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Annex A
Derivation of Rotation Matrix from Quaternions

16

This annex works through the derivation of a Rotation Matrix from a representation
with unit quaternions.

(A1) q=(90,< 919295 >)
(A.2) q=1(q0,9)
(A.3) q9=qo+qii+q2j+qsk

A unit quaternion is defined such that the quaternions must lie on a unitary
4-dimensional hypersphere:

(A.4) Rrai+ad+di=1

Given a rotation representation in unit quaternions, it is possible to convert this

(A.5) x=RY

(A.6) X = (), < X5 >)

(A.7) ¥ =(0,x)

(A.8) 7=1(90:<—q1—q2—q3>)
(A.9) 7= (q0.—q)

(A.10) RX =qgox og ' =goX o7
(A.11) gox = (qoxo— qex,qoX +xoq+q x X)
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We can substitute a new quaternion p for the product of the quaternion q and the vector
x’. This simplifies the computation of the second quaternion multiplication.

(A.12) p=qox = (qox) —qex,qox +x0q +qx X
(A.13) p=(po,< p1p2p3 >) = (po,p)

(A.14) poqg=(pogo—P*(—q),q0P + po(—q) +Pp x (—q))
(A.15) pog = (poqo+peq,qop+ po(—q) +p x (—q))
(A.16) Po=(q0xp —qex) = (0 qex)= —qex
(A.17) pogo = —qo(qex)

(A.18) p=qoX +x0q+qxx =qgox' +qx¥x
(A.19) —pe(—q) = (qX +qxx)e(q) =qox' eq+qxxeq
(A.20) 0P = qo(qoX +q xX)

(A.21) xo(—q) =0

(A.22) Px(—q) = (qX +qxx)x(—q)

(A.23) (q0x' +qx x) x (—q) = (q0x' x —q) +qx X' x —q)

pog=(—qo(qex')+qox' eq+q xx'eq,qo(qox'+qxx')+ (gox' x —q) + (g x X' x —q) +q(qex’))
(A.24)
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(A.25) x=Rx'=qo(qoX +qxx)+(gox' x —q) + (g x X' x —q) +q(qex)

(A26) x=RxX =g} +qoqxx +qox x —q+(qxx x —q) +q(qex)

Useful cross product identities are applied to the solution at this point to put it in a
more convenient form.

(A.27) gox' X —q = —qox' X q

(A.28) gxx' x —q=—qxx xq

(A.29) —q0(X' x @) +qo(q x X') = 290(q x X')

(A.30) —qxx xq=—((qeq)x —(qex)q) = (qex')q— (qeq)X

The above identities are substituted back into the equation to reduce the complexity of
the solution:

(A.31) x = g% +2q0(qx X') + (qex')q— (qeq)x' +q(qex)

(A.32) x= (g3 —qeq)x' +2qo(q xxX)+2(qex)q

The dot and cross products are expanded into equivalent matrix form:

1
(A.33) (g%6—aqeq)x = (¢5— g1 — 65— 43) [ 0
0

(A.34) 2q0(a x x') =240
|_ —q q 0

6]% q192 4193
(A.35) 2(qex)q=2| 192 @ g3 |X
9193 49293 q%
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s s . 1 00 0 —g3 q Q% 9192 9193
x=|(@-ai—-6-93)| 0 1 0 |+2q| 3 0 —qi |+2| q1q2 & 243
0 01 - q 0 Q9 9 4

(A.36)

B+aE—B -4 —290+2019> 29092 +2q193
(A37) x=| 2q¢+2992 G- +3B—3 —29q +290295 | x

2q002+2q193  2q0q1 +2q2q5 @ — G — B+

Therefore the rotation matrix can be derived from a unit quaternion representation.

B+ -3 -4 —290¢+209 2909 +29193
(A38) R=| 2q¢3+29192 G-+ —FG —29091 +29293
2902+ 29195 2q90q1 +29245 98— — 95>+ 45
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