On-Line Geometric Modeling Notes

BERNSTEIN POLYNOMIALS

Kenneth I. Joy
Visualization and Graphics Research Group
Department of Computer Science
University of California, Davis

Overview

Polynomials are incredibly useful mathematical tools as they are simply defined, can be calculated
quickly on computer systems and represent a tremendous variety of functions. They can be differentiated
and integrated easily, and can be pieced together to form spline curves that can approximate any function to
any accuracy desired. Most students are introducted to polynomials at a very early stage in their studies of
mathematics, and would probably recall them in the form below:

p(t) = apt" + an—ltn_l + - Fait+ag

which represents a polynomial as a linear combination of certain elementary polyneﬁmial,sﬂ, oy t"}.
In general, any polynomial function that has degree less than or equattm be written in this way,
and the reasons are simply

e The set of polynomials of degree less than or equal forms a vector space: polynomials can be
added together, can be multiplied by a scalar, and all the vector space properties hold.

e The set of functiong1,¢,¢%,...,¢"} form a basis for this vector space — that is, any polynomial of
degree less than or equaliticcan be uniquely written as a linear combinations of these functions.

This basis, commonly called tipower basisis only one of an infinite number of bases for the space of
polynomials.

In these notes we discuss another of the commonly used bases for the space of polynorBiatastie
basis and discuss its many useful properties.



Bernstein Polynomials
The Bernstein polynomials of degraeare defined by

n

Bin(t) = ( )ti(l—t)n—i
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(1) = s

There aren + 1 nth-degree Bernstein polynomials. For mathematical convenience, we usuahy,set 0,

fori =0,1,...,n, where

ifi<0ori>n.

These polynomials are quite easy to write down: the coeffici€ftscan be obtained from Pascal’s
triangle; the exponents on thiéerm increase by one asncreases; and the exponents on the- ¢) term
decrease by one asncreases. In the simple cases, we obtain

e The Bernstein polynomials of degree 1 are

Boa(t)=1—1
Bia(t) =t

)

and can be plotted far < ¢ < 1 as

Bo(t) +—" NG




e The Bernstein polynomials of degree 2 are

and can be plotted far < t¢ < 1 as

| Bs (1)
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e The Bernstein polynomials of degree 3 are

By s(t) = (1
Bys(t) =3t
By 3(t) =3t
Bss(t) =13

and can be plotted far < t¢ < 1 as
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A Recursive Definition of the Bernstein Polynomials
The Bernstein polynomials of degreecan be defined by blending together two Bernstein polynomials
of degreen — 1. That is, thekth nth-degree Bernstein polynomial can be written as

Bk,n(t) = (1 — t)Bkm,l(t) + tkal,nfl(t)

To show this, we need only use the definition of the Bernstein polynomials and some simple algebra:

(1 = t)Bpp_1(t) + tBr_1n1(t) = (1 1) (n ; 1>tk(1 — )itk g t<Z: 1)1&’“—1(1 — )ik

- (n ; 1>tk(1 gk (Z : Dtk(l _ gyt
() ()] o
= (Z) *(1 -t

= By n(t)

The Bernstein Polynomials are All Non-Negative

A function f(t) is non-negative over an interval, b] if f(t) > 0 for t € [a,b]. In the case of the
Bernstein polynomials of degreg each is non-negative over the intery@l1]. To show this we use the
recursive definition property above and mathematical induction.

It is easily seen that the functiodi% ; (t) = 1—¢ andB ;(t) = t are both non-negative for< ¢ < 1. If
we assume that all Bernstein polynomials of degree lessitla@e non-negative, then by using the recursive
definition of the Bernstein polynomial, we can write

Big(t) = (1 =t)Bj-1(t) +tBi—1,-1(t)

and argue thaB; ;(t) is also non-negative fad < ¢t < 1, since all components on the right-hand side
of the equation are non-negative components)fef ¢ < 1. By induction, all Bernstein polynomials are
non-negative fof <t < 1.

In this process, we have also shown that each of the Bernstein polynonpalsiisewhen0 < ¢ < 1.



The Bernstein Polynomials form a Partition of Unity

A set of functionsf;(t) is said to partition unity if they sum to one for all valuesoThek + 1 Bernstein
polynomials of degreé form a partition of unity in that they all sum to one.

To show that this is true, it is easiest to first show a slightly different fact. for éatihe sum of the
k + 1 Bernstein polynomials of degrées equal to the sum of the Bernstein polynomials of degrée- 1.
That is,

K k-1
Y Bik(t) = > Bix-a(t)
i=0 i=0

This calculation is straightforward, using the recursive definition and cleverly rearranging the sums:
k k
D Bik(t) = (1= t)Bij1(t) + tBi14-1(t)]
=0 1=0
(1-1) Zsz 1(t) + B -1 (
k
(1—-1) ZBz k—1(t) + tZBifl,kfl(t)
=0 =1
k—1 k—1
(1-1) Zsz 1(t) +tZB¢,k71(t)
i=0

+1 ZBz 1k-1(t) + B-1k-1(t)

(where we have utilize®y, . 1(t) = B_1x—1(t) = 0).
Once we have established this equality, it is simple to write

n n—1 n—2
Z Bin(t) = Z Bin-1(t) = Z Bin-a(t) = Z (1—t)+t =1
i=0 i=0 i=0

The partition of unity is a very important property when utilizing Bernstein polynomials in geometric
modeling and computer graphics. In particular, for any set of pdhtsP, ..., P, in three-dimensional
space, and for ang the expression

P(t) = POBO,n(t) + PlBl,n(t) +---+ Pan,n(t)



is an affine combination of the set of poifeg, Py, ..., P, and if0 < ¢ < 1, it is a convex combination of
the points.

Degree Raising

Any of the lower-degree Bernstein polynomials (degree) can be expressed as a linear combination
of Bernstein polynomials of degree In particular, any Bernstein polynomial of degree 1 can be written
as a linear combination of Bernstein polynomials of degre@/e first note that

]

— (n) FHL(1 — ) D=(+D)

tBin(t) = <"> (1 — )

7

= (53_)1)Bi+1,n+1 (t)
iti

= ;4__’_11 i+ 1nt1(t)
and
(1= 1)Bin(t) = (j) (1 = gy
= (n(?l)Bi,nH(t)
- mBi,nH(t)
and finally

1

Bz‘m,(t) + BH—Ln(t) = tl(l — t)”*i 4 tiJrl(l _ t)nf(z#l)

1
(i41)
= ti(l _ t)nfifl«l . t) + t)
=t'(1—¢)" !
= %Bz‘,n—l(t)

(")

Using this final equation, we can write an arbitrary Bernstein polynomial in terms of Bernstein polynomials



of higher degree. That s,
1 1
TBi,n(t) + nBi-i-l,n(t)]
(7) (i1)

n—1
Bin-1(t) = ( ; >
i+l

. <” - Z> Bin(t) + <Z Z 1) Bit1,n(t)

n

which expresses a Bernstein polynomial of degtee 1 in terms of a linear combination of Bernstein
polynomials of degree. We can easily extend this to show that any Bernstein polynomial of dégree
(less tham) can be written as a linear combination of Bernstein polynomials of degree.g., a Bernstein
polynomial of degree — 2 can be expressed as a linear combination of two Bernstein polynomials of degree
n — 1, each of which can be expressed as a linear combination of two Bernstein polynomials ofidegree
etc.

Converting from the Bernstein Basis to the Power Basis

Since the power basidl, ¢, 2, ..., t"} forms a basis for the space of polynomials of degree less than or
equal ton, any Bernstein polynomial of degreecan be written in terms of the power basis. This can be
directly calculated using the definition of the Bernstein polynomials and the binomial theorem, as follows:

Bin(t) = <Z> A il

where we have used the binomial theorem to exdadnd t)"*.

To show that each power basis element can be written as a linear combination of Bernstein Polynomials,



we use the degree elevation formulas and induction to calculate:

tk t(tkfl)

— ¢ zn: (k%l) Bi,nfl(t)
i=k—1 (k—l)
n i—l)

:Z Inc:i thfl,nfl(t)
= (50
—1 7

_ S (k:—l) lB ¢
i=k—1 (kﬁl) n Z7n( )

E @,
S

where the induction hypothesis was used in the second step.

Derivatives

Derivatives of theith degree Bernstein polynomials are polynomials of degreel. Using the defini-
tion of the Bernstein polynomial we can show that this derivative can be written as a linear combination of
Bernstein polynomials. In particular

d

%Bk,n(t) = n(Bg-1,n-1(t) — Brn—1(t))

for 0 < k < n. This can be shown by direct differentiation

d d (n\ —k
= — 1 — n

- /d(:i!k)!tk_l(l gk Mtk(l e
n(n —1)! B o il — 1)] o
G _(1)!(” - k)!tk i k!(n(—k—>1)!tk(1 — )it
(n—1)! _ e (n —1)! .
= (Gt S -0

=n (kalynfl(t) - Bk,nfl(t))



That is, the derivative of a Bernstein polynomial can be expressed as the degree of the polynomial, multiplied
by the difference of two Bernstein polynomials of degree 1.
The Bernstein Polynomials as a Basis

Why do the Bernstein polynomials of orderform a basis for the space of polynomials of degree less
than or equal t®?

1. They span the space of polynomials — any polynomial of degree less than or equalide written
as a linear combination of the Bernstein polynomials.

This is easily seen if one realizes that The power basis spans the space of polynomials and any member
of the power basis can be written as a linear combination of Bernstein polynomials.

2. They are linearly independent — that is, if there exist constgnts, ..., ¢, so that the identity
0 = C()Boyn(t) + ClBl,n(t) + -+ Can7n<t)

holds for all¢, then all thec;'s must be zero.

If this were true, then we could write

0= CoB(),n(t) + ClBl,n(t) —+ -+ Canyn(t)

- coﬁ;(—l)i C) (é) tt e Zzn;(—l)il (?) <i>t ot cnzn:(—w*" <’;> <;> fi

S @O EOO

7
Since the power basis is a linearly independent set, we must have that

tht o+ tn

C():O

;) (}) o

2

4 (0) () =

7

which implies thatyg = ¢; = --- = ¢, = 0 (¢ is clearly zero, substituting this in the second equation

10



givesc; = 0, substituting these two into the third equation gives ...)

11



A Matrix Representation for Bernstein Polynomials

In many applications, a matrix formulation for the Bernstein polynomials is useful. These are straight-
forward to develop if one only looks at a linear combination in terms of dot products.
Given a polynomial written as a linear combination of the Bernstein basis functions

B(t) = C()Bom(t) + ClBLn(t) + -+ Canm(t)

It is easy to write this as a dot product of two vectors

_ . .
cy
B(t) - BO,n(t) Bl,n(t> Bn,n(t)
- Cn -
We can convert this to

_b070 0 0 0 | _C()_

bl,O b171 0 0 C1

B(t) = [ 1 ¢ 82 o 7 || bao boy bao -+ O ¢
L bn,O bn,l bn,2 bn,n 1 LS|

where theb; ; are the coefficients of the power basis that are used to determine the respective Bernstein
polynomials. We note that the matrix in this case is lower triangular.

In the quadratic casew(= 2), the matrix representation is

1 0 0 Co
B(t):[1tt2} 2 2 0| a
1 21| e
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and in the cubic casei(= 3), the matrix representation is

= o O O

€0
&1
C2

C3
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