to the general case of a two-argument objective function.



evidence, which demonstrated the robustness of the ‘Allais paradox’. A
number of attempts were made to develop generalizations of expected util-
ity theory that could account for the Allais paradox and related phenomena,
such as the common ratio eftect.

One approach which fell into the category of ‘fruitful error’ was that
of Handa (1977), who proposed a model based on the idea of probability
weighting. Unfortunately, Handa’s model implied violation of first-order
stochastic dominance, whereas the proposed axioms included preservation
of first-order stochastic dominance. The Journal of Political Economy
(JPE) was deluged with comments pointing out this error, of which the
most elegant, and the only one published, was that of Fishburn (1978).
Many of those who followed this debate concluded that the search for an
alternative to expected utility was futile. Certainly, the JPE has been
noticeably reticent in publishing work in the field of generalized expected
utility. On the other hand, Fishburn became a prominent contributor to
the field and the author of one of the first monographs (Fishburn 1988).

Handa’s paper and Fishburn’s response are fairly well-known. Less well-
known is the fact that among the unpublished refutations of Handa was one
contributed by Mark Machina, then a graduate student at MIT. Even less
well-known is the effect on the work of Quiggin (1979), then a civil servant
with the Bureau of Agricultural Economics (BAE) in Canberra, Australia,
engaged in part-time study towards an undergraduate economics degree,
with an Honours thesis focusing on the Sandmo model. Having read the
relevant issue of the JPE some weeks after its arrival in Australia, I recog-
nized the error in Handa’s paper and set about preparing a comment (By
this time, comments from North American readers were already arriving
in Chicago). However, the comment had barely been typed up when the
next issue of the JPE, containing Fishburn’s much more comprehensive and
elegant critique, reached Australia and made its way to the BAE Library.
Work on the comment was abandoned.

Hope revived, however, when I realized that Handa’s basic idea could be
salvaged if overweighting was confined to low-probability extreme events,
rather than to low-probability events in general. As was observed in Quiggin
(1982b):

The following example illustrates further the notion that equally
probable events should not necessarily receive the same weight.
Suppose an individual’s normal wage income is uniformly dis-



tributed over a range from $20 000.01 to $21 000.00. There is
also a 1/100 000 chance that the person will win a contest for
which the prize is a job paying $1m a year. The probability of
receiving any specified income in the relevant range $20 000.01
to $21 000.00 (e.g. $21 439.72) is also 1/100 000. Neverthe-
less, it seems reasonable that the extreme outcome will not be

weighted in the same way as an intermediate outcome such as
$21 439.72.

This simple idea led to the anticipated utility (AU) or rank-dependent
expected utility (RDEU) model?. As the name implies, the RDEU model is
applied to the increasing rearrangement y; of y which satisfies yp1; < yjo) <

o S Ys).

W(Y) = Z h[s} (Tr)u(y[s})

SEQ

where w € II,u: ¥ — RN, and hyg(m) is a probability weight such that

hig(m) =q (;W[t}> —q (; W[t})

for a transformation function® ¢ : [0,1] — [0,1] with ¢(0) = 0, ¢(1) = 1.
Note that

S
Y hy(m)=gq (ZW) =q(1)=1

SEQ

2The term ‘anticipated utility’ was simply intended to mean ‘generalized expected
utility’, since ‘anticipated’ is a more general synonym of ‘expected’. At the time the term
‘anticipated utility’ was coined, I assumed that no other generalized expected utility model,
consistent with first-order stochastic dominance, was possible. In fact, this is only true
if a functional separation between probabilities and utilities is required. When it became
apparent that ‘anticipated utility’ was only one of many ‘generalized expected utility’
models, I adopted the term ‘rank-dependent expected utility’ proposed by Chew and
Epstein (1989).

3Quiggin (1979,1982b) took the arguably mistaken view that a model of choice un-
der uncertainty required an axiomatic foundation. The search for such a set of axioms
that would generate the AU model led to the imposition of the requirement q(1/2)=1/2,
dropped in all subsequent formulations of the rank-dependent model. Even with this re-
striction, the derivation of the AU model from the axioms was incorrect. A more accurate
statement is given by Quiggin and Wakker (1994).



so that the decision weights sum to 1.

A derivation of this model and proof of its consistency with first-order
stochastic dominance formed an appendix to my Honours thesis (Quiggin
1979). A naively optimistic view of the self-correcting nature of science
was quickly revised when JPE rejected the resulting paper on the grounds
that it was ‘purely theoretical’. The paper was finally published as Quiggin
(1982b). An application to Australian data was written later, but published
earlier, as Quiggin (1981).

This work attracted little attention for some years. As a result, the func-
tional form associated with the rank-dependent model was independently
rediscovered on several separate occasions, with quite different motivating
arguments. Thus, the model represents an interesting example of the the-
ory of multiple discoveries, put forward by Merton (1973) and discussed in
an economic context by Stigler (1982).

First, there was the ‘dual model’ of Yaari (1987), developed further by
Roell (1987). The motivation here was mainly axiomatic. Yaari exploited
a number of formal symmetries between EU and a special case of RDEU
in which the utility function is linear. The linearity of the utility function
implied that, in the dual model, risk attitudes are entirely divorced from
declining marginal utility of wealth.

A second rediscovery, also based on the notion of risk aversion as a
phenomenon distinct from declining marginal utility of wealth, was made by
Allais (1987, 1988) whose work had provided the starting point for the whole
field. Most advocates of the EU approach have treated cardinal utility as
a convenient instrument for modelling uncertain choice, but have denied
that there is any association with the utilitarian assumption of decreasing
marginal utility of wealth. By contrast, Allais has always insisted on the
psychological reality of cardinal utility. It is the desire to incorporate an
explicit cardinal utility function that led Allais to his formulation of RDEU.

Another closely related development is the work of Schmeidler (1989)
and Gilboa (1987), based on the notion of non-additive measures or capac-
ities, originally developed in the work of Choquet (1953-4). The problem
here is taken to be one of ambiguity, in that the probabilities of the different
states are unknown.

In addition to these developments in the theory of choice under uncer-
tainty, the RDEU functional form (usually with a linear utility function, as
in the work of Yaari 1987) has been applied to problems of social choice and
income distribution, with distributions of welfare across individuals taking
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the place of random variables over states. Examples include Weymark
(1981) and Ebert (1988).

3 The state-contingent and parameterized
distribution frameworks

The multiple discoveries of RDEU illustrate a more general point. Many
different, but logically equivalent, formulations of a given model may be
available and different formulations will lead in different directions. Most
interestingly, consider the objects of choice in decision theory. Much analy-
sis, including early formulations of the anticipated utility model, deals with
choice over families of probability distributions or, more generally, cumu-
lative distribution functions, that is, monotone increasing mappings from
an ordered outcome space Y to the unit interval [0,1]. In the typical case
where these families are indexed by a single parameter or a small set of pa-
rameters, this approach may be referred to as the parametrized distribution
representation of choice under uncertainty. The stochastic production func-
tion model, in which each choice of input z is associated with the random
output f(z,0) is an example of the parametrized distribution representa-
tion.

In the parametrized distribution representations, the probabilities asso-
ciated with the difterent states are treated as objectively given (although
amenable to manipulation by altering the action or input vector). The
critical question is: How can these objective probabilities be defined and
observed?

Of the many answers that have been offered to this question, the most
plausible, considered as a basis for an objective notion of probability, is
based on relative frequency. The frequentist answer restricts the definition
of probability to situations that may be regarded as draws from an infinite
sample and defines the probability of any event as the limit to which its
frequency of occurrence converges in an infinite series of draws. Apart
from logical difficulties associated with this definition, it cannot be usefully
applied to a wide range of economic problems involving uncertain choices
in situations that are unique or will only be repeated a few times.

An alternative view, which may be traced back to the work of de Finetti
(1931) and Savage (1954), is that probabilities used in economic decision-



making are inherently subjective. Consequently, probabilities can only be
inferred from the observed behavior of decision-makers, and hence they
are inseparably tied to beliefs and preferences. A logical consequence of
this position is the recognition that any statement about subjective prob-
abilities is ultimately a statement about the decision-maker’s beliefs and
preferences. Therefore, intermingling probabilities with the technology of
production, as is done in the parametrized distribution formulation, repre-
sents an important logical confusion.

This view leads to the adoption of a state-contingent representation of
choice under uncertainty, in which the primitive objects of choice are acts,
regarded as mappings from a set of states of nature to a set of outcomes.
More formally, we are concerned with preferences over state-contingent out-
come vectors, represented as mappings from a state space € to an outcome
space Y C §. Preferences over Y are given by a total ordering denoted no-
tationally by > . A preference function is a mapping W : Y° — $ such that
W(y) > W(y') if and only if y = y’. W is assumed everywhere continuous
and nondecreasing.

3.1 Probabilistic sophistication

Under appropriate conditions, observed choices will be consistent with pref-
erences that are probabilistically sophisticated, that is, display first-order
stochastic dominance with respect to a given set of subjective probabilities.
For example, given two partitions of the state space into events { E11, E12}
and {Fa1, Eb} and two payoffs H > L (that is, H with certainty is preferred
to L with certainty), suppose that the act yielding payoff H under F1; and
L under E); is indifferent to the act yielding payoff H under E5; and L un-
der Fy; and that both these acts are preferred to the acts under which the
outcomes are swapped, which in turn are indifferent to each other. These
choices are consistent with subjective probabilities such that

p(E11) = p(Ea1) > p(Er2) = p(Ea2) (1)

Given a sufficiently rich set of observations, it is possible to identify a
unique probability distribution consistent with observed choices or alterna-
tively to determine that no such distribution exists.

Savage (1954) presented axioms which simultaneously implied the exis-
tence of well-defined subjective probabilities and the existence of a utility



function (unique up to an affine transformation) such that the preferred ele-
ment of any choice set was that which maximized expected utility. Machina
and Schmeidler (1992) showed that the link with expected utility was not
logically necessary. They derived conditions under which observed prefer-
ences are probabilistically sophisticated,whether or not they are consistent
with expected-utility maximization..

Since the state-contingent framework is capable of incorporating pref-
erences that may or may not be probabilistically sophisticated, it is more
general than the parameterized distribution framework. Over time, it has
become apparent that the state-contingent approach is analytically more
tractable, and that the existence of well-defined subjective probabilities is
most appropriately regarded as a restriction on the functional form of a
preference representation, analogous to additive separability in preferences
over non-stochastic consumption bundles.

3.2 Probabilities derived from risk aversion

The basic definition of risk aversion is a preference for certainty over risk,
usually interpreted to mean that a random variable y is less preferred than
the certainty of receiving the expected value E[ y]. Thus far in this paper,
however, the expected value has not been defined and it has not been
assumed that the decision-maker is probabilistically sophisticated.

The most common approach to these issues is to derive probabilities
from the Savage axioms, then define the expected value and risk aversion
in terms of probabilities. In the present paper, following the approach
developed by Yaari (1969), the corresponding concepts are defined simul-
taneously.

Definition 1: A decision-maker is weakly risk-averse if there exists a vector
T™E §Ri, with Ym; = 1 and

W(Exyll)2W(y), Vv,

where E.ly] = Ymy:, and E;[y]l is the state-contingent outcome vector
with FE.[y] occurring in every state of nature. A decision-maker is risk-
neutral if equality holds for every y, and risk-averse otherwise. A decision-
maker is strictly risk-averse if strict inequality holds whenever y #FE, [y]1.
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4 State-contingent production

In the state-contingent framework, a production decision may be regarded
as an act which requires a non-stochastic input z, and yields an output z
in every state of nature. It is straightforward to reinterpret the stochastic
production function model in state-contingent terms. If the state space is
S, the set of acts may be identified with the set of possible input choices
z, each of which produces the outcome (z,z) where z € ®°, and =z, is the
output realized if state s € S occurs. It is easy to see that this is analogous
to a multi-output production function. A deeper insight, due to Arrow
(1953) and Debreu (1952), is that the modern approach to producer and
consumer theory, based on sets and correspondences rather than functions,
may be applied without modification, to problems involving uncertainty.

However, until the development of the modern axiomatic approach to
production analysis (Shephard 1970; McFadden 1978), few tools were avail-
able to permit the use of set-theoretic representations of production tech-
nologies in the analysis of firm behavior. Consequently, most applied analy-
sis of firm behavior was based on the older idea of a production function.
And when issues relating to firm-level stochastic production began to be
seriously considered by theorists, they naturally based their analysis on the
related notion of a stochastic production function. The widespread success
of the axiomatic approach in creating the superstructure of duality theory
and its many applications, however, suggests the possibility of an extension
of this analysis to a state-contingent production technology as in the work
of Arrow and Debreu.

The groundwork for such an extension is presented by Chambers and
Quiggin (2000). Chambers and Quiggin represent the production tech-
nology in the form of an input correspondence which maps matrices of
state-contingent outputs into sets of inputs that are capable of producing
that state-contingent output matrix. Formally, it is defined by:

X (z) = {x € ®Y : x can produce z € RY**},

Intuitively, X (z), typically referred to as the input set, is identified with
everything on or above an isoquant for the state-contingent technology.
Denote by p eRY*® the matrix of state-contingent output prices. When
s occurs the vector of s-contingent prices is denoted p*. The state-contingent
revenue vector r = pz € %7 has elements of the form p* e z°. Producers
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are normally concerned with state-contingent revenue rather than output
per se, and it is useful to consider the revenue-cost function

C (r;w,p) = min {W X X EX(Z),meSZmS > 71,8 € Q}

if there exists a feasible state-contingent output array capable of producing
r and oo otherwise.

A trivial but crucial observation is that, for given w and p, the revenue-
cost function is, like the preference function W, a mapping from R° to R.
Hence, for any property of the preference function, an analogous property
may be defined for the revenue-cost function, and vice versa. The analysis
of risk premiums yields some important applications of this observation.

5 Risk premiums in choice and production

Once the analogy between state-contingent income or output vectors and
multi-commodity consumption or production bundles is recognized, a wide
range of analytical tools become available. In particular, the concept of a
risk premium, which has proved valuable in analysis using the expected-
utility model, may be generalized using Luenberger’s (1992) benefit function
for the preference structure. The benefit function, B :  x Y° — R, is
defined for g € N° by:

B(w,y) = max{8 € R: W(y — 81) > w}
if W(y— 1) > w for some 3, and —oo otherwise. Similarly, concepts of rel-

ative risk aversion may be analyzed using the Shephard (1953)-Malmquist
(1953) distance function D : R x ® — R, defined by:

D(y,w) =sup{A > 0: W(y/\) > w} yE?Ri .

For an individual risk-averse with respect to 7, define the absolute risk
premium:

r-(y) = max{c: W((E:[y] —c)1) > W(y)}
= BW(y), E:ly]1),
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and the relative risk premium:

ve(y) = sup{A>0:W(E:[y]1l/A) >W(y)}
= D(E:[y]1,W(y)).

For any y and W, define the certainty equivalent:
e(y)=inf{c >0: W(cl) > W(y)},
and observe:

r=(y) = Exlyl+B(W(y),0)

v(y) = E:lylDA,W(y))

5.1 Production risk

An exactly dual analysis applies in the case of production risk. Just as a
risk-averse individual will pay a premium in each state to ensure the cer-
tainty outcome, achieving the certainty outcome may prove costly. That is,
typically it should cost more to remove production uncertainty and produce
the same non-stochastic output in each state than to allow for stochastic
production.

For the revenue-cost function, C(w,r,p), and r € %7, define the (cost)
certainty equivalent revenue, denoted by e° (r,p, w) € R, as the maximum
non-stochastic revenue that can be produced at cost C(w,r,p), that is,

where 1° is the S-dimensional unit vector. By analogy with the risk pre-
mium used in the theory of consumer choice, define the production-risk
premium as the difference between mean revenue and the certainty equiva-
lent revenue. Notationally, letting T € R7 denote the vector with the mean

of r,
r= Zﬂ'krk,
k
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occurring in each state, then the production risk premium is defined by

p(I‘,p,W) =7 — ec(r,p,w)
and satisfies:

C(ervp) = C’(W,F—p(r,p,w)ls,p)
= C(w,e(r,p,w)1% p).

The technology will be called inherently risky if producing r is more
costly than producing r and not inherently risky if producing r is less
costly than producing r. The technology is inherently risky at r if and only
if p(r, p, w) is positive, or equivalently if and only if the certainty equivalent
revenue is no greater than the mean. Both imply that producing r is more
costly than producing the stochastic, r, so that there are costs to removing
uncertainty. This seems the natural state of affairs. However, p(r,p, w)
may be negative, implying that certainty is less costly than the stochas-
tic output vector, and in this case the technology is not inherently risky
at r. The certainty equivalent revenue and the production risk premium
are alternative characterizations of the technology. Formally, this can be
verified by noting that the certainty equivalent revenue is a nondecreasing
transformation of revenue-cost.

5.2 Constant risk aversion

The benefit and distance functions yield simple characterizations of con-
stant absolute and relative risk aversion for general preferences. Chambers
and Quiggin (2000) define:
Definition 2: W displays constant absolute risk aversion (CARA) if, for
ally, t, r(y +t1) =r(y).
Definition 3: W displays constant relative risk aversion (CRRA) if, for
ally, t, v(ty) = v(y).

Dually, define a state-contingent technology as displaying constant ab-
solute riskiness (CAR) if for all r,t € R :

p(r+t1%,p,w) = p(r,p,w).
and constant relative riskiness (CRR) if for all r,t € R, :
r(tr,p,w) =7 (r,p,w).
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Geometrically, if a revenue-cost function displays constant absolute risk-
iness, rays parallel to the equal-revenue ray will cut successive isocost con-
tours for the revenue-cost function at points of equal slope. If a revenue-cost
function displays constant relative riskiness, rays from the origin will cut
successive isocost contours for the revenue-cost function at points of equal
slope.

A preference function is defined as displaying constant risk aversion if it
displays both CARA and CRRA. Similarly a technology displays constant
riskiness of it displays both CAR and CRR.

6 The production problem with constant risk
aversion

Suppose that the states of nature are given by the set Q = {1,2,...,5}.
Let x € RY be a vector of inputs committed prior to the resolution of
uncertainty, and let z € R %% be a vector of state-contingent outputs. So,
if state s € () is realized (picked by ‘Nature’), the observed output is an
M-dimensional vector z°, obtained as the projection of z onto %TX{S}.

Denote by p eR}*® the matrix of state-contingent output prices and
by w € RY the vector of input prices. When state s occurs the vector of
s-contingent prices is denoted p°. In this paper, the price vector will be
interpreted in an ex post sense, so that p® is the set of spot prices that
will prevail in the event that state s occurs. The state-contingent revenue
vector r = pz € R7 has elements of the form p®ez*. In general, producers
will be concerned with state-contingent revenue rather than output per se,

and it is useful to consider the revenue-cost function

C(w,r,p) = min {W ex:(x,z)is feasible,meszms >7rs, 8 € Q}

if there exists a feasible state-contingent output array capable of producing
r and oo otherwise. C'(w,r,p) is homogeneous of degree 1 in w and homo-
geneous of degree 0 in r and p. For analytic simplicity, it is assumed that
C (w,r,p) is smoothly differentiable in all state-contingent revenues.
Quiggin and Chambers (1998) analyze general preferences of the form
W :Y% - R, where Y C ®#, . Thus the analysis is concerned with
preferences over state-contingent income vectors y € ®7 . We focus on the
case when y is a vector of net returns. Net returns for state s are given by:
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ys = p ez’ —wex

rs — C(w,r,p).
Hence,
y=r—C(w,r,p)ls.
Using this notation, the producer’s objective function can be expressed as:
W(y)=W( —C(w,r,p)ls).
Quiggin and Chambers (2000) show

Result 1 If the revenue-cost function exhibits constant absolute riskiness,
the expansion path for a producer with CRA preferences is homo-
geneous of degree zero in input prices, parallel to the equal-revenue
vector, and all elements of the efficient frontier are equally costly.

Result 2 If the revenue-cost function displays constant relative riskiness, a
proportional increase (reduction) in all state-contingent output prices
leads to a proportional increase (reduction) in all state-contingent
revenues.

7 Concluding comments

The interaction between production theory and consumer theory has been
very important in the development of the theory of economics under cer-
tainty. Much less interaction has been evident in the theory of choice un-
der uncertainty. However, both analysis of production problems involving
uncertainty and the inherent logic of the rank-dependent expected util-
ity model lead naturally to a focus on state-contingent representations of
uncertainty.

The state-contingent approach provides the best way to think about all
problems involving uncertainty, including problems of consumer choice, the
theory of the firm, and principal—agent relationships. Proper exploitation of
the properties of alternative primal representations of preferences, such as
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the distance and benefit functions familiar from the dual approach, allows
us to generalize and extend the results of the existing literature on prefer-
ences under uncertainty, such as those based on the concepts of absolute
and relative risk aversion. Furthermore, the natural symmetry between
production and consumption means that the same properties have a nat-
ural and meaningful interpretation in terms of the absolute and relative
riskiness of production technologies. One of the clearest implications of the
state-contingent approach is that the expected-utility model can be treated
as a special case, involving an assumption of additive separability. This
assumption increases tractability in some problems, but is superfluous in
many others.
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